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INTRODUCTION

A sequence of seven books on Nonlinear Analysis are in preparation:
* Volume | Introduction

* Volume Il Algebraic equations

* Volume Ill Systems of autonomous ODE

e Volume IV Systems of Hamilton

* Volume V Time-dependent systems of ODE

* Volume VI Partial differential equations

e Volume VIl Diophantine approximations

Volume | will be published soon, Volume Il is composing now. It would
contain a description of methods for studying two dimensional
algebraic varieties in R®. Here, new objects of investigation appeared:
curves of singular points, which form a kind of "skeleton” of the variety.



THEORY



Definition. Let @ (P) be a polynomial. A point P = P, in the set ¢(P) = 0 is called a singular point
(SP) of order k if, at this point, all partial derivatives of the polynomial ¢(P) with respect to

p1, -, Py Up to and including the kth order are zero and at least one partial derivative of order k + 1
is not zero.

Consider an algebraic variety A in R3.
To find all its singular points we compose a polynomial system (polynomial ideal) from its derivatives
* There are a finite number of SP of the highest order (a zero dimensional ideal)
* The curves of SP are also algebraic varieties
* By means of Grobner basis technique all SP could be computed and they are divided into two groups:
* |solated SP (zero dimensional)
e Curves of SP (one dimensional)
* Provide resolution of the isolated SP, i.e. select 1D curves of SP and 2D parts that are limited by them
» Step by step we obtain a partition of the surface into parts bounded by curves of singular points
* Now we have a technique for computing all such objects



PROBLEM 1: BORDER OF STABILITY



To investigate the stability of the equilibrium of a system of two Lagrangian
spin tops [1], the discriminant variety D(f) = 1*(Q) - g(Q)/256 of the
characteristic polynomial $fS was studied, where

Q=(xy2),4Q) =2z—x—3yand

g(Q) = 5122°% — 43522%y — 7682°z + 148482%y? + 53762 yz+
+ 5122422 — 25408233 — 1465623y%x — 275223yx? — 1922323+
+ 2180022y + 1916822z + 536022y2%2? + 7362%yx3+
+ 402221 — 750029° — 117002y 'z — 4376293 2% —
— 904292 — 92zyx?t — 422 + 2500y°z + 1200y 2°+
+ 344323 + 48y 2t + dyx®—
— 2562° + 288024y + 134424 — 1497623y? — 672022y —

— 13442322 + 37928223 + 138162%¢%x + 51442%yx? + 4562223 —
— 451202y — 14464z — 67842y%2? — 1152zy2> — 6424+
+ 202509° + 6490y*z + 3156y32% + 740222 + 82yxt + 225+

+ 18722 4+ 201623y — 508822z — 3549622y + 1588822 yx+
+2200222% + 676082y> — 12936zy°x — 5176zyz? — 344222 —
— 37827y* + 828z + 2782y 2% + 412yz” + 1321 —

— 1382422 + 6220822y + 6912222 — 93312242 — 207362yz—
— 1152222 + 466569° + 15552¢%x + 1728yx? + 642>,

Let us denote the sets G = {Q: g(Q) = 0}, £ = {Q: £(Q) = 0}




SINGULAR POINTS OF VARIETY §

Singular points of the first order satisfy the system of equations

g(Q =0, dg/ox=0, dg/dy =0, dg/dz=0.
Second order singularities of the set § must satisfy system, to which the condition that all second partial
derivatives are zero is added. Only four points satisfy this system:

QO = 0' Ql = (_212;2)1 QZ o (7/2,7/2,6), Q3 = (_5/2'3/212)

They are in three families of SP of order 1: P;, P,, and F
First two families are parabolas which vertices are Q, = l— %,%, 2] ,0s =10,2,3]

All 6 points are used to provide a linear transformation
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In new variables (U,V,W) we get

glu,v,w)

= 64U° + 192U*V? — 4U*W? + 192U%V* — 8U?V?W?

+ 64V6 — AVAW?2 + 72U*W — 4UW3 — 72VAW + 4V2W3
+ 60U* — 312U%V? + 20U*W? + 60V* + 20V2W? — W*
+ 36U*W — 36V W + 12U% + 12V? + 2W? — 1

All the SP Q;,i =0, ..., 5, are

QO = (_1701 _3)1 Ql = (1107 _3)1 Q4 s (0,0, _1)
QZ — (O, _1;3)1 QS = (0;113)r QS — (0,0, 1)

Family P; takes parametrization U = =2t — 1,V =0, W =
—8t*—8t—3

Family P, takes parametrization U = 0,V = v, W = 2v? + 1




RESOLUTION OF SINGULARITY NEAR P4

Resolution of singularities near SP order 2 Q_i, i=0,\dots,5, were provided by B. and Batkhin [6]

Curve of SP P; has parametrization U = =2t -1,V =0W = —8t? — 8t — 3 and
points

Q, = (—-1,0,-3),0Q, =(1,0,—-3), 0, = (0,0,—1) areinitfort = 0,—1, —%.

