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“. . .ce qui nous rend ces solutions périodiques si précieuses, c’est qu’elles sont, pour ainsi
dire, la seule bréche par où nous puissions essayer de pénétrer dans une place jusqu’ici
réputée inabordable.”

Les méthodes nouvelles de la méchanique céleste.
Vol I, Ch. III, § 36
Henri Poincaré

«. . . особая ценность этих периодических решений заключается в том, что они яв-
ляются единственной брешью, через которую мы могли бы попытаться проникнуть
в область, считавшуюся недоступной.»

Новые методы небесной механики.
Том I, Глава III, п.37

Анри Пуанкаре
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Motivation

For an autonomous Hamilton system with two degrees of freedom in a generic case, normal
form (NF) and power geometry methods are applied to study bifurcations of periodic solutions
for various groups of discrete linear automorphisms of the phase space. A Hamiltonian NF is
constructed in the neighborhood of a periodic solution, which, with the help of an additional
canonical transformation, is reduced to an autonomous Hamiltonian system with one degree
of freedom and one small parameter (reduced NF). The equilibrium positions of the reduced
NF correspond to families of periodic solutions, and the various bifurcation scenarios essentially
depend on the symmetries of the initial system
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Reduced Normal Form

Linear Periodic Hamiltonian System

Consider linear Hamiltonian system with 2 DOF
𝑑𝜁

𝑑𝜓
= 𝐴(𝜓)𝜁 where 𝐴(𝜓) = 𝐽Γ(𝜓) is 2𝜋-

periodic. Let 𝑍(𝜓) be the fundamental matrix of solutions 𝑍(𝜓+ 2𝜋) = 𝑍(𝜓)𝒩 , where 𝒩 is a
constant matrix, det𝒩 ̸= 0.

For the real system the matrix 𝒩 is also real, the elementary divisors of the matrix 𝒩 −𝜈𝐸 have
the following properties. Let the elementary divisor (𝜈 − 𝑏)𝑙 occur exactly 𝑘 times.

If the number 𝑏 is real or has unit modulus and 𝑏 ̸= ±1 then
(︀
𝜈 − 𝑏−1

)︀ℓ exists exactly 𝑘
times
If 𝑏 = ±1 and ℓ is odd, then 𝑘 must be even

The detailed classification of elementary divisors in complex and real cases is given in [Bruno,
1994, Ch. II] and in [Bruno, 2020]
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Reduced Normal Form

Local coordinates (1)

Consider a real Hamiltonian system with 2 degrees of freedom (DOF) with analytic Hamiltonian
𝛾(𝜉1, 𝜉2, 𝜂1, 𝜂2) in some domain 𝒞. Let the system have a periodic solution ℳ ⊂ 𝒞 with period
𝑇 = 𝑇 (ℳ) in a small vicinity 𝒰 of the solution ℳ, 𝒰 ⊂ 𝒞.

Then in 𝒰 there exist such analytic functions 𝜉, 𝜂, 𝑟, 𝜓 that
1 the trajectory ℳ is defined by the equalities 𝜉 = 0, 𝜂 = 0, 𝑟 = 0;
2 the function 𝜓 is cyclic (angular) modulo 2𝜋;
3 the neighborhood 𝒰 is a skew product of a 3-dimensional ball and the cycle 𝜓 ∈ [0,2𝜋];
4 the coordinates 𝜉, 𝜂 and 𝜓, 𝑟 are canonically conjugate.
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Reduced Normal Form

Local coordinates (2)

The Hamiltonian 𝛾 in the neighborhood 𝒰 is 2𝜋-periodic in 𝜓 and expands into a convergent
Taylor series

𝛾 =
∑︁

𝛾𝑝𝑞ℓ(𝜓) 𝜉
𝑝𝜂𝑞𝑟ℓ,

where 𝑝, 𝑞, ℓ ∈ N0, and 𝛾 , the analytical functions 𝛾𝑝𝑞𝑙(𝜓) have period 2𝜋 in 𝜓 and expand into
Fourier series.

