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“...ce qui nous rend ces solutions périodiques si précieuses, c'est qu'elles sont, pour ainsi
dire, la seule bréche par oi nous puissions essayer de pénétrer dans une place jusqu'ici
réputée inabordable.”

Les méthodes nouvelles de la méchanique céleste.
Vol I, Ch. III, § 36
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Motivation

For an autonomous Hamilton system with two degrees of freedom in a generic case, normal
form (NF) and power geometry methods are applied to study bifurcations of periodic solutions
for various groups of discrete linear automorphisms of the phase space. A Hamiltonian NF is
constructed in the neighborhood of a periodic solution, which, with the help of an additional
canonical transformation, is reduced to an autonomous Hamiltonian system with one degree
of freedom and one small parameter (reduced NF). The equilibrium positions of the reduced
NF correspond to families of periodic solutions, and the various bifurcation scenarios essentially
depend on the symmetries of the initial system
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Reduced Normal Form

1. Reduced Normal Form
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Reduced Normal Form

Linear Periodic Hamiltonian System

Consider linear Hamiltonian system with 2 DOF ;CZ) = A(¢)¢ where A(y) = JI(¢) is 27-
periodic. Let Z(v) be the fundamental matrix of solutions Z(¢) + 27) = Z(¢)N, where N is a

constant matrix, det N # 0.

For the real system the matrix A/ is also real, the elementary divisors of the matrix A" — v E have
the following properties. Let the elementary divisor (v — b)! occur exactly k times.

o If the number b is real or has unit modulus and b # +1 then (v — b*1)£ exists exactly k
times

@ If b= 41 and ¢ is odd, then & must be even

The detailed classification of elementary divisors in complex and real cases is given in [Bruno,
1994, Ch. ll] and in [Bruno, 2020]
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Reduced Normal Form

Local coordinates (1)

Consider a real Hamiltonian system with 2 degrees of freedom (DOF) with analytic Hamiltonian
v(&1,&2,m,7m2) in some domain C. Let the system have a periodic solution M C C with period
T =T(M) in a small vicinity U of the solution M, U C C.

Then in U there exist such analytic functions &, n, r, 1 that
@ the trajectory M is defined by the equalities £ =0, 7 =0, r = 0;
@ the function % is cyclic (angular) modulo 27;
© the neighborhood U is a skew product of a 3-dimensional ball and the cycle ¢ € [0,27];

@ the coordinates &, 7 and 1), r are canonically conjugate.
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Reduced Normal Form

Local coordinates (2)

The Hamiltonian « in the neighborhood U/ is 2m-periodic in 1) and expands into a convergent
Taylor series

Y= ae(®)

where p, ¢, € Ny, and ~ , the analytical functions v, (1) have period 27 in 1) and expand into
Fourier series.

In the neighborhood &/ Hamiltonian + defines a system

oy . Oy 7;_37
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p=-21 (1)

§ or’

= 5%

There exists a canonical transformation that reduces the constant and linear terms of expansion
(7) into v000(¢)) = 0, —y001(¥) = 27/T
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Reduced Normal Form

Nonlinear Normalization (1)

Let vxe(&,n,7,1) denote a homogeneous form in (£,7) of order k, containing r only as a factor
¢, The lowest-order terms in the Hamiltonian ~ are

2w (1
Y20 + Vo1 = T (2 €, T'(¥)¢) — r> .
We obtain the complex normal form:
2 1
920 + go1 = % (2 (z,Gz) — §> , G = const. (2)

Here, on the main diagonal of the matrix JG its eigenvalues are 11, —v1.
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Reduced Normal Form

Nonlinear Normalization (2)

As a result of the canonical transformation, the Hamiltonian ~ takes the form g(z,y,3,¢) =
Yy(&,m,7,1). Let us expand it in a Poisson series with z = (%)

9(2,9,8,0) = gpgema"y?5 ™ (3)

This series converges absolutely for sufficiently small |z|, |y|, |

5[, [ Imap].

