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Abstract. The polynomial factorization problem is a classic algebraic prob-
lem, and the development of efficient factorization algorithms is essential in
various fields of computer science. Given the diverse application scenarios
and the desire to achieve optimal efficiency in practice, there is a need for a
comprehensive evaluation of various implementations. This article discusses
several implementations of factorization algorithms for multilinear polynomi-
als over F2 and their experimental assessments.

Introduction
The polynomial factorization problem is a classical algebraic problem and the de-
velopment of efficient factorization algorithms is important for various fields of
computer science (hypergraph theory, logic circuit design, data mining, ontologi-
cal modeling, etc.). A special case of this problem, the factorization of multilinear
polynomials over a finite field F2,was also motivated byacertain applied problem.
Factorization of multilinear polynomials allows us to invert the Family Product:

for A ∩ B = ∅, A ⊆ ℘(A), B ⊆ ℘(B), A⋊⋉B
def
= {α ∪ β | α ∈ A ∧ β ∈ B}.

The following example of factorization
ab+ ac+ bc+ abc+ abx+ aby + acx+ acy + bcx+ bcy + abcx+ abcy

= (ab+ ac+ bc+ abc)(x+ y + 1)

provides decomposition of the following product of families
A = {∅, {x}, {y}} B = {{a, b}, {a, c}, {b, c}, {a, b, c}}

A⋊⋉B =
{
{a, b}, {a, c}, {b, c}, {a, b, c}, {a, b, x}, {a, b, y}, {a, c, x},
{a, c, y}, {b, c, x}, {b, c, y}, {a, b, c, x}, {a, b, c, y}

}
.

Randomized algorithms for factorization under straight-line program and
black-box settings are considered by Kaltofen et al. at the turn of 80s-90s. At the
moment, the efficient enough polynomial factorization algorithms are based on
the Polynomials Identity Testing (PIT) via Schwartz-Zippel Lemma [7] and have
therefore randomized poly–time complexity. Shpilka and Volkovich [8] mentioned
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poly–time complexity of factorization of multilinear polynomials over finite fields
given in the form of arithmetic circuits. This is a consequence of the fact that PIT
for multilinear polynomials given in the circuit form has poly-time deterministic
complexity. Unfortunately, no practical details were discussed.

1. Explored Algorithms
In [2] a poly-time deterministic algorithm for factorizing multilinear polynomials
over F2 given in the (sparse) form of a list of monomials was presented. It is based
on partitioning the polynomial’s variable set into subsets corresponding to the
factors: the variables x (sorting variable/seed) and y (classified/sorted variable)
belong or do not belong to the same factor of the polynomial P , depending on
whether (P 0

xP
′
x)

′
y is not equal to zero or equal to. Then projecting the polynomial

onto these variables subsets yields its factorization. This relies on the unique fac-
torization property of the polynomial ring F2[x1, . . . , xN ], which ensures that the
finest partition of variables into disjoint subsets is unique. This directly provides an
algorithm called further as Explicit FD-Algorithm that has O(N2M2) complexity
with respect to the product of number of variables N = |vars(P )| and number
of monomials M = |P |. Unfortunately, the length of the product of polynomials
in the worst case is the square of the length of the original polynomial (up to a
constant), which makes this algorithm impractical. Some MapReduce technique
demonstrated in [5] makes it possible to remove deliberately useless monomials
when constructing a product, which reduces monomials in the product by about
20–100 times. In [3, 4] verifying whether (P 0

xP
′
x)

′
y vanishes or not is reduced to the

recursive PIT procedure for P ′
xP

0′
xy = P 0

xP
′ ′
xy that can be easily transformed into

P ′ ′
xyP

00
xy = P ′ 0

xyP
0 ′
xy . An outline of Implicit FD-Algorithm is given in Appendix (see

the code comment there).
As the efficiency of factorization in practice is a primary objective of these

studies further algorithmic and programming efforts were undertaken to attain it.
Significant acceleration can be achieved through the use of PIT “arithmetization”.
The basic idea is to replace polynomial manipulations with arithmetic operations
with the variable’s multiplicities: if |P ′ ′

xy||P 00
xy | ̸= |P ′ 0

xy ||P 0 ′
xy | then the variables x and

y belong to the same factor (for the exact formulation some additional conditions
are needed). This is a sufficient condition approximating PIT: the equality of values
does not imply that x and y belong to different factors. The reason is that the
multiplicities can be proportional. The following irreducible polynomial

uvxyz + vxz + uvy + xy + ux+ yz + uz + v

possesses this property for the all pairs of variables. Thus, the factorization algo-
rithm consists of two stages. At the first, the initial sorting of variables by factors
is performed using this A-Algorithm and then at the second the remaining unclas-
sified variables, if exist, are processed using Implicit FD-Algorithm. The overall
time complexity of the first stage is O(N3M), typically N ≪ M .
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An modification of Implicit FD-Algorithm given in Appendix is based on
the following practical observation: the processor time of classifying a variable as
belonging to the same factor as the sorting variable (Case A) is much less than the
opposite classification, i.e. belonging to the cofactor’s variables (Case B). Indeed,
the proof of inequality carried out recursively can happen quickly unlike the proof
of equality when the recursion should be brought to a state where the equality
check becomes trivial. The idea is to find a threshold, which will “distinguish”
the verification time for variables belonging to the same factor as the sorting seed
and the cofactor’s variables. Then we can set up timeout. The calculations either
regularly terminate and we classify the variable by Case A or are interrupted by
timeout and we classify the variable by Case B. A good choice of the threshold
for Timeout-Algorithm results in significant “wasted time” reduction but there is
some probability of a false classification. Note that this timeout machinery does
not change classification time for irreducible polynomials.

