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-
Composition & Decomposition

Composition and decomposition of objects are powerful mathematical tools.
Decompositional identification of the object components allows us to reduce
the complexity of their analysis and transformations, to find more compact
ways of their representation, to explicate its internal structure.

One of the most fundamental types of composition is the Cartesian product. A
certain generalization of the Cartesian product arising within the framework of
the algebra of families of sets (Family Algebra) is known as the product of
families of sets (Family Product).

The inversion of Family Product arose in the research of colleagues when

studying the decomposition (modularization) of ontologies. In 2010, they
raised the question of the algorithmic complexity of this problem.
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|
Family Algebra & Family Product

Family Product of Family Algebra:

AC p(A),BCp(B) AxBE {aUB|acANBeB)

A={{}{x}:{y}} B={{ab}.{ac} {bc} {a b c}}
AxB = {{a,b},{ac},{b,c},{a b,c},{a b,x},{ab,y},

{a7 C’ X}’ {a7 C7 y}’ {b7 C7 X}? {b? C7 y}? {a7 b7 C7 X}?
{a,b,c,y}}

Inversion of Family Product as Factorization of Multilinear Polynomials:
ab + ac + bc + abc + abx + aby + acx + acy + bex + bey + abex + abey

= (ab+ac+ bc+ abc)(x+y+1)
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|
Brief Retrospective

@ D. Grigoriev (Notes LOMI, 1984) described the factorization of dense
polynomials given as arrays of coefficients.

@ Since the 1980s, efficient (non-deterministic) factorization algorithms
have been based on the Schwarz-Zippel Lemma.

@ In 2010, using arithmetic schemes for the representation of polynomials,
A. Shpilka and I. Volkovich (ICALP’2010) established a connection
between polynomial factorization over finite fields and polynomial identity
testing (PIT). They mentioned that for multilinear polynomials PIT is
deterministically poly-time solvable hence their factorization is also
time-solvable (it can be estimated as cubic).

@ In 2013, a deterministic polynomial algorithm for polynomials given in the
form of monomial lists was developed based on finding a partition of the
variable set of the original function into factor variable sets with further
projection to obtain the actual factors (Emelyanov, Ponomaryov,
PSI'2014).
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N
Partition of Variables

Theorem

If F without trivial factors is factorable, i.e. F = G- H, G, H # 1, then for an
arbitrary x € var(F) the following holds:

@ (F?- FY)y # 0, if x and y belong to the same factor, which is not
factorable further;

e (FY-F), =0, ifx and y belong to different factors where the factor of x
is not factorable further and factorization of the factor of y (cofactor) is
possible in general.

If F is not factorable then for any pair x,y € var(F), x # y, (F2 - FY)y #0
holds.

The variable x, the polynomial F? - F/, and the variable y are called the
sorting/classifying variable, the sorting/classifying polynomial, and the
sorted/classified variable, respectively.
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-
Explicit FD-Algorithm

Define ExplicitFDAlgorithm (F)
1.

A 0D

6.

Take an arbitrary variable X €var(F).
Let Zseed = {X}.
Compute S:= F? - F}.

For Each y€var(F)\{x} Do:
If 31,750 , then Yseeqd = Lseed U{y} End If.

End For.

Make projections Fls ., Flvar(F)\Tews and stop.

End Define.

A polynomial given in the form of a list of monomials can be factored in
O(n?|F|?) where nis number of variables and |F| is the list length.
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-
GCD-Algorithm

Define GCDAlgorithm(F) returning list of factors
1. Take an arbitrary variable X occurring in F.
G = gcd(F2, FL).

If G=1 Then Output F and stop. End If
Output
F:=G.

Go to 1.

E
G

2 e

End Define.
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Factorization Issues in Maple
The implementations of Factors ()mod 2 and Ged () mod 2 in different
versions of Maple demonstrate the complexity of the problem in practice:

@ Maple 10 and Maple 13 report “LINZIP/not implemented yet” for some
examples of polynomials.

@ Sometimes Maple 17 gets into an endless loop.

@ Maple 17 and Maple 2019/2020 are spending more and more time on
long series of polynomials.

@ So far, Maple implementations do not use parallelism and are not
thread-safe.

