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Abstract. We construct a family of approximations to the completed Riemann
zeta function Λ(𝑠) = 𝜋−𝑠/2Γ(𝑠/2)𝜁 (𝑠) based on finite Euler products. To each
finite Euler product we associate a finite theta function indexed by smooth
numbers, and impose an explicit symmetry condition to obtain a symmetrized
analogue Λ≈

𝑁
(𝑠, 𝜏). The resulting function is entire, satisfies the functional

equation Λ≈
𝑁
(𝑠, 𝜏) = Λ≈

𝑁
(1 − 𝑠, 𝜏−1), and admits representations both as a

sum of incomplete gamma functions over smooth numbers and as a sum of
residues at the poles of the finite Euler product. The approximation error
is controlled by the first prime 𝑝𝑁+1 excluded from the product and decays
superexponentially in 𝑝𝑁+1. As a byproduct, the construction yields a theta-
function sieve for prime numbers.

Introduction

The classical Mellin transform of the Jacobi theta function 𝜓(𝑥) = (𝜃 (𝑥) − 1)/2,
where 𝜃 (𝑥) =

∑
𝑛∈Z 𝑒

−𝜋𝑛2𝑥 , gives the completed Riemann zeta function for all
𝜎 := ℜ(𝑠) > 1: ∫ ∞

0

𝑥𝑠/2−1𝜓(𝑥) 𝑑𝑥 = Λ(𝑠), (1)

where Λ(𝑠) := 𝜋−𝑠/2Γ(𝑠/2)𝜁 (𝑠). The modular symmetry of the theta function,

𝜃 (𝑥) = 1
√
𝑥
𝜃

(
1

𝑥

)
, (2)
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yields a symmetric representation valid for all 𝑠 ∈ C and 𝑥0 > 0:

Λ(𝑠) =
𝑥
(𝑠−1)/2
0

𝑠 − 1
−
𝑥
𝑠/2
0

𝑠
+
∫ ∞

𝑥0

𝑥𝑠/2−1𝜓(𝑥) 𝑑𝑥 +
∫ ∞

1/𝑥0
𝑥 (1−𝑠)/2−1𝜓(𝑥) 𝑑𝑥. (3)

In particular, at 𝑥0 = 1 this reduces to the standard formula

Λ(𝑠) = 1

𝑠(𝑠 − 1) +
∫ ∞

1

(
𝑥𝑠/2−1 + 𝑥 (1−𝑠)/2−1

)
𝜓(𝑥) 𝑑𝑥, (4)

whose right-hand side is manifestly invariant under 𝑠 ↦→ 1− 𝑠, thereby establishing
both the analytic continuation of 𝜁 (𝑠) and its functional equation Λ(𝑠) = Λ(1− 𝑠).
Termwise integration of the series under the integrals in (3) yields a representation
in terms of incomplete gamma functions. Since Γ(𝑎, 𝑧) is analytic in 𝑧 for ℜ(𝑧) > 0,
analytic continuation in the parameter 𝑥0 gives the well-known formula ∀𝑠 ∈ C,
ℜ(𝜏) > 0:

Λ(𝑠) = 𝜏 (𝑠−1)/2

𝑠 − 1
− 𝜏𝑠/2

𝑠
+ 𝜋−𝑠/2

∞∑︁
𝑛=1

Γ
(
𝑠/2, 𝜋𝜏𝑛2

)
𝑛𝑠

+𝜋 (𝑠−1)/2
∞∑︁
𝑛=1

Γ
(
(1 − 𝑠)/2, 𝜋𝜏−1𝑛2

)
𝑛1−𝑠

.

(5)

Thus the modular symmetry of the theta function simultaneously encodes the
analytic continuation of 𝜁 (𝑠), its functional equation, and its representation as a
rapidly convergent series.

The central idea of the present work is to apply this framework to a finite
analogue of the zeta function: the finite Euler product 𝜁𝑁 (𝑠). Finite Euler prod-
ucts have attractive analytic properties—they are meromorphic with poles on the
imaginary axis and of bounded growth in the left half-plane—and have been used
by Matiyasevich [1] to construct highly accurate approximations to 𝜁 (𝑠). By asso-
ciating to 𝜁𝑁 (𝑠) a symmetrized analogue of the theta function we enforce the key
properties of the Riemann zeta function while retaining the explicit connection to
the analytic structure of the finite Euler product.

