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Abstract. A sequence of seven books on Nonlinear Analysis are in prepara-
tion:

Volume I: Introduction
Volume II: Algebraic equations
Volume III: Systems of autonomous ODE
Volume IV: Systems of Hamilton
Volume V: Time-dependent systems of ODE
Volume VI: Partial differential equations
Volume VII: Diophantine approximations

Volume I will be published soon, Volume II is composing now. It would contain
a description of methods for studying two dimensional algebraic varieties in
R3. Here, new objects of investigation appeared: curves of singular points,
which form a kind of “skeleton” of the variety.

1. Problem of stability set of a mechanical system

To investigate the stability of the equilibrium of a system of two Lagrangian spin
tops [1], the discriminant manifold D(f)) = l4(Q) · g(Q)/256, of the characteristic
polynomial f was studied, where ℓ(Q) = 2z − x− 3y, and

g(Q) = 512z6 − 4352z5y − 768z5x+ 14848z4y2 + 5376z4yx+

+ 512z4x2 − 25408z3y3 − 14656z3y2x− 2752z3yx2 − 192z3x3+

+ 21800z2y4 + 19168z2y3x+ 5360z2y2x2 + 736z2yx3+

+ 40z2x4 − 7500zy5 − 11700zy4x− 4376zy3x2−
− 904zy2x3 − 92zyx4 − 4zx5 + 2500y5x+ 1200y4x2+

+ 344y3x3 + 48y2x4 + 4yx5−
− 256z5 + 2880z4y + 1344z4x− 14976z3y2 − 6720z3yx−
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− 1344z3x2 + 37928z2y3 + 13816z2y2x+ 5144z2yx2 + 456z2x3−
− 45120zy4 − 14464zy3x− 6784zy2x2 − 1152zyx3 − 64zx4+

+ 20250y5 + 6490y4x+ 3156y3x2 + 740y2x3 + 82yx4 + 2x5+

+ 1872z4 + 2016z3y − 5088z3x− 35496z2y2 + 15888z2yx+

+ 2200z2x2 + 67608zy3 − 12936zy2x− 5176zyx2 − 344zx3−
− 37827y4 + 828y3x+ 2782y2x2 + 412yx3 + 13x4−
− 13824z3 + 62208z2y + 6912z2x− 93312zy2 − 20736zyx−
− 1152zx2 + 46656y3 + 15552y2x+ 1728yx2 + 64x3.

Let us denote the sets

G = {Q : g(Q) = 0} , L = {Q : ℓ(Q) = 0}. (1)

Definition 1. Let φ(P ) be a polynomial. A point P = P0 in the set φ(P ) = 0 is
called a singular point of order k if, at this point, all partial derivatives of the
polynomial φ(P ) with respect to p1, . . . , pn up to and including the kth order are
zero and at least one partial derivative of order k + 1 is not zero.

Consider the singular points of the set G. Singular points of the first order
satisfy the system of equations

g(Q) = 0, ∂g/∂x = 0, ∂g/∂y = 0, ∂g/∂z = 0. (2)

Second order singularities of the set G must satisfy system (2), to which the condi-
tion that all second partial derivatives are zero is added. Only four points satisfy
this system:

Q0 = 0, Q1 = (−2, 2, 2), Q2 = (7/2, 7/2, 6), Q3 = (−5/2, 3/2, 2).

Using the Gröbner basis, we were able to find all the solutions to system (2).
They are in three families of one-parameter P1, P2, and F . The family P1 is defined
by the system

x+ 3 y − 2 z = z2 − 4zy + 4z + 4y2 − 6y = 0. (3)

This family represents a parabola x = −2t2, y = −2t2 − 4t, z = −4t2 − 6t, t ∈ R.
Let us make a substitution for the polynomial g(x, y, z)

x = −2t2, y = −2t2 − 4t+ Y, z = −4t2 − 6t+ Z (3.13)

After substitution, we obtain the polynomial f(t, Y, Z). For convenience, we will
denote f(t, Y, Z) by f(x1, x2, x3) and obtain

g(x, y, z) = f(x1, x2, x3).

