Using computer algebra tools to solve problems
related to the Ricci flow on homogeneous spaces
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Abstract. In this paper we demonstrate the advantages of applying computer
algebra tools to problems in Riemannian geometry. We analyze the behavior of
a nonlinear system of ordinary differential equations with respect to a domain
defined by a system of polynomial equations. Such a system arises in studying
the positivity of the Ricci curvature of Riemannian metrics on homogeneous
spaces under the normalized Ricci flow.

In [1] we considered the normalized Ricci flow (NRF)
og(t) = —2Ricg +2n 'g(t)Sg (1)

on generalized Wallach spaces (GWS), where Ricg and Sg mean respectively the
Ricci tensor and the scalar curvature of an one-parameter family of Riemannian
metrics g(t) on a given GWS of dimension n. GWS is a compact homogeneous
space whose isotropy representation decomposes into a direct sum p = p; & p2 Sp3
of three irreducible modules satisfying [p;, p;] C b for each i € {1,2,3} (see [8] and
references therein for definitions and more details). The useful feature of GWS is
that every GWS can be described by a triple of real numbers (a1, az,as) € (0,1/2]3.
The second useful feature of GWS is that any invariant Riemannian metric g and
its Ricci tensor Ricg admit the representations (see [8]):

g() = wa()lp, + 22l ), + @8(5 ), 2)
Ricg(,-) = w1, + @ora(, ), + 25w ), 3)

where r; are the components of the Ricci tensor on a given GWS, x1,z2, 3 > 0.

Taking into account (2), (3) and Sg = dir1 +dars +dors, where d; = dim(p;)
and a; = A/d; for some A = const > 0, the equation (1) can equivalently be
reduced into the system of ordinary differential equations
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= fi(z1, 32, 23) = — 225 <I‘i - (4)
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where r; = 25151_ + & (xf;k - xf—’x - f—;J), {i,7,k} = {1,2,3}. One of the im-
portant questions is if the NRF preserves the positivity of the Ricci curvature of
Riemannian metrics on a given manifold. In general, the answer to this question
turned out to be non confirmative as shown in [4, 6] for the Wallach spaces Wg, W1s
and Wa4. In [1, 2] the results of [4, 6] were generalized to a special class of GWS
with coincided parameters a; = as = az = a € (0,1/2) in which Wg, W15 and Way
are contained as the members corresponding to the values a = 1/6, a = 1/8 and
a = 1/9. Recently, in 2024, new results were obtained on non-maintenance of the
positivity of the Ricci curvature of some metrics on some homogeneous spaces,
when evolved by NRF. Namely, Gonzalez-Alvaro and Zarei obtained in [7] such
a result for the spaces Sp(n + 1)/Sp(n — 1) x Sp(1) x Sp(1) which contain the
space W1s as their first member corresponding to n = 2. A similar result was ob-
tained by Cavenaghi et al. in [5] for the spaces SU(m+2p)/ S(U(m) x U(p) x U(p)),
where the space W is contained at m = p = 1. In 2025 the the general results was
obtained in [3] for GWS with arbitrary a1, as,as € (0,1/2). In particular, it was
proved in [3, Theorem 6] that NRF (1) does not preserve the positivity of the Ricci
curvature of metrics (2) on every GWS with a1 + as + a3 < 1/2. Theorem 6 in [3]
was proved using computer tools since the nonlinear system (4) is very complicated
to the study. Introduce the set Z4 = {(x1,22,23) € R3 | r; > 0} of parameters
of metrics (2) with positive Ricci curvature. Since z; are all positive, r; > 0 is
equivalent to a; (mf — x? —x}) + xjzp > 0, assume r; := a; (27 — x? — m%) +
without loss of generality and denote by A; the conic surface deflinedI by1 r; = 0.

Note also that Vol = 1 is a first integral of (4), where Vol = z{' x5% 23 is the
volume function of metrics (2). Denote by ¥ the surface Vol = 1. To study the
evolution of positively curved metrics (2) under NRF (1) it suffices to consider
the behavior of trajectories of the system (4) on the set ¥ N %, bounded by the
curves ¥ N A;. The main indicator in this way is the sign of the standard inner
product (V, Vr;), where Vr; = (04,1, 03,13, Oz, T;) is the normal to the surface A;
evaluated along the boundary curve ¥ N A; and V = (f1, fo, f3) is the vector field
associated with the differential system (4).