In the neighborhood 𝒰 Hamiltonian 𝛾 defines a system

𝜉 =
𝜕𝛾

𝜕𝜂
, 𝜂̇ = −𝜕𝛾

𝜕𝜉
, 𝑟̇ =

𝜕𝛾

𝜕𝜓
, 𝜓̇ = −𝜕𝛾

𝜕𝑟
. (1)

There exists a canonical transformation that reduces the constant and linear terms of expansion
(7) into 𝛾000(𝜓) = 0, −𝛾001(𝜓) = 2𝜋/𝑇
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Reduced Normal Form

Nonlinear Normalization (1)

Let 𝛾𝑘ℓ(𝜉, 𝜂, 𝑟, 𝜓) denote a homogeneous form in (𝜉, 𝜂) of order 𝑘, containing 𝑟 only as a factor
𝑟ℓ. The lowest-order terms in the Hamiltonian 𝛾 are

𝛾20 + 𝛾01 =
2𝜋

𝑇

(︂
1

2
⟨𝜁,Γ(𝜓)𝜁⟩ − 𝑟

)︂
.

We obtain the complex normal form:

𝑔20 + 𝑔01 =
2𝜋

T

(︂
1

2
⟨z, 𝐺z⟩ − 𝑠

)︂
, 𝐺 = const. (2)

Here, on the main diagonal of the matrix 𝐽𝐺 its eigenvalues are 𝜈1, −𝜈1.
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Reduced Normal Form

Nonlinear Normalization (2)

As a result of the canonical transformation, the Hamiltonian 𝛾 takes the form 𝑔(𝑥, 𝑦, 𝑠, 𝜓) =
𝛿−1𝛾(𝜉, 𝜂, 𝑟, 𝜓). Let us expand it in a Poisson series with z = (𝑥, 𝑦)

𝑔(𝑥, 𝑦, 𝑠, 𝜓) =
∑︁

𝑔𝑝𝑞ℓ𝑚𝑥
𝑝𝑦𝑞𝑠ℓe𝑖𝑚𝜓. (3)

This series converges absolutely for sufficiently small |𝑥|, |𝑦|, |𝑠|, | Im𝜓|.

Applying standard complex and nonlinear transformations [Bruno, 1994] the Hamiltonian 𝛾 is
reduced to a complex NF

ℎ̃(𝑢̃, 𝑣, 𝑟, 𝜙) = ℎ̃20 + ℎ̃01 +
∑︁

ℎ̃𝑝𝑞ℓ𝑚𝑢̃
𝑝𝑣𝑞𝑟ℓe𝑖𝑚𝜙, (4)

where the form 𝑔20 + 𝑔01 is given by (2).
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Reduced Normal Form

Nonlinear Normalization (3)

Then on the main diagonal of the matrix 𝐽𝐺 stand its eigenvalues 𝜈, −𝜈 and 𝜈 = exp(2𝜋𝜆).
The Hamiltonian (4) is called a complex normal form if:

1 its quadratic form ℎ̃20 + ℎ̃01 is the normal form;
2 in the expansion (4), only resonant terms are presented for which

(𝑝− 𝑞)𝜆+ 𝑖𝑚 = 0 (5)

Theorem 1 (Bruno, 1994).

For the Hamiltonian (3), there exists a formal transformation to the normal form (4)
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Reduced Normal Form

Reduced Normal Form (1)

Theorem 2 (Bruno, 2020).

The canonical transformation 𝑢̃ = 𝑢 exp(−𝑖 Im𝜆𝜙), 𝑣 = 𝑣 exp(𝑖 Im𝜆𝜙), 𝑟 = 𝜌 − 𝑖 Im𝜆𝑢𝑣,
𝜙 = 𝜙, reduces the normal form of the Hamiltonian (4) to a constant power series

ℎ(𝑢, 𝑣, 𝜌) =
∑︁

ℎ𝑝𝑞ℓ𝑚𝑢
𝑝𝑣𝑞𝜌ℓ, (𝑝− 𝑞)Re𝜆 = 0, (𝑝− 𝑞) Im𝜆 = −𝑚, (6)

where 𝑝, 𝑞, ℓ,𝑚 are integers, 𝑝, 𝑞, ℓ ⩾ 0. Here ℎ𝑝𝑞ℓ𝑚 = ℎ̃𝑝𝑞ℓ𝑚 if 𝑝+ 𝑞 ⩾ 3, the quadratic terms

have the form ℎ20 + ℎ01 =
2𝜋

𝑇

(︂
1

2
⟨w, 𝐺w⟩ − 𝜌

)︂
, where the matrix 𝐽𝐺 = 𝐽𝐺 − 𝑖 Im𝛬 with

the diagonal matrix 𝛬 = diag(𝜈,−𝜈) and there are no linear terms in w = (𝑢, 𝑣)
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Reduced Normal Form

Reduced Normal Form (2)

Thus, we obtain an autonomous Hamiltonian system

𝑢̇ = ℎ𝑣, 𝑣̇ = −ℎ𝑢

with 1 degrees of freedom, an additional equation

𝜙̇ = −ℎ𝜌,

and an additional small parameter 𝜌 = const.