2. Implementations and Evaluation
In [3] it was mentioned that gcd(P 0

x , P
′
x) yields a cofactor (this kind of algorithms

is known as “content factorization” [7]). For the “small size” polynomials this algo-
rithm using Maple Gcd()mod 2 outperforms the Maple implementation of Implicit
FD–Algorithm in running time. However, when comparing test results, first of all,
it is important to keep in mind that Maple’s native procedures use an optimized
library of polynomial arithmetic, whereas the Maple code is translated into inter-
preted Java bytecode (their performance may differ from 30 to 100 times). But
more importantly, Maple versions 10 and 13 provided incomplete implementations
of the Gcd and Factors procedures (probably due to non-deterministic issues),
and in Maple versions 17 and 2020 these procedures demonstrate uncontrolled
time consumption for long series of launches.

In [3] experimental part has been performed in Maple 17 using its polynomial
arithmetics but for applications we needed to extend the list of polynomial rep-
resentation. Multilinear polynomials can be considered as subsets of the powerset
of the variable set. Zero–suppressed Decision Diagrams (ZDD) are widely used
to compactly represent large families of sets. ZDDs have been already used [1, 6]
for representation Boolean polynomials. A ZDD-based C++ implementation of
Implicit FD–Algorithm with appropriate handling second degrees was developed.

Timeout-Algorithm demonstrates good potential for large polynomials in the
case when the cofactor has fewer variables than the seed’s factor. In experiments
for random polynomials with 100 variables and 104 monomials (100 samples), a
threshold of the form “maximum time for several seed factor variables + 3 standard
deviation” gave a 86% successful factorizations and this timeout threshold reduces
the real classification time by 2-8 times compared to the original exhaustive search.
An increase in the size of polynomials results in a more accurate identification of
variables; the number of fails is significantly decreasing. No fail was caught for 100
random polynomials with 100 variables and 105 monomials.
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It was observed that polynomial GCD algorithms are difficult to parallelize.
The Maple function Gcd also cannot be executed in a parallel mode. Our Maple
and C++ implementations of Implicit FD-Algorithm are capable of utilizing any
number of processors/threads, limited only by the available memory. In addition,
they use memoization. For the set of polynomials with 100 variables and 105

monomials the fraction of successful lookups within the memo–table relative to
the total number of accesses (including initial) is within the standard deviation
range of 0.505± 0.178. It can be stated that, on average, each entry in the memo
table has been used again at least once to get the calculated result. Table 1
presents a comparison of the timing characteristics of tests. Since there was no
sample of the test random polynomials where A-Algorithm could not classify the
variables the results are given separately.

random polynoms
with 100 variables

statistics
summary

Maple
Gcd()mod 2

Maple Implicit
FD-Algo

Maple
A-Algo

C++ Implicit
FD-Algo (seq.)

minim. 25.86 102.08 17.61 2.96
660 samples expect. 267.59 2778.30 28.92 1120.75

with 104 monoms st.dev. 262.96 5305.81 15.11 1059.67
maxim. 1334.17 25104.20 130.88 3703.88
minim. 1001.54 9651.30 294.53 120.71

495 samples expect. 28416.15 24889.14 329.14 22070.28
with 105 monoms st.dev. 35600.82 24127.55 24.21 25937.55

maxim. 134451.90 132323.60 398.59 82027.53
Table 1. Statistics for Maple and ZDD-based C++ versions.
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Appendix. Implicit FD-Algorithm with Timeout
In the code below, the underlined lines represent the differences between the time-
out version and the original code for the Implicit FD-Algorithm (see [3] for details).

Define ImpliciteFDAlgorithmTO(P) returning pair of factors:
Let CofV ars := ∅.
Let Timeout := 0. //no time limit is set
Pick x from vars(P ). //no v|P assumed
For Each Variable y ∈ vars(P ) \ {x} Do

Try assuming Timeout.
If IsEqual(P ′

x,P 0 ′
xy,P 0

x,P ′ ′
xy) Then CofV ars := CofV ars ∪ {y}. End If.

If we can calculate the initial or newest more precise timeout Then
Calculate Timeout.

End If.
Catch Timeout elapsed.
CofV ars := CofV ars ∪ {y}.

End Try.
End For.
Return P↓vars(P )\CofV ars and P↓CofV ars.

End Define.

Define IsEqual(A,D,B,C) returning Boolean:
Checking the conditions for the equality of polynomials to 0.
Remove all z such that z|A or z|D or z|B or z|C.
Checking the conditions for the equality of polynomials to 1.
If ∃z such that z|AD ̸≡ z|BC Then Return FALSE. End If.
If ∃z such that z ̸∈ vars(AD) ∩ vars(BC) Then Return FALSE. End If.
Pick z.
If not IsEqual(A0

z,D0
z,B0

z,C0
z) Then Return FALSE. End If.

If not IsEqual(A′
z,D′

z,B′
z,C ′

z) Then Return FALSE. End If.
If IsEqual(A′

z,B0
z,A0

z,B′
z) Then Return TRUE. End If.

Return IsEqual(A′
z,C0

z,A0
z,C ′

z).
End Define.
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