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Differential fields

The field of all meromorphic functions on a connected open set in C1

with the natural differentiation gives an example of differential field.

A differential field is a field F along with a fixed additive map F → F
sending a 7→ a′ satisfying the Leibniz rule (ab)′ = a′b + ab′.

To fix a differentiation on F containing Q one puts f ′ = 0 for f ∈ Q,
puts f ′α = vα for fα in a transcendental basic of F over Q and {vα} ⊂
F is any set.

Let K ⊂ F be differential fields. An element y ∈ F is called:
- a constant if y′ = 0;
- integral over K if y′ = a ∈ K;
- an exponential of an integral over K if y′ = ay and a ∈ K;
- an exponential over K if y′ = a′y and a ∈ K;
- a logarithmic over K if v′ = a′/a and a ∈ K.
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Extensions by generalized quadratures

Let K ⊂ E ⊂ F is differential fields. An extension K ⊂ E is by
generalized quadratures if there exists a chain

K = K0 ⊂ · · · ⊂ Kn ⊃ E (1)

such that for each 0 ≤ i < n, Ki+1 = Ki⟨yi⟩, where one of the
following holds:

1) yi is algebraic over Ki,

2) yi is an integral over Ki,

3) yi is the exponential of an integral over Ki.

An element a ∈ F is representable by generalized quadratures over
K if it is contained in some extension of K by generalized quadratures.

In the same way, one defines other classes of Liouvillian extensions.
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Other types of Liouvillian extensions

An differential field extension K ⊂ E is

1. by quadratures if there is a chain (1) in which only extensions by
integrals and by exponential of integrals are allowed;

2. generalized elementary extension if there is a chain (1) in which
only algebraic extensions and extensions by exponential and loga-
rithmic elements are allowed;

3. elementary extension if there is a chain (1) in which only extensions
by exponential and logarithmic elements are allowed.

Is it possible to solve an equation over K by generalized quadratures
over K, or by using extensions of types 1) - 3)?

Liouille’s theory deals with the above question.
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Liovulle’s theory of solvability of equations in finite terms

Slogan of Liouville’s theory. If a “simple” equation over K has
a solution in a Liouvillian extension, then it has (another) “simple”
solution within the class of Liouvillian extensions.

The First Liouville Theorem. Let f be a element of K and let y
be its integra, i.e., y′ = f . Then y belongs to a generalized elementary
extension of K if and only if f is representable in the form

f = a′0 +
∑

λi
a′i
ai
, (2)

where ai ∈ K and λi ∈ K are constants, i.e., λ′i = 0.

If f has a form (2), then y = a0 +
∑

λi ln ai + λ0. In the opposite
direction, the Fist Liouville Theorem is highly nontrivial.
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Solvability of second order linear differential equations

The Second Liouville’s Theorem. A homogeneous second order
linear differential equation

y′′ = a1y
′ + a0y, a1, a0 ∈ K (3)

is solvable by generalized quadratures over K if and only if it has a
solution y whose logarithmic derivative is algebraic over K.

In one direction, the Second Liouville Theorem is obvious: knowing one
solution of (3), one can reduce the equation (3) to the first order linear
differential equation which is easy to solve.

In the opposite direction, the theorem is highly nontrivial.
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The basic Riccati’s differential polynomials

The n-th basic Riccati’s polynomial Dn in u and in its derivatives
u′, . . . , is defined by the following recurrent relations:

D0 = 1; Dk+1 =
dDk

dx
+ uDk.

Thus, D=u; D2 = u′ + u2; D3 = u′′ + 3u′u + u3 and so on.

Lemma 1.Dn has degree n and order (n− 1). All its coefficients
are integers. Dn is a differential polynomial of Rosenlicht type,
i.e., Dn = un + D̃n, where deg D̃n < n.

Lemma 2. Let u be a logarithmic derivative y′
y of y. Then for any

natural number n the following relation holds

y(n) = Dn(u)y.
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The Riccati’s polynomial of a homogeneous polynomial

The Riccati’s polynomial RT in u, u′, . . . , u(n−1) is a polynomial ob-
tained from a homogeneous polynomial T in y, y′, . . . , y(n) by plugging

D0(u) = y, D1(u) = y′, . . . , Dn(u) = y(n).