Applying standard complex and nonlinear transformations [Bruno, 1994] the Hamiltonian ~ is
reduced to a complex NF

h(it, 0,7, @) = hao + hot + Y Bpqum @547, (4)

where the form gog + go1 is given by (2).
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Reduced Normal Form

Nonlinear Normalization (3)

Then on the main diagonal of the matrix JG stand its eigenvalues v, —v and v = exp(27\).
The Hamiltonian (4) is called a complex normal form if:

@ its quadratic form hag + ho1 is the normal form:;

@ in the expansion (4), only resonant terms are presented for which
(p—g@)A+im=0 (5)
Theorem 1 (Bruno, 1994).

For the Hamiltonian (3), there exists a formal transformation to the normal form (4)
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Reduced Normal Form

Reduced Normal Form (1)

Theorem 2 (Bruno, 2020).

The canonical transformation 4 = wexp(—i Im \p),

0 = vexp(i ImAp), 7 = p — iIm Auw,
@ = o, reduces the normal form of the Hamiltonian (4) to

0 a constant power series

h(u,v, p) thqgmuvp (p—q@ReA=0, (p—q¢)ImA=—m, (6)

where p,q, ¢, m are integers, p,q,{ > 0. Here hygrm = qugm ifp+q

2 1
have the form hay + ho1 = ; 3 (w,Gw) — p |, where the matrix JG = JG — i Im A with

the diagonal matrix A = diag(v, —v) and there are no linear terms in w = (u, v)

> 3, the quadratic terms
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Reduced Normal Form (2)

Thus, we obtain an autonomous Hamiltonian system

with 1 degrees of freedom, an additional equation

(727 = _hp>

and an additional small parameter p = const.

We call (6) the reduced normal form (RNF). It allows us to study the bifurcations of families of
periodic solutions of the system (1) in a neighborhood of the resonant periodic solution, because
each periodic solution M to system (1) corresponds to a stationary point (SP) of the RNF
Hamilton system
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Truncated Systems in Hamiltonian case

2. Truncated Systems in Hamiltonian case
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Truncated Systems in Hamiltonian case

Truncated Systems in Hamiltonian Case

Here we consider the Power Geometry approach for getting the leading terms of the RNFs and
systems for determination of SPs. The given description is adopted for the case of 2 DOF,
whereas a detailed description can be obtained in book [Bruno, 2000]. Also, a wide discussion
of Power Geometry applications is considered in [Bruno, 2023].

Periodic solution M is denoted by the condition w = v = p = 0 and its RNF (6) is

h(u,v, p) thqgmupvq (7)

Here exponents p, ¢ satisfy conditions (6) and Ay, = const. Variables u, v are canonically
conjugated coordinate and momentum, and p is a small parameter, respectively
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Truncated Systems in Hamiltonian case

Power Geometry Technique (1)

Each term of the series (7) is associated with its vector exponent Q = (p, q,¢) € Z3. The set S
of all points @ with hg # 0 in the sum (7) is called the support S = S(h) of the sum (7).

The convex hull T'(S) = I'(h) of the support S is called the Newton polyhedron of the sum (7).
§1) and faces I‘§.2), which are generalized faces
I‘(-d) of dimensions d : 0 < d < 2. The intersection S N I‘g-d) = Sgd) is called the boundary
subset of the set S.