Pavel Emelyanov (lIS-NSU) Factorization of Polynomials PCA 2026 8/34



N
PIT: How to Check AD = BC

Verifying whether (P)?P)’()j, vanishes or not is reduced to the recursive PIT
procedure for P, PY, = PJP;;, that can be transformed into P, P2} = P,0 P}/
(Emelyanov, Ponomaryov, CASC’2018).

Let assume that for Q € {A, D, B, C}, the polynomials in AD = BC, be

Q =Q,and Q = Q0.

AD = BC iff (A1Z+A2)(D1Z+ Dg) = (B1Z-|— Bg)(C1Z+ Cg)7

The equality holds iff:

AiD;y = BiC (1 )
AD> = By(Cp (2)
AiD>+ADy = B{Co+ B:Cy (3)

With help of some transformation the last equality can be transformed into:

(A1B2 4 A2By)(A1C2 + A2 Cq) = 0.
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-
Implicit FD-Algorithm

Define ImpliciteFDAlgorithm(P) returning pair of factors:
Let CofVars :=o.
Pick X from vars(P). //no V|P assumed
For Each Variable y € vars(P)\ {x} Do
If IsEqual (Py, Py, PY, Py) Then CofVars:= CofVarsU{y}. End If.
End For.
Return Plyasp)\covars and Plcorvars -
End Define.
Define IsEqual(A,D,B,C) returning Boolean:
Checking the equality of polynomials to 0.
Remove all z such that Zz|A or z|D or z|B or z|C.
Checking the equality of polynomials to 1.
If 3z such that z|AD # z|BC Then Return FALSE. End If.
If 3z such that zgvars(AD) N vars(BC) Then Return FALSE. End If.
Pick Zz.
If not IsEqual (A%, D%, B2, C%) Then Return FALSE. End If.
If not IsEqual (A,, D}, B,,C,) Then Return FALSE. End If.
If IsEqual (A, BY, A, B,) Then Return TRUE. End If.
Return IsEqual (A, CJ, A%, CL).
End Define.
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-
Analysis of Recurrence |

Theorem (Akra and Bazzi)

Let the recurrence

k
T(x)=g(x)+ Y _\T(wix + hi(x)) for x > C
i=1
satisfy the following conditions:
@ T (x) is appropriately defined for x < C;
Q@ )\ >0and0 < w; <1 are constants for all i;
Q [9(x)| = O(x°); and
Q |hi(x)| = ((,ogx ) for all i.

Then
T(x)=© (xp (1 + i&?dt))

where p is determined by the characteristic equation 25;1 )\,wf =1.
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-
Analysis of Recurrence Il

We assume that polynomials are represented by alphabetically sorted lists of
bitscales corresponding to indicator vectors for the variables of monomials.
Hence, to represent a polynomial F over n variables with M monomials

|F| = nM + cM bits are required, where c is a constant overhead to maintain
the list structure. This guarantees the linear time complexity for the following
operations preserving sorting:

@ computing a derivative with respect to a variable;

@ evaluating to zero for a variable with removing the empty bitscale
representing the constant 1 if it occurs;

@ identity testing for polynomials derived from the original sorted
polynomial by the two previous operations.
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|
Analysis of Recurrence llI

For IsEqual we have

Q@ x=|A+|B|+|C|+|Djand |Q| = |Q1] + | Q2|

Q vi\=1.

e Vi, h,’(X) =0.

@ 9(x) = O(nx). Apparently, nis quite a conservative assumption, under
recursion at least one variable is removed from the input set of variables.

© We need to estimate wq, wo, w3, ws.
W.l.0.g., we may assume that the largest parameter is D and thus, we
can take its co-parameter A as Q. In this case, wy, wa, w3, wy represent
the relative lengths of the parameters |A¢| + |B1| + |Ci| + |D1],
|Az| + |Bz| + |C2| + | D2, |A| + |B|, |A| + | C| for the recursive calls to
IsEqual with respect to |A| + |B| + |C| + |D|.
Since |A|, |B|,|C| < |D|, we obtain |A| + |B|, |A| + |C|, |B| + |C| < 2|D].
Then the lengths |A| + |B| and |A| + | C|, respectively, can be estimated as:

Al + B = x —|C| - |D| SX—O—MJB',
hence, |A| +|B|, |A| +|C| < .
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-
Analysis of Recurrence IV

at+b+c+d=1

ar + by + ¢ + d =

- a + by + Co+ O - a<d, b<d c<d
maximize atb subject to atb< §
a+c a+c<

3

all nonnegative
The multicriteria linear program has the objective functions and constraints
are linear and the optimization domain is bounded, all the extreme points can
be enumerated and selected those points that give the maximum solution of
the characteristic equation. This are

S I RS B
47 w2_47 LU3—2, W4—2

Its unique real solution is p ~ 2.226552. Hence, the algorithm’s time is
estimated

Wi =

T = O(n2|F|2'226552).
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-
Implicit FD-Algorithm with Timeout

Define ImpliciteFDAlgorithmTO (P) returning pair of
factors:
Let CofVars:=o.
Let Timeout :=0. //no time limit is set
Pick x from vars(P). //no V|P assumed
For Each Variable y € vars(P)\ {x} Do
Try assuming Timeout.
If IsEqual (Py, Py, P?, Py) Then CofVars:= CofVarsU{y}. End If.
If we can calculate the initial or more precise timeout Then
Calculate Timeout.
End Tf.
Catch Timeout elapsed.
CofVars := CofVars U {y}.
End Try.
End For.
Return PJ/vars(P)\CofVars and Plcofvars -
End Define.
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-
A-Algorithm: “Arithmetization” of PIT

The basic idea is to replace polynomial manipulations with arithmetic
operations with the variable’s multiplicities:

if | Py [| P | # |Pyy|| P2y | then the variables x and y belong to the same factor

(for the exact formulation some additional conditions are needed). This is a
sufficient condition approximating PIT: the equality of values does not imply
that x and y belong to different factors. The reason is that the multiplicities

can be proportional.

Problem: is it possible to find other similar easily computable characteristics
with which to replace PIT for multilinear polynomials.
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-
Experimental Evaluation

ra_ndompoly.noms statistics Maple :\rﬂni)ﬁ’ilgit Maple Irr?r;rlit:it
with 100 variables | summary | Ged()mod 2 FD-Algo A-Algo FD-Algo
minim. 25.86 102.08| 17.61 2.96

660 samples | expect. 267.59| 2778.30| 28.92| 1120.75
with 10* monoms |st.dev. 262.96| 5305.81| 15.11| 1059.67
maxim. 1334.17| 25104.20|130.88| 3703.88

minim. 1001.54| 9651.30/294.53| 120.71

495 samples | expect. 28416.15| 24889.14|329.14|22070.28
with 105 monoms | st.dev. 35600.82| 24127.55| 24.21|25937.55
maxim. 134451.90|132323.60 | 398.59 |82027.53

Table: Statistics for Maple and ZDD-based C++ versions.
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-
Impact of Number of Monomials and Variables

The impact on the factorization time of the distribution of the number of
monomials and variables by factors (100 variables and 10* monomials)

Par-time for random ordering grouped by

Par-time for random ordering grouped by
monom number

variable number

400 4001
300 300-
200 200- E
100 100- 1
‘ - , . ‘ ‘ —
10 25 50 100 10 25 50 75 90
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Decomposition of Hypergraphs

A:{{va}v{yvz}v{xaz}} B:{{a,b,qe},{b,d,ej}}:{{b,e}} X {{a,c},{d,f}}

AxB = {{ab,c,ex,y},{ab,cey z} {ab,cex,z},
{b7 dﬂ e? f?X).y}7{b7 d) e? f7y7z}7 {b)d7 e? f,X,Z}}
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-
Simple Voting Games: Committees/Representatives

Basil and Mary/Gary “dominate”
over all committees, i.e. they
appear in every committee.

BPTA+MNGA+PMG+PMTGA+BNA+BP = (B+MG) x (P+NA+PTA)
{{Basil},{Mary,Gary}} x{{Peter},{Nick,Ann},{Peter,Tim,Ann}}
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-
Structural Reliability Theory (Birnbaum and Esary,
J.SIAM, 1965)

MODULES OF COHERENT BINARY SYSTEMS

o
P P Cs
Ca
- ®
Cs Cs

9 = XXXy ¥ XXX, V XX = [:vr:l_:cz(:wc3 v xA)] v XXg
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-
Decomposition of Boolean Functions

The factorization algorithm of multilinear polynomials over I, directly gives:

@ AND-decomposition method:

— ANF, pos/neg DNF, Full DNF/characteristic sets of units;