Theorem 1. Let T (y, . . . , y(n)) be a degree k homogeneous polyno-

mial over a differential ring K0, and let RT (u, . . . , u(n−1)) be its
Riccati’s polynomial. Then for any nonzero y ∈ F , where F ⊃ K0

a differential field, and for u = y′
y the following identity holds:

T (y, . . . , y(n)) = RT (u, . . . , u(n−1))yk. (4)

The equation RT (u) = 0 is called the Riccati’s differential equation
corresponding to the homogeneous differential equation T (y) = 0.
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The Riccati’s differential equation

Example 1. For a homogeneous linear differential equation

L(y) = any
(n) + · · · + a0y = 0. (5)

the Riccati’s equation RL(u) = 0 has the following form:

RL(u) = anDn(u) + · · · + a0D0(u) = 0. (6)

The equation (6) is of Rosenlicht type: RL = un+RL, degRL < n.

A homogeneous differential polynomial is exceptional if sum of its cer-
tain coefficients is equal to zero. A generic homogeneous polynomial is
non exceptional. A linear differential polynomial always is non excep-
tional.

Lemma 3. The Riccati’s equation RT = 0 for a non exceptional
homogeneous equation T = 0 of degree k and order n is of Rosen-
licht type.
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Division with a remainder of differential operators

An order n linear differential operator over a differential ring K

L = anD
n + · · · + a0 (7)

acts on any differential ring F which containsK. The product L2·L1 =
L2(L1) of operators L2, L1 over K is also an operator over K.

For an order k operator L1 over K there exist unique operators L2 and
R over K, such that L = L2 · L1 + R, and the order of R is less than
k. The operator R is called the remainder in the right division of L
by L1.

The operators L2 and R can be found explicitly: the algorithm for
the division of operators with a remainder is similar to the Euclidian
algorithm of the division with a remainder for usual polynomials.
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First order factor of differential operator

Let F ⊃ K be a differential field, and let L be an operator (7).

The following theorem is straightforward.

Theorem 2 (Bezout type theorem).A nonzero element y ∈ F is a
solution of the equation L(y) = 0, where L is the operator (7) over
K0, if and only if L is representable as a product

L1 ◦ L2, (8)

where L2 = D − u for u = y′
y .

Theorem 3.The operate L is representable as a product (8) over
K0 if and only if the element u ∈ K0 satisfies the Rccati’s equation
RL(u) = 0 for the equation L(y) = 0.
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Valuations on fields
Let G be an ordered commutative group, and let F be a field. A map
v : F → G ∪∞ is a G-valuation on F if:

1. v(xy) = v(x) + v(y);

2. v(x + y) ≥ min{v(x), v(y} and if v(x) ̸= v(y), then v(x + y) =
min{v(x), v(y)};

3. v(xy) = ∞ ↔ x = 0.

Definition.

1. valuation ring O ⊂ F is defined by condition y ∈ O ↔ v(y) ≥ 0;

2. valuation ideal M ⊂ O of F is defined by condition y ∈ M ↔
v(y >)0;

3. residue field K is the factor O/M;

4. truncation map π : O → K is the factorization homomorphism.
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Differentiation which increases a valuation

Let F be a field with G valuation v. Below, we assume that the differ-
entiation on F increases the valuation v, i.e., v(y′) ≥ v(y) for y ∈ F .

The following lemma is obvious.

Lemma 4. If the differentiation on F increases v, then

1. the valuation ring is a differential ring, i.e., x ∈ O → x′ ∈ O;

2. the valuation ideal is a differential ideal, i.e., x ∈ M → x′ ∈
F>0;

3. the residue field K induces a structure of a differential field;

4. the truncation map π : F≥0 → K is a homomorphism of differ-
ential rings.
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Truncation of differential equations

Let π : O → K be the truncation map and let

T = T (y, y′, . . . , y(k)) (9)

be a differential polynomial over the valuation ring O. We define:

1. truncation of an element z ∈ O as the element π(z) ∈ K;

2. truncation of T defined by (9) as the differential polynomial T̃ over
K whose coefficients are truncations of the coefficients of T ;

3. truncation of an equation T = 0 over O as the equation T̃ = 0
over K, where T̃ is the truncation of T .

Lemma 5. If y ∈ O satisfies a differential equation T = 0 over
O, then its truncation ỹ ∈ K satisfies the truncated differential
equation T̃ = 0 over the residue field K.
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A justification of the Liouville theory slogan

Assume that a differential subfield k ⊂ F is naturally embedded into
the residue field K. Then any differential polynomial over k can be
naturally identified with its truncation.

Theorem 4. If a Rozenliched type differential equation T = 0 over
k has a solution u ∈ F , then u belongs to O. Moreover, its trun-
cation π(u) ∈ K also satisfied the equation T = 0.

Proof. If T (u) = un + T̃ , where deg T̃ < n, then the valuation of u
must be nonnegative: otherwise, v(un) < v(T̃ (u)). Thus, u ∈ O and
the truncation map provides the identity T (π(u)) = 0.