Its boundary consists of vertices F§0), edges T’
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Truncated Systems in Hamiltonian case

Power Geometry Technique (2)

(d)

Each generalized face I, (including vertices and edges) corresponds to:

@ normal cone
U =[P (P,Q) = (P.Q") < (P.Q"), where @, Q" € 8" Q" e 5\8{" ), (8)
@ truncated sum

H§d> = Z hpqeupvqu over Q= (p,q,0) € Sg'd). (9)
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Truncated Systems in Hamiltonian case

Power Geometry Technique (3)

Each truncated sum (9) is the first approximation to the sum (7) when

(log |u| , log|v|,log|p|) — oo

(d)

along its normal cone U;

As soon as SPs are solutions to a system of first partial differential equations
Ohy, = —hy =0,

one can find asymptotic solutions by means of truncated systems (for details see Bruno, 2000,
Ch. 2, §8)

A.Batkhin, A. Bruno (KIAM) Studying Bifurcations of Periodic Solutions



Truncated Systems in Hamiltonian case

Power Geometry Technique (4)

Let's consider a truncated system & in a polynomial form

é : {fl(U,U,,O) = Oa fQ(U,’U,,O) = 0}

For each polynomial f5, k = 1,2, one should compute the corresponding support S;,, its Newton

(d ) (d)

polyhedrons I';, with the set of generalized faces I', ’For each face I one should get its normal

cone Ulaj)

according to (8).
As soon as we study bifurcation in the vicinity of an unperturbed periodic solution with u = v =

p = 0, then we need to select only those generalized faces I‘( ) ) has
non-zero intersection with the cone of the problem K = {P < 0}

which normal cone U
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Truncated Systems in Hamiltonian case

Power Geometry Technique (5)

According to Theorem 6.1 in [Bruno, 2000, Ch. 2, Sect. 6] to get the first terms of expansions
of solutions to the system & one has to obtain all truncated systems & and solve them.
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Truncated Systems in Hamiltonian case

Minkowsky sum of Newton polyhedrons (1)

Here we propose a certain improvement of the computational technique based on the notion of
Minkowski sum [Ziegler, 1995, Ch. 7]

Definition 1.
The Minkowski sum I'; + I'y of two polyhedrons I'; and T’y is the polyhedron

fdéfr1 eIy = {x ER?’\x:xl + 29, x1 €'y, 29 € FQ}

The idea uses the property of the Minkowski sum stated as the following theorem, which can be
derived from [Fukuda, 2004]
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Minkowsky sum of Newton polyhedrons (2)

Theorem 3.

In a sum of polyhedrons, every face of the result can be decomposed in a sum of faces from the
different summands. This decomposition is unique

After getting the Minkowski sum I' we obtain the set of all normal vectors N;, j=1,...,m,
which belong to the cone of the problem /C. For each vector IN; the correspondmg truncated
system 6] = {flj 0, f2] = 0} is computed, where the truncated polynomial fU, i =1,2,
consists of only those monomials that provide the maximum value of the scalar product (N, Q).
Here @ is a vector of power exponents of the monomial.
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Support of the RNF (1)

A monodromy matrix N of the periodic solution M has a characteristic polynomial x(v)
(v —1)? (v — 2Sv + 1) with a stability index S.

The periodic solution is stable in the linear approximation if |S| < 1 and S = Reexp(27\).
this case, the non-trivial multiplicators 13 4 are mutually complex conjugated numbers v3 4
exp(£27A).
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Support of the RNF (2)

If the argument of v3 4 is commensurable with 7, then according to [Poincaré, 1899, Ch. XXX]
it means that in the vicinity of the given periodic solution called generating (periodic solution
of the first genre) there should exist some other periodic solutions called generated (periodic
solutions of the second genre) whose period T” is multiple to the period T' of the initial periodic
solution. Now, the resonant equation (5) takes the form

(p—q)t+ms =0, where A\ =1t/s, |t| <s,t€Z,s €N. (10)
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Support of the RNF (3)

So, the RNF % (6) can be rewritten as the double sum of polynomials

h(u, v, p) Zp ZF (11)

where FIES) (u,v) denotes a homogeneous resonant form of degree k from canonical variables
(u,v): F,gﬁ) (u,v) = E?:o apquPvi,ap, = const, p+ ¢ =k, and p, ¢ satisfy (10)
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Scheme of computation

3. Scheme of computation
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Scheme of computation

Scheme of computation (1)

For each selected value of s = 1,2,3,4,... we provide the following steps.