The scheme of proving Theorem 6 in [3]. Using Maple we obtain the following
equality: sign (V, Vr;) = sign H, where
H = (a; + a;)(a; + ax)(ar + ai)(ac;¥ + xi — xf)
+ (aiaj —ay + A)xixja:i + (akai —a; + A)xix?mk
+ (@i + aj)ax (xf — xf)xlxj + (ar + ai)a; (x? — xi)xlxk
—2a;(a; + ak)(x? + 23)xzk + (a; + ag)(2a7 + 1 — 2A)x?mi,
A = a;a; +ajar + ara;. Each curve XN A; can be parameterized. Indeed assuming

x; = tzg, in r; = 0 we obtain x3, = L~ lz; with L := /12 — a;lt + 1 defined for

t € (0,m;)U(M;, +00), where m; and M; are distinct real roots of t2 —ai_lt—|—1 =0.
Now substitute z; = L~ 'z; and T = tL~'2; into Vol = 1 and solve it with respect
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to ;. Then z; = a(t) := gmway " pe(ay rayg ), where w = (a;! Jraj_1 +a;1)_1.

Substituting x; = a(t), zx = L™ 'a(t) and x; = tL ™ a(t) into H in Maple we have

sign H = sign(F — Q) for all t € (0,m;) U (M;,+00), where F' = (a; + ax)(t —
(t+

(
2a;) (2a;t — 1) and G = a;(1 — 2a;) 1)4/t2 —a; 't 4+ 1. Using the inequalities

0 <a <m; < 2a <1K % < M,; < %itiseasytoshowthatF>O
and G > 0 for all t € (0,m;) U (M;,+00) and all a;,a;j,ar € (0,1/2). Therefore

sign H = sign(F? — G?), where F? — G? equals to a fourth degree polynomial
h(t) = Cot4 + Clt3 + Cth +cit+co

with coefficients

co = a? (1 —2ai+2aj —|—2ak) (—1—!—2@,* +2aj —|—2ak),
a = a;(1—2a;)°—4a; (4a7 + 1) (a; + ay)?,
o = (16af +16a7 +1) (aj + ar)® + 2a;(1 — a;) (1 — 2a;)>.

Thus sign (V, Vr;) = signh for all ¢ € (0, m;) U (M;,+00) and all a;, a;,ax €
(0,1/2). Putting y := ¢ + ¢! the equation h(t) = 0 can be reduced to a quadratic
equation

p(y) == coy? + c1y + (c2 — 2¢0) = 0.
Assume that t; and t2 are different roots of h(t) = 0 which correspond to a given
root yo of the equation p(y) = 0 and t; < t2. Then ¢; € (0,m;) and to € (Ma, +00)
if and only if yo € (a;l, +oo).

The case a1 + as + a3 < 1/2. Since ¢y < 0 and ¢z > 0 the discriminant
c? +8c2 — 4coey of p(y) is positive. Hence p(y) = 0 admits two different real roots.
We claim that actually only one of them can belong to (a;l, +oo). Indeed

pla;t) = (ag +aj)*(1 + 2a;)%(1 — 2a;)* > 0

independently of a;, a;, ag, whereas p(+00) 1= limy_, y o p(y) = —oo due to ¢y < 0.
Therefore p(yg) = 0 for some unique yy € (a;l, —l—oo). No root of p(y) can belong to
the interval [0, a; '] since p(0) = c3—2co = (1 + 4a?) (a;+ax)?+2a;(1—2a;)> > 0
for any a;,a;,ar € (0,1/2). Thus another root of p(y) = 0 is negative. Therefore
the polynomial h(t) admits exactly one root of multiplicity 1 on each interval
(0,m;) and (M;, +00) which correspond to yo. This means that on each component
of the curve ¥ N A; the product (V, Vr;) accepts the values of opposite sign. In
other words, trajectories of (4) may both enter ¥N% and leave ¥N%. . Therefore
some metrics (2) on GWS can lose the positivity of the Ricci curvature in the case
aj + az + a3 < 1/2 when evolved by NRF (1).