We call (6) the reduced normal form (RNF). It allows us to study the bifurcations of families of
periodic solutions of the system (1) in a neighborhood of the resonant periodic solution, because
each periodic solution ℳ to system (1) corresponds to a stationary point (SP) of the RNF
Hamilton system
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Truncated Systems in Hamiltonian case
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Truncated Systems in Hamiltonian case

Truncated Systems in Hamiltonian Case

Here we consider the Power Geometry approach for getting the leading terms of the RNFs and
systems for determination of SPs. The given description is adopted for the case of 2 DOF,
whereas a detailed description can be obtained in book [Bruno, 2000]. Also, a wide discussion
of Power Geometry applications is considered in [Bruno, 2023].

Periodic solution ℳ is denoted by the condition 𝑢 = 𝑣 = 𝜌 = 0 and its RNF (6) is:

ℎ(𝑢, 𝑣, 𝜌) =
∑︁

ℎ𝑝𝑞ℓ𝑚𝑢
𝑝𝑣𝑞𝜌ℓ. (7)

Here exponents 𝑝, 𝑞 satisfy conditions (6) and ℎ𝑝𝑞ℓ𝑚 = const. Variables 𝑢, 𝑣 are canonically
conjugated coordinate and momentum, and 𝜌 is a small parameter, respectively
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Truncated Systems in Hamiltonian case

Power Geometry Technique (1)

Each term of the series (7) is associated with its vector exponent 𝑄 = (𝑝, 𝑞, ℓ) ∈ Z3. The set S
of all points 𝑄 with ℎ𝑄 ̸= 0 in the sum (7) is called the support S = S(ℎ) of the sum (7).

The convex hull Γ(S) = Γ(ℎ) of the support S is called the Newton polyhedron of the sum (7).
Its boundary consists of vertices Γ

(0)
𝑗 , edges Γ

(1)
𝑗 and faces Γ

(2)
𝑗 , which are generalized faces

Γ
(𝑑)
𝑗 of dimensions 𝑑 : 0 ⩽ 𝑑 ⩽ 2. The intersection S ∩ Γ

(𝑑)
𝑗 = S

(𝑑)
𝑗 is called the boundary

subset of the set S.
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Truncated Systems in Hamiltonian case

Power Geometry Technique (2)

Each generalized face Γ
(𝑑)
𝑗 (including vertices and edges) corresponds to:

normal cone

U
(𝑑)
𝑗 =

{︁
𝑃 :

⟨︀
𝑃,𝑄′⟩︀ =

⟨︀
𝑃,𝑄′′⟩︀ < ⟨︀

𝑃,𝑄′′′⟩︀ , where 𝑄′, 𝑄′′ ∈ S
(𝑑)
𝑗 , 𝑄′′′ ∈ S∖S(𝑑)

𝑗

}︁
, (8)

truncated sum

ℎ̂
(𝑑)
𝑗 =

∑︁
ℎ𝑝𝑞ℓ𝑢

𝑝𝑣𝑞𝜌ℓ over 𝑄 = (𝑝, 𝑞, ℓ) ∈ S
(𝑑)
𝑗 . (9)
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Truncated Systems in Hamiltonian case

Power Geometry Technique (3)

Each truncated sum (9) is the first approximation to the sum (7) when

(log |𝑢| , log |𝑣| , log |𝜌|) → ∞

along its normal cone U
(𝑑)
𝑗 .

As soon as SPs are solutions to a system of first partial differential equations

𝜕ℎ𝑣 = −ℎ𝑢 = 0,

one can find asymptotic solutions by means of truncated systems (for details see Bruno, 2000,
Ch. 2, § 8)
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Truncated Systems in Hamiltonian case

Power Geometry Technique (4)

Let’s consider a truncated system Ŝ in a polynomial form

Ŝ : {𝑓1(𝑢, 𝑣, 𝜌) = 0, 𝑓2(𝑢, 𝑣, 𝜌) = 0} .