@ Fix one class of discrete symmetry X, i.e. select the subgroup of D4 which consists of
definite numbers of its non-trivial generators: none for asymmetry, one for single symmetry,
and two for double symmetry.

@ For selected symmetry 3. one composes RNF A(®)(u,v) (11) from homogeneous forms F,Eﬁ)

invariant under any transformation F,g Do A= F( *) for ¢ = 0,1, where A is any non-trivial

generator of the subgroup of symmetry.
@ Compute the corresponding Hamiltonian system and obtain a polynomial system defining
the condition on the existence of SP:

& (h) : {n® = 0. n =0}
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Scheme of computation

Scheme of computation (2)

@ By means of Minkowski sum rep (hq(f)) P Iy (th)) all non-trivial truncated systems

éj (h(s)) with negative normal cones are selected.

@ From all non trivial solutions to éj (h(5)) in the form u = u(p), v = v(p) we select only
those that correspond to real solutions to the system (1).
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4. Results
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Results

Here we give some results of computations for a generic case RNF with trivial group of discrete
symplectomorphisms. They are divided into 3 groups:

© matrix JG has a Jordan block, i.e. s € {1,2}
Qs=3
Q@s>14
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Case s = 1 with Jordan block (1)

Let matrix N have an elementary divisor
(V - 1)2 3 x x b
1
A = Zgv? + Fél)(u, v) + F4(1)(u, v)+ ...
2 24 b e b 3 .S

+p (Fl(l)(u,v) +F2(1)(u,v) +) +...

1 X X -
we present projections of support S (h(l)) with
only two layers of the points from it, correspond- . | |
ing to the values ¢ = 0, represented as blue solid
circles, and / =1 5 i :
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Case s = 1 with Jordan block (2)

For each equation of the system & : {hg,l) = —hz(}) = 0} we compute their supports Sq, So

Now we obtain their Newton polyhedrons 'y and T'5. In H-representation they are unbounded
polyhedrons defined by the following inequalities:

Au,v,p 2 0,u+20+2p 21}, To:{u,v,p=20,u+v+2p>1}.

Their Minkowski sum I' = I'; @ T'y has H-representation

I: {u,v,p 20, u+2v+2p>1l,u+v+2p>1}.
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Case s = 1 with Jordan block (3)
This means that there are only two normal vectors that belong to the cone of the problem K
N; =—(1,2,2), Ng=-(1,1,2)
There are two truncated systems, but non-trivial is the first only with external normal Nj:
Sy {a210u2 +ov+aonp =0, —3asu’—ainp= 0} (12)
So, the family of SP solutions takes the form

u:j:\//Bl 71):62/)7

with coefficients based on coefficients a,q of the truncated system (12). Here we have a saddle-
node bifurcation
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Results

Case s = 1 with Jordan block (4)

0.6

0.4+

v v v \
0 \ (L‘] 04‘2
P

\
Do) L
U —02
u S
‘ 0 u

—0.4 >

—0.64
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Case s = 1 with Jordan block (5)

In the case of diagonal form of the matrix /', the only suitable truncated system exists with
normal Ny = —(1,1,2), which provides the SP solution as u ~ p,v ~ p

Conclusion

In the generic case s = 2 the only possible bifurcation for a family of asymmetric periodic
solutions is a saddle-node bifurcation
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Case s = 2 with Jordan block (1)

Let matrix AN have an elementary divisor

(v+ 1)

1
A = Zov? + FP (u,0) + B (u,v) + ... |

+p (FQ(Q)(u,v) +F4(2)(u,v) +) +...

we present projections of support S (h(2)) with
only two layers of the points from it, correspond-
ing to the values ¢ = 0, represented as blue solid

circles, and / =1
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Case s = 2 with Jordan block (2)

For each equation of the system

we compute their supports Si, So.