@ NAND/OR-decomposition method for representations that allow effective
negation:

— ANF, pos/neg CNF, Full CNF/characteristic sets of zeros;

@ decomposition methods for tabular representations.
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-
Tables as Homogenous Multilinear Polynomials

Cartesian Product in relational RDBMs is implemented in SQL by
SELECT * FROM table1 CROSS JOIN table2

(A|B[C[DJE]

C E X|y | X |U]|P
L AN ARANAK:
xyNyuq—xyzvr
X |z STV T X|z|X|u|p
X|z|y|lu|qg

X|lz|z|v]|r

ZgQuXaYc+YyBqQuXayc—+YBIVXaZc—+ZgrvXaZc+yspUXaXc+ZBPUXaXc
= Xa- (Y8 + 28)-(qQuyc + rvze + puxc)
— Deducing Normal Forms
— Finding functional dependencies in relations
— Splitting relations
— A generalization: inversion of SQL operator JOIN ON with equality.
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|
Probability of Factorization

Lemma
If a random polynomial F has M monomials defined over n variables,
o(M)\" 1 ’
P[F is o—undecompos.|>1—(1-—~ | >1— (1 - —————— ||
[ 1S unaeci |4 ] < M > ( e’Y|n|nM+|’1|?r_’|lw>

where ¢ and v are Euler’s totient function and constant respectively.
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Generalization 1: Decomposition with Prescribed
A—Defect

We want to find a polynomial D preventing disjoint decomposition for which
we know its variable set A only.

FX,Y)=FR(X)F(Y)+D(A), ACXUY, XNY =g,
Example:

X1 Xe X3 Y1 Yo+X1 X2 X3 Y2 Y3+X1 X2 X3+X1 Y1 Yo+Xo Y1 Yo+ Xo Vo Y3+ X3 Y1 Yot XaYo Y3+ Yo Ya+Xo+Xz =
(X1XeXs + X1 + X2 + X3) (V1Yo + Yoys + 1) + (Xiyeys + Yoys + x1), A = {x1, y2,¥a}-

Note that the monomials xi y2y3 and x; do not appear in the original
polynomial.
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______________________________
Generalization 2: Decomposition with Prescribed
Shared Variables F(X,A,Y) = F(X,A)-H(A,Y)
Let F be boolean polynomial over var(F) = {x1,...,Xxp} and A C var(F),
|A| = k be variables shared among factors.

Definition

F|6 = (F|X:0,XEA\5)|;/7yE5 J

Each monomial [[, .5 Xi, 6 C A including @ has coefficients A; and B; (all
over var(F) \ A) in corresponding factors. These coefficients satisfy the
following system of 2K quadratic equations:

for all subsets § C A Z AuBs = Fls.

Va,BCH
aUp=4
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Case |A| =2
F = xyFy +xFy)+yFy + FY
(Axyxy + Axx + Ayy + Az)(Bxyxy + Bxx + Byy + Bg)
AsBy = FQ

AxBy + AcBy + AyBy = F.0

AyBy + A,By + AsB, = F)

AX’yBX’y"_AX’y(BXJFBy“FBg)+BX’y(Ax+Ay+Ag)+AxBy+AyBX = F)/(}c7

Solving the equations sequentially from the first and further and substi- tuting
the variants As and B; obtained at the previous steps at the next step we will
have quadratic equations of the form XY -+aX+bY = ¢, which (like diophantine
equations) are again reduced to factorization of some polynomials (we should
also maintain Usvar(As) NUsvar(Bs) = 9).
@ The polynomial hasno disjoint decomposition butthere exists {x} one:
X + UX + VX + uvx + ust + vst + stx + uvstx = (X + u+ v + xuv)(x + st).

@ Neither disjoint nor single shared variable decomposition exist for the
following polynomial but two shared one exists

ytuv+stuv+suvx+yst+ysx+ ytx+stx+ yt+sx = (xs+yt+st)(x+y+uv)
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-
Decomposition of Tables with Explicit Shared Attribute

0001100
0001001
1101100
1101001
1011100
1011001
0111100
0111001
1000110
1000011
0100110
0100011
0010110
0010011
1110110
1110011
F
3]

Morever here F; = F?