Theorem 5. If a linear differential operator L over k can be fac-
tored over F as L = L1 ◦ L2, where L2 = D − u, then u ∈ O and
L can be factorize over K as L = L̃1 ◦ L̃2, where L̃2 = D − π(u).
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Admissible extensions of differential fields

An extension k ⊂ F is admissible if there is a sequence of differential
fields F = F0, . . . , Fn = k such that for every i = 0, . . . , n − 1 there
is a valuation vi on Fi and the following condition hold:

1. for every a ∈ Fi we have vi(a
′) ≥ vi(a);

2. the residue field Ki of Fi for vi is isomorphic to the field Fi+1.

Lemma 6. If k1 ⊂ F1, k2 ⊂ F2 are admissible extensions and
F1 = k2, then k1 ⊂ F2 also is admissible extension.

Lemma 7. If k ⊂ F is an admissible extension, and F̃ is an
intermediate differential field, i.e., k ⊂ F̃ ⊂ F , then the extension
K ⊂ F̃ also is admissible.
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Admissible extensions and liovilllian extensions

Let Alg(F ) and Algr(F ) be the algebraic closure of a field F and its
radical closure (f ∈ Algr(F ) if f is representable by radicals over F ).

Theorem 6. If Alg(K) ⊂ F is an extension by generalized quadra-
tures, then Alg(K) ⊂ Alg(F ) and Alg(K) ⊂ F are admissible ex-
tension.

Theorem 7. If Algr(K) ⊂ F is an extension by quadratures, then
Algr(K) ⊂ Algr(F ) and Algr(K) ⊂ F are admissible extension.

Theorems 6, 7 can be proven using iterated Pueiseux series over a field
Φ with a natural differentiation. As Φ one takes Alg(K) and Algr(K)
correspondingly. The structure and the differentiations on these series
depend on a corresponding extension. Using the same technique, one
chows that a much wider classes of extensions are admissible.
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Main theorems

Let k ⊂ F be an admissible extension. The following theorems hold:

Theorem 8. If a Rozenliched type differential equation T = 0 over
k has a solution in F , then it has a solution in the original field k.

Theorem 9. If a linear differential operator L over k can be fac-
tored over F as L = L1 ◦L2, where L2 = D−u, then L also can be
factored over the original field k as L = L̃1◦ L̃2, where L̃2 = D−z.

Theorem 10. If a linear differential operator L over k can be
factored over F as a product of first order operators, then L also
can be factored over the original field k as a product of first order
operators.
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Factorization of operators and solvability of equations

Theorem 11. An order n homogeneous linear differential equa-
tion L(y) = 0 over a differential field K is solvable by generalized
quadratures if and only if the operator L is representable as a prod-
uct L = L1 ◦ · · · ◦ Ln of first order factors over the field Alg(F ).

For n = 2 Theorem 11 is equivalent to the Second Liouville Theorem.

Theorem 12.An order n homogeneous linear differential equation
L(y) = 0 over a differential field K is solvable by quadratures if and
only if the operator L is representable as a product L = L1◦· · ·◦Ln

of first order factors over the field Algr(F ).
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Other examples of admissible extensions

Let F = k(y0, . . . , yn) be the field of rational in y0, . . . , yn over a
differential field k with the differentiation defined as follows:

y′0 = y1, . . . , y
′
n−1 = yn, y

′
n = P (yn),

where P (yn) is a rational function in yn divisible by yn over the field
k(y0, . . . , yn−1).

Theorem 13. The extension K ⊂ F is admissible. If K is alge-
braically closed, then the extension K ⊂ Alg(f ) also is admissible.

Theorem 6 follows from very special cases of Theorem 13. In these
cases, n = 1 and the function P (y0) either equals to ay0 (in the
case, corresponding to an extension by exponential of integral of a),
or P (y0) = −y20a (in the case, corresponding to an extension by z−1,
where z is an integral of a).
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More general Examples of admissible extensions

A polygon ∆ ∈ R2 is admissible if one of its sides has slope p satisfying
inequalities 0 > p ≥ −1.

Let Ψ = Alg(k(y0, . . . , yn−1)) be an algebraic closure of the field of
rational function in y0, . . . , yn−1 over k.

Let F = Alg(Ψ(yn)) be a differential field extension of the differential
field k with a differentiation satisfying the following identities:

y′0 = y1, . . . , y
′
n−1 = yn, P (yn, y

′
n) = 0,

where P (yn, y
′
n) is an irreducible polynomial over the field Ψ, whose

Newton polygon ∆(P ) is admissible.

Theorem 14.The extension Alg(k) ⊂ F is admissible.
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Admissible polygon

yn

y'n
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