Their Newton polyhedrons 'y and T's have the following H-representations

1:{u,v,p>20,u+3v+2p >3}, Iy {u,v,p>0,u+v+2p>3}.
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Case s = 2 with Jordan block (3)

Their Minkowski sum I' = I'y @ I'y is an unbounded polyhedron with H-representation
D:{u,v,p>0, u+3v+2p >3, ut+v+2p>3}
with two negative normals belonging to the cone of the problem C
N; = _(17372)7 Ny = _(11172)
There are two truncated systems, but non-trivial is the first only with external normal N; =

—(1,3,2):
1 - {a310u3 +ov + aljltup = 0, —4a400u3 — 2pa200u = 0} . (13)
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Case s = 2 with Jordan block (4)

Eliminating p it can be split into a trivial subsystem with solution uy = v9 = 0 and a non-trivial
one with solution uj 2 = £+/B1p, vi2 = O’ﬁguiQ, with coefficients based on coefficients a,, of
the truncated system (13). Here we have a pitch-fork bifurcation.

The similar result obtained in diagonal form case but with normal N = —(1,1,2) and SP solutions
as u ™~ p,v 2 p.

Conclusion

In the generic case s = 2 the only possible bifurcation for a family of asymmetric periodic
solutions is a pitch-fork bifurcation
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Case s =3 (1)

Due to the absence of the quadratic part of the
unperturbed Hamiltonian, the initial terms of the
RNF 1) are the following

K3 — F§3)(u,v) I F4(3)(U7U) i F5(3)(u,u) L
F¥ (u,v) + FP (u, v) +> +...

+
s
o
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Case s =3 (2)

We get the only non-trivial truncated system with external normal N; = —(1,1,1)

S (h(g)) = {a111up + 3agzov? = 0, —a111vp — 3azeou® = 0}

with the following non-trivial solutions

1 1/3 21kt
u = —3Bfar11a030p,v = Prarn1p, B = —3 (as00adso) / exp < 3 ) k=-10,1

This solution shows that for small values of p in the vicinity of the initial periodic solution defined
by the condition u = v = 0 there exist three SPs. They can be interpreted as a new periodic
solution with a triple period of the initial one. As soon as u,v ~ p this means that before and
after the critical value p = 0 we have only one periodic solution with triple period
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Case s =3 (3)

Let us show that the value of Hamiltonian function changes monotonically along the family.
Using the normal vector N1 we get the truncated RNF 3 = paiuv + aspu® + agzov® and
finally obtain 23 ~ p3. Now applying the well-known Poincaré~Hopf theorem about the index
of a vector field, (see [Aleksandrov, 2022; Brasselet (et al.), 2009] for details), we can state that
the stability index S along the family does not change by crossing the critical value p = 0
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Case s =4,5,... (1)

Due to the degeneration of all the truncated systems, we compute a new system S = {1 =

0, go = 0}, where g; = vhq(f) — uhgf), g2 = vhgs) + uth)

Here we have only one truncated system
él = {(2a220u1) + a111,0) uv = 0, —as00t’ + agsoV” = 0} (14)

with external normal N; = —(1,1,2).
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Case s =4.5,... (2)

This system has two sets of solutions: the first is w = v = 0, which is the initial periodic solution.
The second set of solutions can be obtained by exponentiating the identity 2as20uv = —aq11p
in degree s and applying substitution from the second equation of system (14):

5 5 25 5 5 5 5 2s 5 5
27a500a990U” = —a71100500°; 27 A0s0A320V" = —A7115000 -

It is obvious that in the vicinity of the initial periodic solution u = v = p = 0 we have exactly
25 new SP, which asymptotic form is u,v ~ p'/2. These points are divided into two groups
and each of the groups represents a new periodic solution with multiplicity s. Using the normal
vector N1 we get the truncated RNF 1(®) = as00u?v? + pajriuv and after substitution of the
asymptotic form we obtain h(®) ~ p?. The same conclusions lead us to the statement that one
new periodic solution should be stable and the other one should be unstable