F(U, V,x) =XF(U, V,0) v xF(U, V,1)
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Decomposition of Tabular Functions: Ashenhurst

decomposition

The result of the composition of tabulated functions can be described in terms

of the SQL JOIN ON operator.

XXX ks
L 1

11010
11000
10110
10100
01110
01100
10011
10001
01011
01001
00111

0
1
0
1
0
1
0
1
0
1
0
00101j1

TiXaXs )f4)st X1XoX3 XyXs
1ot1op] | 1Ff W‘
1101001 101k ‘
1011100 10111 ‘
10110011 IIO ‘
0111100 |01 ‘
011100(1 |001 ‘
1000110 I T

0100110 | 1000]!
0010110 | oo1l1ll
001001j1 | |
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Creating System of Equations

JitJis +Ji2Jia =0

000000__
s oS SaSo o,
o o ~ © oo oo Mo o
T N N i e I e
ZZOIJIJJTMTMTM

66451111
SREIERESSS T+ o+
=~
Ko—tOoO A A" OO o~~~
L OO " O OO O
o4 4 O0o 100" 10—+ OO
Qo0 o100 OO OO
S = N o ¥ I

- N W In O N ®

Voo HH-HOOOH-HHO OO
MA A A A A OO0
oo oo OO ™ ™ = ™™ -
Ko dOoO A - — O O
LA OO 0O OO A" 1000 A O =
QO " "1 OO0 0O "0 w0 OO
Qoo oo oo T -1 oo
Voo HH OO O —HH—HOOO
MA—AT A A A OO0 A
Joooc oo A=~ = — — —
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|
Constructing Grébner Basis

Nhtle=LL+]le=L3+h=1]3+]s=1, htle=1,
Jr+Jz=L]g+]z2=1)o+]o=1)o+]11 =1, J2+Je =1,
Jiiz +JeJ7 = 0,12)12 +JeJs = 0,J3]10 +JuJo = O, Is+la=1,
J3J11 +Js)o = 0,JuJ1s +JeJ13 = 0,J5)15 +JeJ14 = 0, J3s+)s =1,
J1oJ1s +J12J13 = 0,J11)15 +J12J14 =0, Js+Jo=0,
Jiztle7 +hi+Je+]7+]12=0, J3+Ji=1
JoJiz+]eds+]o+]e+Jg+]12 =0, J3+Jii=1
Jho+tdo+]3+]a+]o+]10=0, Je+];, =1,
Jsha+Islo+]s+]s+Jo+]11 =0, Jet+Js =1,
JaJis +JeJiz +Ja+Je +J13+ )15 =0, Joe +J12=0,
JsJis +JeJia+Js +Je +J1a+]15 =0, Jst+Jet/at/is=1,
JioJis +J12J13 +Jio + iz + 13 + 15 =0, It +thatls=1
Jihis toha+thi et +/is=0 JsJe +JaJ1s +JE +JeJis + s +J1s =0
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|
Solving System and Final Decomposition

{J1 :Oa‘j2:ov‘j3:07"l4:17"/5:17J6:17J7:0;J8203J9:O,
Jio=1,di1 =1, Ja=1,Jiz=1,Jiys =1,Ji5 = 1}

D E F H
ABCG /

00010
0100

00101
0111

01100
1000

1 0001
1011
1101 1 0111

1 1011

Ashenhurst decomposition: R(A,B,C,D, E,F) = H(G(A,B,C),D, E, F).
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|
Unessential/Low Impact Variables and
Approximating Boolean Function

uv x yI|F
0 01 01
0 01 1]0
010 1|0
011 1|0
1 00 1|0
101 00
1 0 1 1|1
111 0|0
11 1 1|0

Pavel Emelyanov (IIS-NSU)
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CiUoVoX1YoF1
+CaUpVox1y1Fo
+C3loViXoy1 Fo
+caloVvi X1 Y1 Fo
+esuy VoXoy1 Fo
+CeU1 VoX1 Yo Fo
+C7U1Vox1 1 F
+CgUivix1yoFo
+couy Vi X1yt Fo

System:

cics=0
cics =0
csc; =0
csc; =0

Solution:
Cl = 1,C3 =0
cs=0,c7=1

Factorization of Polynomials

uv y|F
0 0 01
00 1|0
01 1]0
1 0 0|0
10 1|1
11 0|0
11 1]0

PCA 2026
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Thank you
Q&A
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