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Particle tracking in electromagnetic fields

For particle velocity 8 and rest spin § in external fields E, B

U = e E+eBxB= 55 E)
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Issue: Very small scale, high precision needed (otherwise, viola-
tion of energy conservation law in the simulation)




e = 1.60217663 x 10719 C:

m = 1.67262192 x 10~27 kg

c = 2.99792458 x 108 m/s

Ep = 10.5 MV/m



Currently: beam dynamics

dg_ e

B+ o x B - (3 F)
dt moyc

e Simulate trajectories for a short time (e.g. 10ms).

e Physicists usually use sanity checks such as energy conservation to check
if the numerical results are sane.

e Some checks failed using traditional numerical methods (E.g. Runge-
Kutta): v = —= must stay constant... but it is not!

Vv 1-18J?

e A good application for exact real computation?

Joint work with Holger Thies (Kyoto University, Japan), in collaboration
with Yannis Semertzitis (Center of Axion and Precision Physics research,
KAIST, South Korea; Brookhaven National Laboratory, USA)



e "Exact” real number computation approach and guaranteed-precision
computations (Exact Real Arithmetic)



& Approach:

e Exact Real Computation has R (real numbers) as exact data type

> Computations approximate output to guaranteed precision 27" given by
the user (i.e., computes any n digits versus fixed 53 in double precision)

e Computing a function t — u(%):
tm -m Un —n

tm, un integers, m = m(n) modulus of continuity of u



o Approach:
e Exact Real Computation has R (real numbers) as exact data type

> Computations approximate output to guaranteed precision 27" given by
the user (i.e., computes any n digits versus fixed 53 in double precision)

e Computing a function t — u(%):
tm _ u’n —
t——| <27 = ||lu(t) — —|| < 2™
t— =] la(e) = 22|
tm, un integers, m = m(n) modulus of continuity of u
e EXxact Real Computation packages: IRRAM, ARIADNE, Aern

e We aim to
— Develop the necessary theory

— Create Exact Real Computation solvers for differential equations, in
iRRAM (a library in C++4)

— Apply them to concrete important applied problems



Exact Real Computation

¢ Motivation:
e Avoid floating point errors

e Avoid complicated sequences of computation hidden from the users,
which make it hard to control the error propagation.

e Avoid the danger of getting a wrong result for problems with big modulus
of continuity or discontinuities

> Especially important for safety critical and small scale applications
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* Sewon Park, Franz BrauBe, Pieter Collins, SunYoung Kim, Michal Konecny,
Gyesik Lee, Norbert Miller, Eike Neumann, Norbert Preining, Martin Ziegler.
Semantics, Specification Logic, and Hoare Logic of Exact Real Computation,
LMCS 2024



Exact real computation and the iRRAM Framework

e T he exact real compuation framework iIRRAM * is one of the first imple-
mentations of exact real arithmetic, and has the goal to be efficient in
practical applications.

e iIRRAM extends ordinary C++4 by a datatype REAL for ‘“exact” real
numbers.

e Arithmetic and functions like abs, power, root, modulo, exp, l0og, sin, cos
are already available.

e Limit operator can be used to define new real numbers from fast con-
verging sequences.

*Norbert Th. Miller. “The iRRAM: Exact arithmetic in C++4". In Interna-
tional Workshop on Computability and Complexity in Analysis, pp. 222—252.
Springer, 2000.



Theoretical foundations of Exact Real Computation
e Computable analysis (based on computability theory over 2% or w¥)

e Real-valued analog of classical complexity theory (to determine feasibility)
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e Bit complexity of differential equations depending on functional classes

> Bit complexity of real functions
> Ordinary differential equations

> Partial differential equations



Differential Equations (ODEs, PDEs)
Y4 = Ad,
u(0) =@

Main cases
e Analytic functions

o CF



Complexity Hierarchy

NP- #P- PSPACE- EXP {includes not
complete complete complete feasible algorithms)




Theoretical foundations of Exact Real Computation
e Computable analysis (based on computability theory over 2% or w¥)

e Real-valued analog of classical complexity theory

Overall strategy.

e Provide a bit-cost classification of real-
valued (continuous) problems:

— Studying complexity of particular al-

PSPACE- EXP (includes not

gorithms and attempts to optimize § - & -
them: 27, nk, logFn?

— Proving optimality results: what is
the best possible algorithm for the
problem?




¢ For real functions
Def. Computing f .C R — R in time t: N — N means, on input a,, € Z s.th.
lx —apy /2™ < 1/2™,
to output b, € Z s.th.
| f(z) —bp/2" < 1/27,
in <t¢(n) steps.
e RP if t(n)=poly(n)
e REXP if t(n)=exp(n)

e RPSPACE: if the amount of memory s(n) is bounded polynomially in n

* Akitoshi Kawamura, Martin Ziegler. Invitation to Real Complexity Theory:
Algorithmic Foundations to Reliable Numerics with Bit-Costs (arXiv), 2018.



