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Secondary structures as intervals

Let P be an RNA sequence of length n. Let C be the set of admissible complementary pairs
(,j), 1<i<j<n
A secondary structure is a set S C C such that any two intervals are either

o disjoint, or

@ properly nested without sharing endpoints.
nested

/\ disjoint
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Two weighted distances

Weighted simple distance Weighted configuration distance

For two structures Sy, Sy, A configuration of [i, ] € S is the set of

maximal intervals directly nested inside

[i.J].

It compares individual complementary pairs. The distance compares configurations rather
than individual pairs.

ds(51,52) = C2|51 \ 52’ + C1’52 \ 51‘.

group into maximal
nested parts

[ pairs } )[ configurations ]

Both distances use gain and loss costs ¢; and c,.
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Weighted simple median: pair contribution

Input: a star with / leaves labelled by S1,...,5;.

The median is

/
S* € argmin Z ds(S, Sr).
S r=1

For a pair (7,/), let m(i,j) be the number of input structures containing it. Including this pair
changes the relative cost by

w(i,j) = c (I — m(i,j)) — com(i, ).

Interpretation

w(i,j) < 0 favours including the pair, but the final set must still be a valid non-crossing
secondary structure.
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Example intuition

Suppose several candidate pairs have negative relative contribution.

conflicting candidate

compatible _.---77""7° T
// \\\

s N

4 .

What the DP does

It does not just take all locally favourable pairs. It finds the minimum-cost subset that satisfies
the global non-crossing condition.
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Dynamic programming: two cases

For each interval [/, ], we compute

Fi,j] = minimum relative cost of a valid structure on [i,].

Case 1: outer pair is used Case 2: split the interval

(i,j) €S [i,k —1] (k. J]
m i ‘
i J cost = F[i, k — 1] + F[k,J]

cost=F[i+1,j — 1] + w(i,J)

F[h_/] = min { ’Qn/!gj(/—_[l,k - ]-] + F[kv./])

The first case is allowed only if (i,/) is an admissible complementary pair.
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Why the recurrence is correct

For every interval [i, /], any feasible secondary structure either
@ contains the outer pair (i), if it is admissible; or

@ can be decomposed into two consecutive structures on smaller intervals.

Therefore the recurrence checks all optimal possibilities.

Preprocessing DP step
Compute all m(i,j) and w(i,j): There are O(n?) intervals and O(n) splits per
interval:
O(nl). o(n?).
O(nl + n®)
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Configuration median: restricted version

Restriction
The median may use only configurations that occur in at least one input structure.
For every observed configuration K, compute its relative contribution, analogous to pair

weights.
Then process intervals by increasing length:

Flij] = w(K)+ Y Flp.q]

[p,qleK

[observed configu rationsj—» backtracking

min
K observed on [ij]

running time: O(n?/).
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Configuration median: general version

In the general version, the median is not restricted to observed configurations.
For each interval [i, /], the DP considers:

© all observed configurations on [i,];
@ introducing an outer complementary pair (/,), if admissible;
@ all splits [i, k — 1] and [k, J].

Complexity split

Observed configurations contribute O(n?/); split alternatives contribute O(n3).

O(n?l + n3)
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Reconstruction problem on a tree

Let T be a rooted tree. Leaves are labelled by secondary structures on the same sequence P.

Goal

Assign a secondary structure to every internal vertex and minimize the total edge cost:

D> d(Su,S).

uveE(T)
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Simple reconstruction algorithm

For the weighted simple distance, process every non-trivial pair independently.

@ For each pair appearing in at least one leaf, reconstruct the binary character
pair present/pair absent

over the tree.
@ This gives a pseudo-structure at each vertex: a set of pairs that may contain conflicts.

© Resolve conlflicts: if a selected pair is incident to another selected pair, remove the pair
and all pairs incident to it.

Result

Every vertex receives a valid non-crossing secondary structure.
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Modified reconstruction algorithm

The modified algorithm adds two improvement stages.

1. Greedy insertion 2. Local descent

Insert Compatible non_trivial pairs that For eaCh interna| vertex, treat its neighbours
decrease the total reconstruction cost. as leaves of a star.

At each step, choose the pair with the largest ~ Solve the local median problem and update
cost decrease. the vertex if the total cost decreases.

[pseudo-structures]—» valid structures greedy repair local descent
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Guarantees

Let C be the optimal reconstruction cost and let L be the time needed for the corresponding
linear programming subproblem.

Approximation guarantee

Both the simple and modified algorithms have multiplicative error at most

max(c1, )
min(cl, C2) .

Exactness cases
@ Exact when ¢ = .

@ For a tree, exact also when ¢ > ¢.

The algorithms remain polynomial in n, the tree size, and the LP subproblem size.
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Reconstruction complexity

Let N be the number of vertices of the tree, and let L be the time needed to solve the
corresponding linear programming subproblem.

Simple reconstruction algorithm
O(nNL)

Modified reconstruction algorithm
Greedy insertion stage:
O(CnN(L+ N) + (nN)?L + nN?)
Local descent stage:
O(n*(N + log n)NC)

Here C is the optimal reconstruction cost. 14/19



Example: four input structures

We consider a star with four leaves and costs

C1:27 C2=1.

1 2 3 4 5 6 7 8 9 1011 12 13 14 1 2 3 4 5 6 7 8 9 1011 12 13 14
1 1 | IS 1

leaf 3

leaf 1
1 2 3 4 5 6 7 8 9 10 11 12 13 14 1 2 3 45 6 7 8 9 1011 12 13 14
— L |

| leaf 2 leaf 4
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Example: median for the simple distance

For the weighted simple distance, the algorithm optimizes individual pairs.

F[1,14] = —10.

I I I 1
1 2 3 4 5 6 7 8 9 10 11 12 13 14

The median contains the compatible pairs

(1,9), (3,5), (6,8), (10,14), (11,13).
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Example: median for the configuration distance

For the configuration distance, the algorithm optimizes configurations, that is, maximal nested
components.

F[1,14] = —4,

I I I 1
1 2 3 4 5 6 7 8 9 10 11 12 13 14

The same input gives a different median because configurations, not individual pairs, are compared.
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Conclusion

@ RNA secondary structures can be treated as non-crossing interval systems.

@ Weighted median problems admit dynamic programming algorithms with polynomial
running time.

© Weighted simple reconstruction admits polynomial algorithms with explicit approximation
and exactness guarantees.

@ The approach separates local evolutionary costs from global compatibility constraints.

Thank youl!
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