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Abstract. We consider real polynomial systems of partial differential equa-
tions of first order. The method of building real first integrals by known real
and complex-valued Darboux polynomials, taking into account their multi-
plicity, and conditional Darboux polynomials has been developed.

Introduction

Consider a system of linear homogeneous first-order partial differential equations
n
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where u;;: R" — R, ¢« = 1,...,n, j = 1,...,m, are polynomials such that
max{degu;;: i =1,...,n} =p;, j =1,...,m, and max{p,: j = 1,...,m} = p.
Without loss of generality it can be assumed that the linear differential operators
£;, j=1,...,m, of the partial system (1) are not linearly bound [1, p. 113].

In this paper, using the Darboux theory of integrability (see, for example,
[2, 3, 4]), we will study the existence of real first integrals of the partial system (1).

1. Darboux Polynomials

Let K be R or C. A polynomial (real or complex-valued) v € K[z] \ K is a Darboux
polynomial (real or complex-valued) of the partial differential system (1) if

Liu(r) =u(r)U;(z) forallz eR", j=1,...,m,

where the polynomials U; such that degU; < p; — 1. Moreover, U = (Uy, ..., U,,)
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is called the cofactor of the Darboux polynomial u of the partial differential sys-
tem (1). For the convenience of presenting material, by w and W (by m and 97)
we denote real (complex-valued) Darboux polynomial v and its cofactor U.

The classical Darboux method of construction first integrals for the real poly-
nomial partial differential system (1) can be formulated as the following statement.

The Darboux theorem. Suppose the real system (1) has Darboux polynomials
u, € K[z]\K, I =1,...,s, such that on the space R™ the following identities hold

Liu(x) =uw(2)Uy(x) forall z€R™, j=1,....m, I=1,...,s.

Then the scalar function

F(a)=[[w' (@) forall zeGCR, 7eK, Y |yl#0,
=1 =1

is a first integral on the domain G of the partial differential system (1) if and only
if the cofactors U, of the Darbouz polynomials u, such that the identities hold

Zlelj(a:) =0 forallzeR", j=1,...,m.
1=1

Notice that, by Darboux’s theorem, the first integral F of the real partial dif-
ferential system (1) can be both real and complex-valued (if one or more Darboux
polynomials u; are complex-valued). In this paper, we will focus our attention on
building real additional first integrals of the system (1) by real and complex-valued
Darboux polynomials taking into account multiplicity.

A Darboux polynomial u with cofactor U of the system (1) is said to be

€
multiple with multiplicity k = 1+ 55 if there exist natural numbers h, and
£=1
polynomials Un,g eK[z], ge=1,...,0¢, £=1,...,¢, such that the identities hold
¢

2 o V. (2) foral z €G 5., ¢
= = (x) forallze G, j=1,...,m, g.=1,...,0,, E=1,...,¢,
J uhg(x) Regerd £ £

where V,;Eg& ;€ K[z] have degrees at most p; — 1, the domain G C {z: u(z) # 0}.
For the convenience of presenting material, by ¢ and @ (by q and Q) we
denote real (complex-valued) polynomials v and V| respectively.

An exponential function w(z) = exps(z) for all z € R", s € R[z] \ R, is
called a conditional Darbouzx polynomial of the partial differential system (1) if

£is(x)=5;(x) forall zeR™, j=1,...,m,

where the polynomials S; € R[z] such that deg S; < p;—1, j =1,...,m. Moreover,
S=(5,...,5,,) is the cofactor of the conditional Darboux polynomial w.
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Let us remark that, a similar point of view on multiplicity of Darboux polyno-
mials for polynomial differential systems was presented by J. Llibre and X. Zhang
in the paper [5]. Also we stress that a conditional Darboux polynomial is a special
case of exponential factor [6, 3| for the polynomial partial differential system (1).

2. Main Results

Suppose the polynomial partial differential system of first order (1) has
i) the real Darboux polynomials (w,,W,), k = 1,...,0 + r, such that the
Darboux polynomials

((thVl)’(hsl,ql’hglgfl7Ql7h51951)), ggl :17"'76517 6[ = 1a"'7515 l: 17"'797

€y
are multiple with multiplicities k; =1+ Y, 651’ hs, eN, I=1,...,6;
5[:1 )
ii) the complex-valued Darboux polynomials (m,,9,), €=1,...,9 +rt, such
that the Darboux polynomials

((m[’gﬁ[)’(bCI’thC!gC[’D[’hclgg[))’ ge, =L v ¢=1,...,¢, [=1,...,9,

€t
are multiple with multiplicities 3, =1+ ) Ve, hc[ eN, [=1,...,9;
C[:l

iii) the conditional Darboux polynomials (exps,,S,), 7=1,...,t.

The general result of this paper is formulated in the following statement.

Theorem (the generalized Darboux theorem). The polynomial partial differ-
ential system of first order (1) has the Darboux first integral

O+r I+t

F:ox— H w:’“(x) H (Re’m, () + Im*m, (2))"* -
k=1 =1
5
[ & Dh, g (I) Ote Imm (CL’) i
he 9, ¢
.exp< 22 D g, Thy D marctan oot ) B (o)
I=1 £=1g =1 w, '(x) =1 3 r=1

q[’hgl‘gc[(x) qu([g([(‘/L.)
£330 3 (g g Re i b, )
—1 (R (B

hc, hc[
m " (z) m " (z)
if and only if there exist real numbers

l’hﬁzEN’gﬁz:L 0., §=1....,1=1,....0,

o, k=1,...,04+7, « 0
L

l’hﬁlgf

i, gc’wu’c 5 beelN, ge =150, G=1,...,¢, [=1,...,9,
[ [ [ [
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Yer M €=1,...,0 4+, B, T=1,....1,
such that the following identities hold

0+r 9+t 0 ‘Ssl
Z o, Wy (z) +2 Z 7 Re M, (z) + Z Z Z Y, g, Qg J(x) +
k=1 =1 =1 §l=1 ggl —1 §7¢; £,7¢;
I+ 9 ¢ Y
+ Z 1, Im M, () + Z i, o, ReQ[,hC o @)+
e=1 (=1 ¢ =lg, =1 e o
9 € U([ t
+Z Z w[,hg . ImQLbC g, J(x) + Z B, Sfj(x) =0, j=1....,m.
I=1 ¢, =1g, =1 Lot Lo =1

St

Note that this Theorem generalized results of D.V. Buslyuk [7].
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