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Abstract. In this paper, we study quadratic non-residues that are not primi-
tive roots (QNRNPs). We improve the 2018 bound ([1]) on primes that have
two consecutive QNRNPs. Namely, we prove that any prime p with % < %
has two consecutive QNRNPs modulo p. We obtain this using advanced par-
allel computation techniques with specially designed algorithms. The bound
proven is tight, as p = 7,13,19,37 with % = % do not have these QN-

RNPs.

Introduction

In 2008, F. Luca, I. Shparlinski and R. Thangadurai ([2]) showed that for
integer s, positive € and prime p such that
-1 1
¢(p ) < = —s,p2max(s2(4/6)25,s651810g1°g105) (1)
p—1 2
there are s consecutive QNRNPs modulo p. While the result established finiteness
of such bounds on p, the resulting thresholds are extremely large; even for s = 2,
the maximum in right-hand side of (1) exceeds 10%°°. Since the result heavily relied
on Lfll), the question naturally arises to determine the largest possible C such

P

e
that for given s, for every prime p such that d’(pffll) < Cs, there are s consecutive
QNRNPs modulo p. However, no values of Cs were known prior to this work.

In 2018, T. Jarso and T. Trudgian made an attempt ([1]) to calculate Cs.
o(p—1)

T < % due to a
substantial gap in their analytic methods. Moreover, the algorithms used were not
described completely.

In this paper, we refine Jarso and Trudgian’s methods to obtain the sharp

bound. We close the gap by proving Cy = % The bound cannot be improved, be-
cause for p = 7,13,19, 37 with % = % there are no two consecutive QNRNPs
modulo p.

We introduce new optimizations of algorithms used before. All the code was

However, the authors only managed to cover the case of
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written in C++, using primesieve ([3]) library and OpenM P API. The compu-
tation took approximately 120 hours on a laptop.

1. wip—1)>15

Let w(m) denote the number of distinct prime divisors of n, u(m) - the Mobius
function,

2k
i) = =5 -3 > M.

v=1 w(d)=v

d|lp—1
From [2], it follows that if w(p — 1) = n, O;(p) > 0 — as defined in [2], and
p > 200" (9)snn + s 210 (0)? = 95 (D), (2)

then there are two consecutive QNRNPs.

Using this inequality, we construct two sequences {l,}, {u,} for n > 3 that
reduce the problem to a finite range. The idea behind this is that the inequality
immediately yields the theorem for p > w,. On the other hand, the prime with
n different prime factors cannot be less than the product of first n primes, [,. It
follows that the theorem must manually be verified for p € [I,,, u,]. That means,
if [,, > u,, for some n, there is nothing to prove. The method in its general form
is used for n > 90 and is slightly adapted for 15 < n < 89. We then focus on
checking p € [l,,, u,] for 3 < n < 14. The check itself is straightforward, so the main
obstacle is high computational difficulty of searching primes with w(p — 1) = n.
We will focus on that in subsequent sections.

2. Sieving the intervals for 3 <w(p—1) < 14

To prove the theorem fully, we need to form prime number lists, omega _n.txt,
for 3 < n < 14 and check if two consecutive QNRNPs exist for these prime mod-
ules. These lists should contain prime numbers p such that w(p — 1) = n and
P € [ln; up]. It is crucial to bound w,, as strictly as possible. This was achieved by
a direct computation instead of crude estimates. For example, the search space for
n = 14 was shortened 50 times.

Using primesieve (|3]) C++ library, we can afford to loop over integers up to
l10 in reasonable time. The structure of this library allows us to execute arbitrary
code using every consecutive prime as an argument. This will be elaborated on in
the next section.

For larger n, namely, 11 < n < 14, intervals become too large even for
primesieve. In those cases, we need to further dig into the matter of the problem.
For example, if we suppose that w(p — 1) = 12 and p — 1 is not divisible by 3,
it must have a "large" prime divisor that is at least 41, effectively increasing the
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lower bound on p more than tenfold. Using that principle, we develop an algorithm
that allows us to form omega _n.txt lists for 11 < n < 14.

3.3<w(p—1)<10

Given an effective method to loop over primes p, we need to find a quick way
to check whether p — 1 has exactly n different prime divisors. Factoring all these
p — 1, nevertheless, is too hard.