For each polynomial 𝑓𝑘, 𝑘 = 1,2, one should compute the corresponding support S𝑘, its Newton
polyhedrons Γ𝑘 with the set of generalized faces Γ(𝑑)

𝑘𝑗 For each face Γ
(𝑑)
𝑘𝑗 one should get its normal

cone U
(𝑑)
𝑘𝑗 according to (8).

As soon as we study bifurcation in the vicinity of an unperturbed periodic solution with 𝑢 = 𝑣 =

𝜌 = 0, then we need to select only those generalized faces Γ
(𝑑)
𝑗 which normal cone U

(𝑑)
𝑗 has

non-zero intersection with the cone of the problem 𝒦 = {𝑃 ⩽ 0}.
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Truncated Systems in Hamiltonian case

Power Geometry Technique (5)

According to Theorem 6.1 in [Bruno, 2000, Ch. 2, Sect. 6] to get the first terms of expansions
of solutions to the system S one has to obtain all truncated systems Ŝ and solve them.
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Truncated Systems in Hamiltonian case

Minkowsky sum of Newton polyhedrons (1)

Here we propose a certain improvement of the computational technique based on the notion of
Minkowski sum [Ziegler, 1995, Ch. 7]

Definition 1.
The Minkowski sum Γ1 + Γ2 of two polyhedrons Γ1 and Γ2 is the polyhedron

̃︀Γ def
= Γ1 ⊕ Γ2 =

{︀
𝑥 ∈ R3|𝑥 = 𝑥1 + 𝑥2, 𝑥1 ∈ Γ1, 𝑥2 ∈ Γ2

}︀
The idea uses the property of the Minkowski sum stated as the following theorem, which can be
derived from [Fukuda, 2004]
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Truncated Systems in Hamiltonian case

Minkowsky sum of Newton polyhedrons (2)

Theorem 3.

In a sum of polyhedrons, every face of the result can be decomposed in a sum of faces from the
different summands. This decomposition is unique

After getting the Minkowski sum ̃︀Γ we obtain the set of all normal vectors N𝑗 , 𝑗 = 1, . . . ,𝑚,
which belong to the cone of the problem 𝒦. For each vector N𝑗 the corresponding truncated
system Ŝ𝑗 = {𝑓1𝑗 = 0, 𝑓2𝑗 = 0} is computed, where the truncated polynomial 𝑓𝑖𝑗 , 𝑖 = 1,2,
consists of only those monomials that provide the maximum value of the scalar product ⟨N𝑗 , 𝑄⟩.
Here 𝑄 is a vector of power exponents of the monomial.
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Truncated Systems in Hamiltonian case

Support of the RNF (1)

A monodromy matrix 𝒩 of the periodic solution ℳ has a characteristic polynomial 𝜒(𝜈) =
(𝜈 − 1)2

(︀
𝜈2 − 2𝑆𝜈 + 1

)︀
with a stability index 𝑆.

The periodic solution is stable in the linear approximation if |𝑆| ⩽ 1 and 𝑆 = Re exp(2𝜋𝜆). In
this case, the non-trivial multiplicators 𝜈3,4 are mutually complex conjugated numbers 𝜈3,4 =
exp(±2𝜋𝜆).
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Truncated Systems in Hamiltonian case

Support of the RNF (2)

If the argument of 𝜈3,4 is commensurable with 𝜋, then according to [Poincaré, 1899, Ch. XXX]
it means that in the vicinity of the given periodic solution called generating (periodic solution
of the first genre) there should exist some other periodic solutions called generated (periodic
solutions of the second genre) whose period 𝑇 ′ is multiple to the period 𝑇 of the initial periodic
solution. Now, the resonant equation (5) takes the form

(𝑝− 𝑞)r+𝑚s = 0, where 𝜆 = r/s, |r| < s, r ∈ Z, s ∈ N. (10)
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Truncated Systems in Hamiltonian case

Support of the RNF (3)

So, the RNF ℎ (6) can be rewritten as the double sum of polynomials

ℎ(𝑢, 𝑣, 𝜌) =

∞∑︁
ℓ=0

𝜌ℓ
∞∑︁
𝑘=1

𝐹
(s)
𝑘 (𝑢, 𝑣), (11)

where 𝐹 (s)
𝑘 (𝑢, 𝑣) denotes a homogeneous resonant form of degree 𝑘 from canonical variables