The case ay +as+az = 1/2. Since cg = 0, ¢ > 0 and ¢; = —2a?(1+2a;)(1 —
2a;)? < 0 due to a; + ar = 1/2 — a; we have a linear function p(y) = c1y + 2
with a positive root yo = —ca/cy. Since p(y) = c1y + co decreases it is necessary
that a;l < Yo < 400 in order to satisfy the condition p(a;I) > 0. The polynomial
h(t) = (c1t?+cat+c1)t has two roots t1 € (0,m;) and ty € (M;, +00) corresponding
to yo. We are in the same situation as in the case a; + as + ag < 1/2.
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Remark. Note that Theorem 6 in [3] covers some the results of [5, 7] related
to the Ricci curvature since the spaces SU(k+1+m)/S(U(k) x U(l) x U(m)) and
Sp(k+1+m)/Sp(k) x Sp(l) x Sp(m) satisfy a; +as +ag < 1/2 for any k,I,m € N
(see Table 1 in [8]).

The case GWS with a1 + a2 + ag > 1/2 was studied in [3, Theorem 7]. In
particular, the conditions 4(a; 4+ ax)? > (1 — 2a;)(1 + 2a;) ™1, {i,7,k} = {1,2,3},
were found sufficient to every metric (2) on GWS to preserve the positivity of the
Ricci curvature when evolved by NRF (1).

References

[1] N.A. Abiev, Yu.G. Nikonorov, The evolution of positively curved invariant Riemann-
ian metrics on the Wallach spaces under the Ricci flow, Ann. Global Anal. Geom., 50
(1), 65-84, 2016. available at https://doi.org/10.1007/510455-016-9502-8

[2] N.A. Abiev, On the evolution of invariant Riemannian metrics on one class
of generalized Wallach spaces under the influence of the mormalized Ricci flow,
Siberian Adv. Math., 27 (4), 227-238, 2017. available at https://doi.org/10.3103/
S51055134417040010

[3] N. Abiev, The Ricci curvature and the normalized Ricci flow on generalized Wallach
spaces, Math. Phys. Anal. Geom., 28(2), Paper 11, 35p., 2025. available at https:
//doi.org/10.1007/511040-025-09509-z

[4] C. Bohm, B. Wilking, Nonnegatively curved manifolds with finite fundamental groups
admit metrics with positive Ricci curvature, Geom. Funct. Anal., 17 (3), 665-681,
2007. available at https://doi.org/10.1007/s00039-007-0617-8

[6] L.F. Cavenaghi, L. Grama, R.M. Martins, On the dynamics of positively curved met-
rics on SU(3)/T? under the homogeneous Ricci flow. Mat. Contemp., 60, 3-30, 2024.
available at http://doi.org/10.21711/231766362024/rmc602

[6] M.-W. Cheung, N.R. Wallach, Ricci flow and curvature on the variety of flags on
the two dimensional projective space over the complexes, quaternions and octonions,
Proc. Amer. Math. Soc., 143 (1), 369-378, 2015. available at https://doi.org/10.
1090/50002-9939-2014-12241-6

[7] D. Gonzalez-Alvaro, M. Zarei, Positive intermediate curvatures and Ricci flow, Proc.
Am. Math. Soc., 152(6), 2637-2645, 2024. available at https://doi.org/10.1090/
proc/16752

[8] Yu. G. Nikonorov, Classification of generalized Wallach spaces, Geom. Dedicata, 181
(1), 193-212, 2016. available at https://doi.org/10.1007/s10711-015-0119-z; cor-
rection: Geom. Dedicata, 214 (1), 849-851, 2021. available at https://doi.org/10.
1007/s10711-021-00604-3

Nurlan Abiev

Laboratory of Topology and Functional Analysis
Institute of Mathematics of NAS Kyrgyzstan
Bishkek, Kyrgyzstan

e-mail: abievn@mail.ru



