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Abstract. We consider a perturbed statically unstable mechanical system of
two coupled Lagrange tops. Earlier, the set of stability > in linear approxima-
tion for the simplified system was described by the first author. Here, we show
that, in the case of the full problem, the set of stability can be considered as
a regular perturbation of the limit problem by investigating singular points
of the boundary 0%.

1. Introduction

Previously, in [1], the problem of describing the stability domain ¥ for a system
of two coupled rotating Lagrange tops in a gravitational field was considered near
its statically unstable equilibrium position in a simplified formulation, where some
components of the system were assumed to be massless. Such a problem is called
below a limit problem. Later in [2] the first author, using a linear transformation
of the parameter space, showed that a five parameter family of such mechanical
systems can be reduced to a standard form with 4 degrees of freedom (DOF)
and 3D parameter space II. Nevertheless, in this setting certain side effects were
observed; in particular, the discriminant variety D(x) of the characteristic poly-
nomial y(A) of the matrix A of a linear Hamiltonian system contained a multiple
factor: D(x) = [(P)*g(P), where P € II is a vector of parameters. This led to the
appearance of a small-denominator problem in the normal form of the Hamiltonian
near an equilibrium position.

The aim of the study: to take into account the influence of additional geomet-
ric and mechanical parameters on the structure of the Lagrangian £ of the limiting
problem, on the corresponding linear Hamilton system, and on their effect on the
boundary of the stability domain ¥ in the linear approximation for the complete
problem.

Full problem: consider a mechanical system in a uniform gravity field consist-
ing of axisymmetric bodies (Lagrange tops) coupled by universal Cardan—Hooke
joints. The centers of each joint lie on the symmetry axes of the corresponding
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bodies. The lower body is a rod of length [y = 2¢ attached to the rotor axis of a
vertically oriented engine, while the upper rod of length [, = ¢ is rigidly attached,
perpendicular to its plane, to the center of a flat disk of mass M and diameter
d = 4. The engine rotor rotates at a constant angular velocity 2. During rotation,
elastic bending and torsional deformations occur in the rods. In the limit case, the
rods and the disk are infinitesimally thin, and the rods are also massless. In the
whole problem, the rods are cylinders with radius r, the solid disk is a cylinder
with height 7, and the masses of the rods are proportional to their volumes.
The border 9% of the stability domain ¥ is presented in Fig. 1.

w

FIGURE 1. Border 0% of stability domain with its singularities

Recall that a point is called a singular point (SP) of order k if all derivatives
up to and including the kth order vanish at that point. Four SPs of second order
Py, ..., P3, three curves of SP of first order Py, Po, F are shown. For details
see [1, 2].

2. Perturbation

The dynamical properties of coupled Lagrange tops are described by the La-
grangian £ in Krylov-Tait-Bryan angles a;, 35, 7v;, j = 1,2. As soon as the radius
of the rod is r < ¢, the small parameter ¢ = r/¢ < 1 is naturally introduced.
After expanding the Lagrangian £ near the SP a; = 8; = v; =0, j = 1,2, up
to the second order we get two independent systems. The first depends on angles
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o, B3; only and the second depends on +; only and is trivially stable. For these
computations, package PDEtools from the computer algebra system Maple was
used.

In variables «;, §; the Euler-Lagrange equations of motion of the first system
take the form of a second order linear system of ODE MX + GX + RX = 0,
where M, R are symmetric and G are skew-symmetric block-scalar matrices, X =
(a1, f1, aq, BQ)T. This system is equivalent to a linear Hamiltonian system Z =
JAZ with a real symmetric 8 x 8-matrix A(P), where P = (p,q,s,¢), and p,q, s
are certain geometric and dynamical parameters of the problem. Here, matrix J
is the symplectic unit, Z = (X,Y) € R? is the phase vector.

In the case of simple roots of the characteristic polynomial y 74 (\?) of the
canonical matrix J A, the stability of SP is ensured by condition VA; = iw;, w; € R.
For a polynomial of degree 4 and higher, this condition is provided by

Theorem 1 ([1]). All roots of a polynomial f(A\?) of degree n > 4 are purely imag-
inary iff all its coefficients f;, j = 1,...,n, and all subdiscriminants D®)(f),
k=0,...,n—2, are nonnegative.

The border 9% of the stability domain is described by two algebraic vari-
eties: discriminant variety D : {(p,q,s)|D®(xs4) =0} and zero roots variety

Z: {(p,q,S)lefO)x = 0}-

Theorem 2 ([2]). If matrices M and R in Euler-Lagrange equations are symmetric
and block-scalar, then the determinant of the matrixz A is a full square.

So, the variety Z cannot be part of the border 0%. Unlike the limit prob-
lem, in the full problem, the discriminant variety D is an intersection of a square
of a quadric and a variety G defined by a rather cumbersome polynomial g(P)
containing 78 monomials.

To avoid complicated computations, SP data of the variety G of the limit
problem were used as unperturbed data. For the computation of second order SPs
a system of 10 polynomial equations was composed: one for the very polynomial g,
3 for its first partial derivatives, and 6 for its second partial derivatives. For each
SP P;, j =0,1,2,3, solutions in the form of power series of the small parameter
€ were computed up to the second order. The curves of SPs of the first order
described above can also be restored by the same approach but with the system
of 4 polynomial equations.

3. Results

The full problem can be considered as a regular perturbation of the limit problem.
All structural elements of the stability region boundary of the limit problem are
preserved:
e the second order Lagrangian is decomposed into two independent functions
with 4 and 2 DOF correspondingly;
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e the structure of the discriminant variety D as the intersection of two varieties;

e all second-order SPs of the variety G were computed as series of small pa-
rameter ¢;

e two curves of SPs of the first order were composed in parametric form.

This makes it possible to transfer the results obtained earlier to the analysis
of the complete problem without substantial computational effort.
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