Real-valued analog of the Complexity hierarchy

RNC" C RPTIMESPACE(log'n) C

PSPACE- EXP (includes not
complete

CRNC?...CRPTIME C

CR#P CR#PC
CRPSPACE =RPARCREXP

fERPTIME = (Ko, Friedman 1982)

> max f: NP-complete

> ff(t)dt: tP-complete
0



d - —
-y = F'(t t
¥(to) = Yo

e F Lipschitz or C! = ¢ PSPACE complete (Kawamura 2010, Kawa-
mura, Ota, Rosnick, Ziegler 2014)

e I polynomial or analytic = ¢ €P (Miller, Moiske 1993; Bournez, Graca,
Pouly 2011; Pouly, Graca 2016; Kawamura, Steinberg, Thies 2018);

o Survey on ODEs: D.Graca, N.Zhong. Computability of differential equations, 2021.

o Survey on PDEs: S.Selivanova. Computational complexity of partial differential equations,
2022.



NP- : #P- PSPACE. EXP (includes not

complete complete complete feasible algorithms)

General
ODE




> Complexity hierarchy:

PDEs:

> The variety of PDEs and meth-
ods to solve them:

NP- #P- PSPACE.
complete complete complete
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Main types of L and classification achievements:

o (1P1-complete) or (PSPACE-
complete) coefficients; quasilinear (2-EXP upper bound);
nonlinear

° - subelliptic, subparabolic, ...;

(all in the same complexity class depending on linear /nonlinear,
constant /variable coefficients)

e Initial functions: (P for linear constant and vari-
able coefficients, - Sobolev functions



ODEs Evolutionary PDEs (including Hyperbolic | Other Types of PDEs (in-
and Parabolic) cluding Elliptic)
d
L ) i =y BH@) - 974, Z %u = f in B¢
au = [t a), (1) | 30,8 =@ j=1 B
i(0) = v > ¢,B; €P analytic = @ ¢ ulopi= g(Z)
) ([Koswara, S., Ziegler'19] ; [S., > f9 ‘GP = u ctP;
> f € P analytic Steinberg, Thies, Ziegler'21] uni- tP1-*hard [Kawa-
= a4 €P [Miller, form version; [S., Selivanov'21] mura, Steinberg,
Moiske'd3;  Bournez, analysis of dependence on constant Ziegler’17]
Graca, Pouly’11; matrix coefficients B; = B! over
E?a\ljvl;/’rnura S?:;?rfselrg' various real ;:Iosed fields);
Thies'18] ' ' > ¢,B; €P: CF, k > 1 (well posed)
. — [Koswara, Pogudin, S., Ziegler]
> ]i € P I|n2ear — — 4 ePSPACE-complete (gen-
U € Log“-SPACE eral case)
[Zlfggsl\gf,rfé] S — # €fP (constant periodic case)
b Lipschitz  or — u #P1-‘hard’ (heat equation)
> él ; *DPSPACE — u €P for constant mutually
completeu (Kawa- commuting matrices
mura’10] > for the quasilinear case
B; = Bj(&,4) upper bound

[Koswara, S., Ziegler'19].
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e Applications, conclusion



IVP Solving

We consider initial value problems for autonomous first-order
systems of ordinary differential equations (IVPs).

e Let F: DCR? 5 R,yp €D and tg € R.
e Assume F' is Lipschitz-continuous and computable.

e [ hen the IVP

dg — — —
- =F) ; y(to) = o
has a unique solution on a neighborhood of ¢y, and this so-

lution is computable.



Single-step methods

In numerics, single-step methods approximate the solution of the IVP at one
point using only the the immediately preceding point.

Euler’'s method

Choose some step size h and iterate

lnt+1 = tn + h
Yn+1 = Yn+h- F(yn)
Higher order method Choose some step size h and iterate

ln+1 = th + h

N

(m)

D T

m=0

e Error in one step approx. proportional to AVt1
e precision 27" = need exponentially in n many steps.

e Does not work well when very high precision is needed.



o Let f: DCRY— R be k+ 1 times continuously differentiable on an open
set containing g € D

e T hen, for any x in a neighborhood of zg:

k

=3 P00+ Y R

ol
|| =0 |o|=k+1

e The remainder term R,(x) is given by:

ro o L @
“ T al 0x'0x5? - - - Oxy”

Idea: Approximate functions with polynomials and operate on the polynomial

(x — x0)“

representations.