(𝑢, 𝑣): 𝐹 (s)
𝑘 (𝑢, 𝑣) =

∑︀𝑘
𝑗=0 𝑎𝑝𝑞𝑢

𝑝𝑣𝑞,𝑎𝑝𝑞 = const, 𝑝+ 𝑞 = 𝑘, and 𝑝, 𝑞 satisfy (10)
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Scheme of computation

Scheme of computation (1)

For each selected value of s = 1,2,3,4, . . . we provide the following steps.
Fix one class of discrete symmetry Σ, i.e. select the subgroup of 𝐷4 which consists of
definite numbers of its non-trivial generators: none for asymmetry, one for single symmetry,
and two for double symmetry.

For selected symmetry Σ one composes RNF ℎ(s)(𝑢, 𝑣) (11) from homogeneous forms 𝐹 (s)
𝑘

invariant under any transformation 𝐹 (s)
𝑘 ∘ 𝐴 = 𝐹

(s)
𝑘 for ℓ = 0,1, where 𝐴 is any non-trivial

generator of the subgroup of symmetry.
Compute the corresponding Hamiltonian system and obtain a polynomial system defining
the condition on the existence of SP:

S
(︁
ℎ(s)

)︁
:
{︁
ℎ(s)𝑣 = 0, ℎ(s)𝑢 = 0

}︁
;
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Scheme of computation

Scheme of computation (2)

By means of Minkowski sum ̃︀Γ def
= Γ

(︁
ℎ
(s)
𝑣

)︁
⊕ Γ2

(︁
ℎ
(s)
𝑢

)︁
all non-trivial truncated systems

Ŝ𝑗

(︀
ℎ(s)

)︀
with negative normal cones are selected.

From all non trivial solutions to Ŝ𝑗

(︀
ℎ(s)

)︀
in the form 𝑢 = 𝑢(𝜌), 𝑣 = 𝑣(𝜌) we select only

those that correspond to real solutions to the system (1).

A. Batkhin, A. Bruno (KIAM) Studying Bifurcations of Periodic Solutions 27-05-2026 29 / 53



Results

1. Reduced Normal Form

2. Truncated Systems in Hamiltonian case

3. Scheme of computation

4. Results

A. Batkhin, A. Bruno (KIAM) Studying Bifurcations of Periodic Solutions 27-05-2026 30 / 53



Results

Results

Here we give some results of computations for a generic case RNF with trivial group of discrete
symplectomorphisms. They are divided into 3 groups:

1 matrix 𝐽𝐺 has a Jordan block, i.e. s ∈ {1,2}
2 s = 3

3 s ⩾ 4
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Results

Case s = 1 with Jordan block (1)

Let matrix 𝒩 have an elementary divisor
(𝜈 − 1)2.

ℎ(1) =
1

2
𝜎𝑣2 + 𝐹

(1)
3 (𝑢, 𝑣) + 𝐹

(1)
4 (𝑢, 𝑣) + . . .

+𝜌
(︁
𝐹

(1)
1 (𝑢, 𝑣) + 𝐹

(1)
2 (𝑢, 𝑣) + . . .

)︁
+ . . .

we present projections of support S
(︀
ℎ(1)

)︀
with

only two layers of the points from it, correspond-
ing to the values ℓ = 0, represented as blue solid
circles, and ℓ = 1
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Results

Case s = 1 with Jordan block (2)

For each equation of the system S :
{︁
ℎ
(1)
𝑣 = −ℎ(1)𝑢 = 0

}︁
we compute their supports S1, S2

Now we obtain their Newton polyhedrons Γ1 and Γ2. In 𝐻-representation they are unbounded
polyhedrons defined by the following inequalities:

Γ1 : {𝑢, 𝑣, 𝜌 ⩾ 0, 𝑢+ 2𝑣 + 2𝜌 ⩾ 1} , Γ2 : {𝑢, 𝑣, 𝜌 ⩾ 0, 𝑢+ 𝑣 + 2𝜌 ⩾ 1} .