Instead, we assert that these p—1’s tend to have a large number of small prime
factors. Another detection is that we do not need to compute w(p — 1) exactly. To
capitalize on that, we note that if, for example, no primes ¢ less than (p — 1)1/ 8
divide p — 1, w(p — 1) cannot be 8. We can then loop over primes, starting with
q = 2, to check them against said criteria. If we happen to find a divisor, the
quotient (p—1)/q" is no more divisible by ¢, and we can check whether (p —1)/q"
has exactly n — 1 different prime divisors using the same algorithm.

Moreover, we can store factorizations of small numbers m, m < 108, to avoid
repeated computation. For example, considering

p = 3811385664241 = 3811385664240 +1 =2"-3-5-7-11-17-463 - 26203 + 1,

we can stop the computation at ¢ = 17. The quotient equals to 463 - 26203 =
12131989 < 10%, which belongs to the precomputed array. This array takes up
around 4 GB of RAM, which is acceptable.

4. 11 <w(p—-1)< 14

In those cases, simply looping over primes is no longer feasible. Instead, we
will investigate whether small primes divide p — 1. We take the first m primes
(for implementation reason, m is chosen to be even) and decide which of them
divide p — 1. Namely, we denote mth prime as ¢, and consider the set {2, 3, 5, ...,
gm =X UY. We then consider all X’s with |X| < n to determine whether there is
a small enough number such that none of its prime divisors belong to Y.

A large number of "forbidden" prime divisors allows us to establish stricter
bounds on the remaining ones, thus raising the threshold of p — 1. If the set X is
small, said threshold becomes too high, effectively eliminating the interval. On the
other side, if X is large, p — 1 must have a big known divisor that can be used as a
loop step, dramatically reducing the computation needed. Later, we can combine
these divisors in one file and test the corresponding multiples only.

That means, there are effectively computable sets D, ,,, such that the number
of steps in interval sieving algorithm is proportional to

1
> 2 )
d€Dyp,m

Since this sum rapidly decreases in m, we can sacrifice primality checks. We
choose appropriate m for n = 11,...,14. After looping over multiples of numbers
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in Dy, m, we obtain lists of numbers that have duplicates and composite numbers
inside. They are removed by a simple sorting and Miller-Rabin test.

Conclusion

The paper closes the open question on calculating the constant Cs. Later,
we attempted to determine the constants C; for 3 < s < 10, but the amount of
computation required currently exceeds available computational capabilities. The
example of such conjecture is listed below.

Conjecture. Let Cg be the largest real number such that if % < Cg, there are
6 consecutive QNRNPs modulo p. Then

06 — 355
with p = 4621 attaining equality.

Algorithm 1 Checking whether p — 1 has exactly n prime factors

1: for ¢ =2 to 10?, ¢ is prime do
2: for i =1 to 10°/q do omegalip] < omegalip] + 1 // precomputing w(m)
for 1 < m < 10°

3: m=p—1,k=n
4: thr < m'* // if w(m) = k, then m has a prime factor less than m'/*
5: for g =2 to 48611 do
6: if ¢ > thr then break, return no
7 if ¢ | m then
8: k < k —1 // reduce expected number of prime factors
9: while ¢ | m do
10: m <+ m/q
11: end while
12: thr < m'/* // recalculate the threshold
13: end if
14: if m < 10° then
15: compare omegal[m] with m and k
16: end if
17: if values are equal then
18: return yes
19: end if
20: else

21: return no
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Algorithm 2 Brute-forcing X

1: for j < 0to2™ —1do

2 if bit count of j is less than &k then
3 bits < bit count of j

4 remaining < bits

5: for i < 0 to m do
6

7

8

9

if ] odd then
prod_x < prod_x - q;
remaining <— remaining — 1

prod_z + 1

10: for i + 1 to remaining do

11: prod_z <+ prod_z- gm+i

12: if prod_x-prod_z < uy, then //==
13: output prod_x

Algorithm 3 Making a list of primes p using D,, y,, 11 <n < 14

1: for ¢ < 0 to list length do

2 D« D;

3 for j < D || to u, do

4: ] — ] +D

5 if w(j) =n and j + 1 is prime then
6 output 5 + 1
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