Power series method for IVPs
e Consider again the IVP % = F(4(1)); §(0) = .
e Assume we can compute partial derivatives 0*f(a) up to order |a| = k+1.

e We define functions F"(2) inductively by
— FlO() =z

~n N d p Wl (>
— Flrtil(z) = -5 F%F[ 1(2)

e Then F"(yp) is the n-th coefficient of the power series of ¢ around O.



Solving polynomial IVPs exactly

e Now consider the case where z—?z = p(y(t)); y(0) = ygo for
some polynomial p € Rly1,y2,--.,y4l-

e We can (easily) compute partial derivatives of polynomials
and bound them on some interval around yg.

e Each Fl"l in the power series method will again be a polyno-
mial and we can further show that the remainder decreases
exponentially.

e Thus we can compute the complete power series of y.



e The idea can also be extended to general analytic IVPs* and
certain types of partial differential equations.T

o ﬁ[o](Z) =2z
o Flrtll(z) = Aoy | AL FlI()

*Kawamura A., Thies H., Ziegler M.:Average-case polynomial-time com-
putability of hamiltonian dynamics. In: LIPIcs, vol. 117, pp. 30:1-30:17,
Schloss Dagstuhl - Leibniz-Zentrum fiir Informatik (2018)

fSvetlana Selivanova, Florian Steinberg, Holger Thies, Martin Ziegler: “Exact
Real Computation of Solution Operators for Linear Analytic Systems of
Partial Differential Equations.” In Proc. of the 23rd International Workshop
on Computer Algebra in Scientific Computing (CASC 2021), pp. 370-390.



Implementation/Experiments

o \We extended iIRRAM by classes for multivariate polynomials,

power series, etc., and implemented a solver for initial value
problems.

e \We then applied the method to the particle dynamics problem
(polynomial right-hand part).

mryc

Beam Dynamics % = _¢ [E—I- cﬁx B— 5(5 E)}



1) “Magnetic case” E =0, B = (0;0;3.094) T. ¥ = mi,yﬁx B.

Below: t = 0.01, plot of 3, (8, looks similar; 8,=0); v = ——1—

V1-18J?

stays constant!
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2) “Electric case”: B =0, ¢t = 0.01, R=40, Eg = 10.5 MV/m

B.(r2) = —Bo () [1 S L D D35 + 0G|

ro\" z 23
E.(r,z) = —Ep (70) [(n - 1); - %(n2 —1(n+ 1)74—3 +0(z°)| .
In cylindrical coordinates,

P rst — L(E,r _ (ﬁTQE'r + BrBoE, + BrB:E>)),

D) 4 1@ = —<E¢ (BrBoEr + B2BoEz + B2Ey)),
i = (B - (BTBZET + B2E. + B28,E,)),
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3) Symmetric-hybrid ring

ZHANIBEK OMAROV er al. PHYS. REV. D 105, 032001 (2022)

ilfm_d m Hybrid, symmetric lattice storage ring.
- lgm—“
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Take the lattice and unforld it into a traight line of 800m times 1000 times, 800km long.
Make the electric field alternate polarity, so that the particles go straight.



The full cycle goes as S1, Bi, S2, Bo, ..., Sas, Bag, where S; are "straight” sections with
magnetic quadrupoles B = (—kz,O,k&';)T, k = :I:O.21T/m2 (4" for odd sections, "-" for
even ones); B; are "bending” sections with a radial electric field defined as previously, Eq =

4.4MV/m, Ro = 95.49m. 1 Circle:




20 circles with 1 cm horizontal (in x) and 1 cm vertical (in z)
offset (with 10~12 guaranteed precision):
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For the considered particle physics problem, we have shown efficiencx of
the exact real computation approach for the beam dynamics problem ‘;—f =

e [E +cBx B—B(B- E)] for the cases of a constant vertical magnetic field,

moyc

variable radial electric field and in a symmetric-hybrid ring experiment.

We further plan to compute solutions for:

e Spin equations

= Loxi(a+ ) B- 5@ B)-
m Y

dat v+ 1
1 3% E
Mot §x E,
v+ 1 c
e Fringe fields
2V, e sin v

E' *
g d (14 2e“cosv+ e™)

2V, 1 4+ e*cosv
d (142e“cosv+e™)’

E,=-



e Computable Analysis
e Real Complexity Theory
e EXxact Real Computation

Help to build a bridge between (1) classical " discrete” computability and com-
plexity theories, and (2) classical " continuous” analysis and numerical/analytical
methods of solving differential equations.

o Complexity classification allows to design rigorous solution methods within
the uniform Exact Real Computation framework.

o Analytic ODEs and PDEs are feasible in Exact Real Computation approach.
(In progress: also for L, functions some polynomial-time results are possible

under suitable definition!)

¢ In particular it applies to the above mentioned examples from physics.
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