Their Minkowski sum ̃︀Γ = Γ1 ⊕ Γ2 has 𝐻-representation

̃︀Γ : {𝑢, 𝑣, 𝜌 ⩾ 0, 𝑢+ 2𝑣 + 2𝜌 ⩾ 1, 𝑢+ 𝑣 + 2𝜌 ⩾ 1} .
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Results

Case s = 1 with Jordan block (3)

This means that there are only two normal vectors that belong to the cone of the problem 𝒦

N1 = −(1,2,2), N2 = −(1,1,2)

There are two truncated systems, but non-trivial is the first only with external normal N1:

Ŝ1 :
{︀
𝑎210𝑢

2 + 𝜎𝑣 + 𝑎011𝜌 = 0, −3𝑎300𝑢
2 − 𝑎101𝜌 = 0

}︀
(12)

So, the family of SP solutions takes the form

𝑢 = ±
√︀
𝛽1𝜌, 𝑣 = 𝛽2𝜌,

with coefficients based on coefficients 𝑎𝑝𝑞ℓ of the truncated system (12). Here we have a saddle-
node bifurcation
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Results

Case s = 1 with Jordan block (4)
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Results

Case s = 1 with Jordan block (5)

In the case of diagonal form of the matrix 𝒩 , the only suitable truncated system exists with
normal N1 = −(1,1,2), which provides the SP solution as 𝑢 ≃ 𝜌, 𝑣 ≃ 𝜌

Conclusion
In the generic case s = 2 the only possible bifurcation for a family of asymmetric periodic
solutions is a saddle-node bifurcation
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Results

Case s = 2 with Jordan block (1)

Let matrix 𝒩 have an elementary divisor
(𝜈 + 1)2.

ℎ(2) =
1

2
𝜎𝑣2 + 𝐹

(2)
4 (𝑢, 𝑣) + 𝐹

(2)
6 (𝑢, 𝑣) + . . .

+𝜌
(︁
𝐹

(2)
2 (𝑢, 𝑣) + 𝐹

(2)
4 (𝑢, 𝑣) + . . .

)︁
+ . . .

we present projections of support S
(︀
ℎ(2)

)︀
with

only two layers of the points from it, correspond-
ing to the values ℓ = 0, represented as blue solid
circles, and ℓ = 1
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Results

Case s = 2 with Jordan block (2)

For each equation of the system

S
(︁
ℎ(2)

)︁
:
{︁
ℎ(2)𝑣 = −ℎ(2)𝑢 = 0

}︁
we compute their supports S1, S2.

Their Newton polyhedrons Γ1 and Γ2 have the following 𝐻-representations

Γ1 : {𝑢, 𝑣, 𝜌 ⩾ 0, 𝑢+ 3𝑣 + 2𝜌 ⩾ 3} , Γ2 : {𝑢, 𝑣, 𝜌 ⩾ 0, 𝑢+ 𝑣 + 2𝜌 ⩾ 3} .
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Results

Case s = 2 with Jordan block (3)

Their Minkowski sum ̃︀Γ = Γ1 ⊕ Γ2 is an unbounded polyhedron with 𝐻-representation

̃︀Γ : {𝑢, 𝑣, 𝜌 ⩾ 0, 𝑢+ 3𝑣 + 2𝜌 ⩾ 3, 𝑢+ 𝑣 + 2𝜌 ⩾ 3}

with two negative normals belonging to the cone of the problem 𝒦

N1 = −(1,3,2), N2 = −(1,1,2).

There are two truncated systems, but non-trivial is the first only with external normal N1 =
−(1,3,2):

Ŝ1 :
{︀
𝑎310𝑢

3 + 𝜎𝑣 + 𝑎111𝑢𝜌 = 0, −4𝑎400𝑢
3 − 2𝜌𝑎200𝑢 = 0

}︀
. (13)
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Results

Case s = 2 with Jordan block (4)

Eliminating 𝜌 it can be split into a trivial subsystem with solution 𝑢0 = 𝑣0 = 0 and a non-trivial
one with solution 𝑢1,2 = ±

√
𝛽1𝜌, 𝑣1,2 = 𝜎𝛽2𝑢

3
1,2, with coefficients based on coefficients 𝑎𝑝𝑞 of

the truncated system (13). Here we have a pitch-fork bifurcation.

The similar result obtained in diagonal form case but with normal N = −(1,1,2) and SP solutions
as 𝑢 ≃ 𝜌, 𝑣 ≃ 𝜌.