Let provide coordinate transformation near P;:
U=-2t—1,V=YW=-8t?-8t—-3+Z

So, we get variety G in new variables g(t,Y,Z). Here t is a parameterand Y, Z are

local variables.

Now subsequently the Power Geometry objects are computed: support S,

Newton polyhedron I' and external normals N; corresponding to its faces.

Select the only normal vector N_1=-(0,1,1), which gives us the truncation
g1(t,Y,Z) = 64t%(t + 1)%(64Y%t? + 64Y%t + Z2)

Discriminant of the quadratic form is —256¢(t + 1) and it is positive for —1 < t <

0.




RESOLUTION OF SINGULARITY NEAR P,

Curve of SP P, has parametrizationU =0,V = v, W = 2v% + 1 and points
Q, = (0,-1,3), Q; = (0,1,3), Qs = (0,0,1) are in it for v = —1,1,0.

Let provide coordinate transformation near P;:
U=XV=v,W=2v>4+1+7

So, we get variety G in new variables g(v, X, Z). Here v is a parameter and X, Z

are local variables.

Now subsequently the Power Geometry objects are computed: support S,

Newton polyhedron I and external normals N; corresponding to its faces.

Select the only normal vector N_1=-(0,1,1), which gives us the truncation
7.(v,X,Z) = 4(v — 1)*(v + 1D?(16X%v* — 16X% + Z?)

Discriminant of the quadratic form is —64(v — 1)(v + 1) and it is positive for

«l<v<l.




PROBLEM 2: STRUCTURE OF VARIETY ()



HISTORY OF THE PROBLEM

In differential geometry and theoretical physics, the study
of Einstein’s invariant metrics requires the study of an
algebraic variety described by a 12th degree algebraic
equation in three variables.

In the works of N.A. Abiev, A. Arvanitoyorgos, Y.G.
Nikonorov, and P. Siasos, the asymptotic properties of
normalized Ricci flows on generalized Wallach spaces,
which are described by a planar dynamical system, have
been studied. Asymmetric generalized Wallach spaces are
parameterized by triples of special positive numbers.
Moreover, for all structured spaces, the types of singular
points of normalized Ricci flows are completely
determined.




In Y.G. Nikonorov’s work [2], a theorem 1s proven stating that the set/€)/of
parameter values aq, a,, as, for which the system has at least one
degenerate singular point, is described by the equation

Q(sy,52,53) & (251 + 4s3 — 1)(64s; — 64s] + 853 + 240s?s; — 15365, 5% —
4096 s3 + 12s? — 240s;55 + 76853 — 651 + 60s5 + 1) — 85,5, (25, + 453 —
1)(2s, — 3255 — 1)(10s; + 3255 — 5) —165252 (5252 + 640s,5; + 102452 —
?)ZSi — ?)2053 + 13) + 64(2s; — 1)s3(2s; — 32553 — 1) + 2048s,(2s; —

s, =0,

where s¢,5,, 53 are elementary symmetric polynomials, equal,
respectively, to

S1 =aq +a,+as, S, = aqay + aa3 + a,as, S3 = a,10a,0as.



For reasons of symmetry, we transform the coordinates a = (a4, a,, az) into the
coordinates A = (A4, 4,,A3) by means of a linear transformation

/1+\/§ 1—/3 1\

aq Al 6 6 3
2 <a2> - M - AZ ] = 1-v3  1+V/3 1
a3 6 3

) .
4; \ -1 _1 i

3 e 3
In the paper [3], all singular points of the manifold () were found in the coordinates
A = (A, A,, A3). There are five points of the third order

3 3 3 1+V3 v3-1 1
P®= (0,03/4), BP= (0,0,-3/2), = (- 22 2= 7),

(3)_ (V3-1 1+V/3 1
PO= (22, -

3
2 (EE ’E)’Ps( = (1,1,172)

three second-order points



>~ 2

. Pl(z) (1+\/§ 1-/3 1) p@)_ (1 \/§ 1+V3 1

2
2 222 ), PO= (—1/2,-1/2,1/2)
and three curves of singular points of the first order:
F ={a; = ay,16a; + 16a%a; — 4a; — 2a; + 1 = 0},
={a, +4,+1=0; A5=_1,

4 e 2

t2+1
(t+1)(t2—-4t+1) }:

K ={A; = —~th(t), A, = ——h(t), A; ==, h(t) =

A detailed analysis of these singular point curves was previously presented 1n [4, 5].
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