On two algorithms for computing GCD of natural
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Abstract. In this talk we will present the least odd absolute remainder Eu-
clidean ged algorithm. This is one of the fastest methods for computing the
greatest common divisor of natural numbers. An integer sequence is con-
structed on which this variant of the algorithm attains the maximum possible
number of steps. A worst-case upper bound on the number of steps per-
formed by the algorithm is also obtained. The author adapts Kan’s method
for proving a similar bound for the classical Euclidean algorithm. In addition,
an extended version of the algorithm is introduced that makes it possible to
compute Bézout coeflicients, solve linear congruences, and find multiplicative
inverses.

In this talk, we will also discuss the estimate of the number of steps of
the k-ary LSNGCD algorithm.

New Euclidean gcd algorithm

Let @ > b > 1 be the natural numbers. If both a and b are even, then it is necessary
to extract their common divisor equal to a power of 2. In the worst case, this can
be done in O(n) bit operations. After that, both input numbers must be divided
by this common divisor, denoted as bingcd, which is stored separately for further
use. If one of the numbers remains even, then we should divide this number by 2
until it becomes odd. The process of identifying and removing such even divisor
will be called the procedure makeOdd.

At each step of the algorithm, as in the least absolute remainder Euclidean
ged algorithm (refer to [1]), two remainders of division are computed: the remainder
by excess and the remainder by deficiency. However, each of them is then checked
for evenness. If a remainder is even, it is divided by 2 until it becomes odd.

Algebraically, our algorithm can be represented by the following formulas:



a =q1b+ €ar92°?, € = =£1,
b =qors + €3732%, €3 = +1,
To =q3r3 + €4742%4, €4 = +1,
Tn—2 = Qn_1Tn—1 + €7 2°", €n = *1,
Tn—1 = QqpTn + 0, 0= Tn+1,

where s; is a nonnegative integer, remainder r; is computed as
i =Ti—2 — |ri—a/Ti—1]|Ti—1, 7 = min(makeOdd(7;), makeOdd(r;—1 — 7)). (1)
Let t is the number of decimal digits in the smallest of the two input numbers.

Theorem 1. First, the number of steps in the least odd absolute remainder FEu-
clidean gcd algorithm does not exceed
t+1g(\/17
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and for every t there exists a pair of numbers for which equality is attained.
Second, for every p € (0,1) and every positive number €, there exist infinitely
many values of t such that for the numbers t and n = n(t), the inequality

n( t+1g(V17) p)
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holds.
Theorem 2. Let a = (34 /17)/2. Then

n(a,b) < min <Lloga(\/ﬁb + 1)J , {loga (ﬁﬁ(a +b) + 33_176\/ﬁ>J + 2) .

New k-ary ged

Sorenson generalized Stein’s binary ged algorithm (refer to [2]), that called the
right-shift k-ary ged algorithm (refer to [3, 4]). Previously author introduced new
k-ary ged algorithm, that called the LSNGCD algorithm (refer to [5]). This algo-
rithm works as follows. Let’s fix some natural number & > 2 and put ag = a, by = b.
Let k = 2%, s > 2. This number is fixed throughout the algorithm. Makeodd is a
function that takes an even number as input. It divides it by two until it becomes
odd. Function returns this result as an answer. Swap is a function, which exchange
of argument values. LSNGCD algorithm does not accumulate spurious factors,
like many other k-ary algorithms. The main loop of the LSNGCD algorithm is
presented below.



Algorithm LSNGCD
Input: a,b > 0, k = 2%: ged(k,a) = ged(k,b) =1
Output: ged(a, b)
while a - b # 0 do
if a is even then
a = makeodd(a)
end if
if b is even then
b = makeodd(b)
end if
if a<b then
swap(a,b)
end if
if b==1 then
return 1
end if
¢ =min(a mod b, (|a/b] +1)-b—a)
r=>bmodk, y =a mod k

g = ged(z,y)
T =z/g
y=y/g

s=lz-a—y-bl/k
if c<=s then

a=>b
b=c
else
x9,y2 = GetNewXY (a,b,x,y,k, s)
So = |m2«a—y2'b|/k
e = max(s, $2)
f = min(s, s2)
if f>c or (e==0 and f==0) then
a=1b
b=c
else
a=-¢e
b=f
end if
end if
end

return a + b

GetNewXY is a algorithm, which calculates a new pair of coefficients of
a linear combination (refer to [5]). GetNewXY algorithm uses the median cal-
culation of two fractions in the loop to obtain a new pair of linear combination



coefficients. To do this, the first pair of such coefficients must be matched with a
certain fraction from the Farey series.

In the talk we will discuss the number of steps in the worst case of the
LSNGCD algorithm.

Conclusion

We have obtained new Euclidean gcd algorithm and estimate for the number of
steps in the worst case. Among all variants of the Euclidean algorithm, it has the
smallest number of steps in the worst case.
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