Conclusion
In the generic case s = 2 the only possible bifurcation for a family of asymmetric periodic
solutions is a pitch-fork bifurcation
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Results

Case s = 3 (1)

Due to the absence of the quadratic part of the
unperturbed Hamiltonian, the initial terms of the
RNF ℎ(3) are the following

ℎ(3) = 𝐹
(3)
3 (𝑢, 𝑣) + 𝐹

(3)
4 (𝑢, 𝑣) + 𝐹

(3)
5 (𝑢, 𝑣) + . . .

+𝜌
(︁
𝐹

(3)
2 (𝑢, 𝑣) + 𝐹

(3)
3 (𝑢, 𝑣) + . . .

)︁
+ . . .
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Results

Case s = 3 (2)

We get the only non-trivial truncated system with external normal N1 = −(1,1,1)

Ŝ1

(︁
ℎ(3)

)︁
=

{︀
𝑎111𝑢𝜌+ 3𝑎030𝑣

2 = 0, −𝑎111𝑣𝜌− 3𝑎300𝑢
2 = 0

}︀
with the following non-trivial solutions

𝑢 = −3𝛽21𝑎111𝑎030𝜌, 𝑣 = 𝛽1𝑎111𝜌, 𝛽1 = −1

3

(︀
𝑎300𝑎

2
030

)︀1/3
exp

(︂
2𝜋𝑘𝑖

3

)︂
, 𝑘 = −1,0,1

This solution shows that for small values of 𝜌 in the vicinity of the initial periodic solution defined
by the condition 𝑢 = 𝑣 = 0 there exist three SPs. They can be interpreted as a new periodic
solution with a triple period of the initial one. As soon as 𝑢, 𝑣 ≃ 𝜌 this means that before and
after the critical value 𝜌 = 0 we have only one periodic solution with triple period
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Results

Case s = 3 (3)

Let us show that the value of Hamiltonian function changes monotonically along the family.
Using the normal vector N1 we get the truncated RNF ℎ̂(3) = 𝜌𝑎111𝑢𝑣 + 𝑎300𝑢

3 + 𝑎030𝑣
3 and

finally obtain ℎ̂(3) ≃ 𝜌3. Now applying the well-known Poincaré–Hopf theorem about the index
of a vector field, (see [Aleksandrov, 2022; Brasselet (et al.), 2009] for details), we can state that
the stability index 𝑆 along the family does not change by crossing the critical value 𝜌 = 0
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Results

Case s = 4,5, . . . (1)

Due to the degeneration of all the truncated systems, we compute a new system ̃︀S = {𝑔1 =

0, 𝑔2 = 0}, where 𝑔1 = 𝑣ℎ
(s)
𝑣 − 𝑢ℎ

(s)
𝑢 , 𝑔2 = 𝑣ℎ

(s)
𝑣 + 𝑢ℎ

(s)
𝑢

Here we have only one truncated system

̃̂︀S1 = {(2𝑎220𝑢𝑣 + 𝑎111𝜌)𝑢𝑣 = 0, −𝑎s00𝑢s + 𝑎0s0𝑣
s = 0} (14)

with external normal N1 = −(1,1,2).
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Results

Case s = 4,5, . . . (2)

This system has two sets of solutions: the first is 𝑢 = 𝑣 = 0, which is the initial periodic solution.
The second set of solutions can be obtained by exponentiating the identity 2𝑎220𝑢𝑣 = −𝑎111𝜌
in degree s and applying substitution from the second equation of system (14):

2s𝑎s00𝑎
s
220𝑢

2s = −𝑎s111𝑎0s0𝜌s, 2s𝑎0s0𝑎
s
220𝑣

2s = −𝑎s111𝑎s00𝜌s.

It is obvious that in the vicinity of the initial periodic solution 𝑢 = 𝑣 = 𝜌 = 0 we have exactly
2s new SP, which asymptotic form is 𝑢, 𝑣 ≃ 𝜌1/2. These points are divided into two groups
and each of the groups represents a new periodic solution with multiplicity s. Using the normal
vector N1 we get the truncated RNF ℎ̂(s) = 𝑎220𝑢

2𝑣2 + 𝜌𝑎111𝑢𝑣 and after substitution of the
asymptotic form we obtain ℎ̂(s) ≃ 𝜌2. The same conclusions lead us to the statement that one
new periodic solution should be stable and the other one should be unstable
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