We construct a Newton polyhedron and select faces with normals of the form:
N = (0, a, b), where a, b < 0. After our calculations, we have only one such vector
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N1643 = (0,−1,−1). If we construct the unimodular matrix

α =

1 0 0
0 −1 1
0 1 0

 and its inverse α−1 =

1 0 0
0 0 1
0 1 1

 ,

we obtain a power transformation of the following form:

x1 = y1, x2 = y3, x3 = y2y3.

After the power transformation, we obtain the corresponding truncation

256 y21(y1 + 1)2y23f1(y1, y2).

Now we write the polynomial f1(y1, y2) as a quadratic polynomial in y2 with
coefficients of the polynomials from y1 and obtain:

f1(y1, y2) = A(y1)y
2
2 +B(y1)y2 + C(y1),

where A(y1) = 32y21 +64y1 +36, B(y1) = −112y21 − 216y1 − 108, C(y1) = 100y21 +
180y1 + 81. Afterward, we calculate its discriminant as a polynomial in y1.

D = B2 − 4AC = −256y41 − 256y31 = −256y31(y1 + 1).

A similar procedure applies to P2 and F .

2. Problem of the structure of variety Ω

In differential geometry and theoretical physics, the study of Einstein’s invari-
ant metrics requires the study of an algebraic variety described by a 12th degree
algebraic equation in three variables.

In the works of N.A. Abiev, A. Arvanitoyorgos, Y.G. Nikonorov, and P. Sia-
sos, the asymptotic properties of normalized Ricci flows on generalized Wallach
spaces, which are described by a planar dynamical system, have been studied.
Asymmetric generalized Wallach spaces are parameterized by triples of special
positive numbers. Moreover, for all structured spaces, the types of singular points
of normalized Ricci flows are completely determined. In Y.G. Nikonorov’s work [2],
a theorem is proven stating that the set Ω of parameter values a1, a2, a3, for which
the system has at least one degenerate singular point, is described by the equation

Q(s1, s2, s3) ≡(2s1 + 4s3 − 1)
(
64s51 − 64s41 + 8s31 + 240s21s3 − 1536s1s

2
3−

−4096s33 + 12s21 − 240s1s3 + 768s23 − 6s1 + 60s3 + 1
)
−

− 8s1s2(2s1 + 4s3 − 1)(2s1 − 32s3 − 1)(10s1 + 32s3 − 5)−
− 16s21s

2
2

(
52s21 + 640s1s3 + 1024s23 − 52s1 − 320s3 + 13

)
+

+ 64(2s1 − 1)s32(2s1 − 32s3 − 1) + 2048s1(2s1 − 1)s42 = 0,

where s1, s2, s3 are elementary symmetric polynomials, equal, respectively, to
s1 = a1 + a2 + a3, s2 = a1a2 + a1a3 + a2a3, s3 = a1a2a3.
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For reasons of symmetry, we transform the coordinates a = (a1, a2, a3) into
the coordinates A = (A1, A2, A3) by means of a linear transformationa1

a2
a3

 = M ×

A1

A2

A3

 , M =

 1+
√
3

6
1−

√
3

6
1
3

1−
√
3

6
1+

√
3

6
1
3

− 1
3 − 1

3
1
3

 .

In the paper [3], all singular points of the manifold Ω were found in the coordinates
A = (A1, A2, A3). There are five points of the third order
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three second-order points
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and three curves of singular points of the first order:

F =
{
a1 = a2, 16a31 + 16a21a3 − 4a1 − 2a3 + 1 = 0

}
,

I =

{
A1 +A2 + 1 = 0; A3 =

1

2

}
,

K =

{
A1 = −9

4
th (t) , A2 = −9

4
h (t) , A3 =

3

4
, h (t) =

t2 + 1

(t+ 1)(t2 − 4t+ 1)

}
.

A detailed analysis of these special point curves was previously presented in [4, 5].
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