A.Batkhin, A. Bruno (KIAM) Studying Bifurcations of Periodic Solutions



AN

&%)

059
C)




References

References (1)

Aleksandrov A. G. — The Poincaré Index and lts Applications. — // Universe. — 2022. —

Apr. — Vol. 8, no. 4. — P. 223. — ISSN 2218-1997. — DOI: 10.3390/universe8040223. —
URL: http://dx.doi.org/10.3390/universe8040223.

Brasselet J.-P., Seade J., Suwa T. — Vector fields on Singular Varieties. — Springer Berlin
Heidelberg, 2009. — ISBN 9783642052057. — DOI: 10.1007/978-3-642-05205-7. — URL:
http://dx.doi.org/10.1007/978-3-642-05205-7.

Bruno A. D. — The Restricted 3-body Problem: Plane Periodic Orbits. — Berlin : Walter de
Gruyter, 1994, — 362 p.

Bruno A. D. — Power Geometry in Algebraic and Differential Equations. — Amsterdam :
Elsevier Science, 2000.

A.Batkhin, A. Bruno (KIAM) Studying Bifurcations of Periodic Solutions


https://doi.org/10.3390/universe8040223
http://dx.doi.org/10.3390/universe8040223
https://doi.org/10.1007/978-3-642-05205-7
http://dx.doi.org/10.1007/978-3-642-05205-7

References (2)

Bruno A. D. — Normalization of a Periodic Hamiltonian System. — // Programming and
Computer Software. — 2020. — Mar. — Vol. 46, no. 2. — P. 76-83. — ISSN 1608-3261. —
DOI: 10.1134/s0361768820020048. — URL:
http://dx.doi.org/10.1134/50361768820020048.

Bruno A. D. — Nonlinear Analysis as a Calculus. — // London Journal of Research in Science:
Natural and Formal. — 2023. — Vol. 23, no. 5. — P. 1-31. — URL: https:
//journalspress.com/LJRS_Volume23/Nonlinear-Analysis-as-a-Calculus.pdf ;
(open access).

Fukuda K. — From the zonotope construction to the Minkowski addition of convex
polytopes. — // Journal of Symbolic Computation. — 2004. — Oct. — Vol. 38, no. 4. —
P. 1261-1272. — ISSN 0747-7171. — DOI: 10.1016/j.jsc.2003.08.007. — URL:
http://dx.doi.org/10.1016/j.jsc.2003.08.007.

_Studying Bifurcations of Periodic Solutions


https://doi.org/10.1134/s0361768820020048
http://dx.doi.org/10.1134/S0361768820020048
https://journalspress.com/LJRS_Volume23/Nonlinear-Analysis-as-a-Calculus.pdf
https://journalspress.com/LJRS_Volume23/Nonlinear-Analysis-as-a-Calculus.pdf
https://doi.org/10.1016/j.jsc.2003.08.007
http://dx.doi.org/10.1016/j.jsc.2003.08.007

References (3)

Poincaré H. — Les Métods Nouvelles de la Mécanique Céleste. — T. 3. — Paris :
Gauthier-Villars, 1899.

Ziegler G. M. — Lectures on Polytopes. — Springer New York, 1995. — ISBN
9781461384311. — DOI: 10.1007/978-1-4613-8431-1. — URL:
http://dx.doi.org/10.1007/978-1-4613-8431-1.

A.Batkhin, A. Bruno (KIAM) Studying Bifurcations of Periodic Solutions


https://doi.org/10.1007/978-1-4613-8431-1
http://dx.doi.org/10.1007/978-1-4613-8431-1

References

THANKS FOR ATTENTION

A. Batkhin, A. Bruno (KIAM) Studying Bifurcations of Periodic Solutions