The resulting approximation Λ≈
𝑁
(𝑠, 𝜏) satisfies the functional equation

Λ≈
𝑁
(𝑠, 𝜏) = Λ≈

𝑁
(1 − 𝑠, 𝜏−1) by construction, admits both an incomplete-gamma-

series expansion and a residue expansion over the poles of 𝜁𝑁 , and converges to
Λ(𝑠) superexponentially in 𝑝𝑁+1, the first prime excluded from the product. The
approximation error is comparable to that established in [2, 3], and our approach
clarifies its origin through the defect of modular symmetry of the finite theta
function.
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Finite Euler Products

Define the finite zeta function 𝜁𝑁 (𝑠) as the finite Euler product

𝜁𝑁 (𝑠) :=
𝑁∏
𝑖=1

1

1 − 𝑝−𝑠
𝑖

. (6)

By analogy with the completed zeta function, define the finite completed zeta
function

Λ𝑁 (𝑠) := 𝜋−𝑠/2Γ(𝑠/2)𝜁𝑁 (𝑠). (7)

Unlike Λ(𝑠), the finite analogue has poles at the points

𝑃 := −2N0 ∪
𝑁⋃
𝑗=1

2𝜋𝑖

ln 𝑝 𝑗

Z. (8)

The finite zeta function admits the Dirichlet series representation

𝜁𝑁 (𝑠) =
∑︁
𝑛∈𝑆𝑁

1

𝑛𝑠
, ℜ(𝑠) > 1, (9)

where 𝑆𝑁 = {𝑛 ∈ N : 𝑛 = 𝑝
𝛼1

1 · · · 𝑝𝛼𝑁

𝑁
, 𝛼𝑖 ∈ N0} is the set of 𝑝𝑁 -smooth numbers.

Based on this Dirichlet series we define the finite theta function

𝜃𝑁 (𝑥) :=
∑︁

|𝑛 | ∈𝑆𝑁

𝑒−𝜋𝑛2𝑥 , 𝑥 > 0, (10)

𝜓𝑁 (𝑥) := 𝜃𝑁 (𝑥) − 1

2
. (11)

By analogy with (1equation.1), the Mellin transform of 𝜓𝑁 recovers Λ𝑁 for all
𝜎 > 1: ∫ ∞

0

𝑥𝑠/2−1𝜓𝑁 (𝑥) 𝑑𝑥 = Λ𝑁 (𝑠). (12)

This expression can be inverted: for all 𝑥 > 0 and 𝑐 > 1,

𝜓𝑁 (𝑥) = 1

2𝜋𝑖

∫ 𝑐+∞𝑖

𝑐−∞𝑖

Λ𝑁 (2𝑠) 𝑥−𝑠 𝑑𝑠. (13)

The analytic properties of the finite Euler product allow this integral to be evalu-
ated by the residue theorem for all 𝑥 > 0:

𝜓𝑁 (𝑥) = 1

2

∑︁
𝜌∈𝑃

Res
𝑠=𝜌

Λ𝑁 (𝑠) 𝑥−𝑠/2. (14)

This residue formula underlies a theta-function sieve for prime numbers: the first
discrepancy between 𝜓𝑁 (𝑥) and 𝜓(𝑥) occurs at the term corresponding to 𝑝𝑁+1,
and the superexponential decay of the general term allows one to extract 𝑝𝑁+1 by
rounding to the nearest integer.
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Symmetrization of the Finite Theta Function

The finite theta function need not satisfy the modular symmetry (2). We enforce
it by defining a symmetrized function with a free parameter 𝑥0 > 0:

𝜃𝑁 (𝑥, 𝑥0) :=

𝜃𝑁 (𝑥), 𝑥 ≥ 𝑥0,

1
√
𝑥
𝜃𝑁

(
1

𝑥

)
, 𝑥 ∈ (0, 𝑥0),

(15)

𝜓𝑁 (𝑥, 𝑥0) :=
𝜃𝑁 (𝑥, 𝑥0) − 1

2
. (16)

Define the approximation Λ≈
𝑁
(𝑠, 𝑥0) by the Mellin transform of 𝜓𝑁 for 𝜎 > 0:

Λ≈
𝑁 (𝑠, 𝑥0) :=

∫ ∞

0

𝑥𝑠/2−1𝜓𝑁 (𝑥, 𝑥0) 𝑑𝑥. (17)

By (15equation.15), this equals for all 𝑠 ∈ C:

Λ≈
𝑁 (𝑠, 𝑥0) =

𝑥
(𝑠−1)/2
0

𝑠 − 1
−
𝑥
𝑠/2
0

𝑠
+
∫ ∞

𝑥0

𝑥𝑠/2−1𝜓𝑁 (𝑥) 𝑑𝑥 +
∫ ∞

1/𝑥0
𝑥 (1−𝑠)/2−1𝜓𝑁 (𝑥) 𝑑𝑥. (18)

This representation yields, by termwise integration analogous to (5), an incomplete-
gamma expansion which extends analytically to all ℜ(𝜏) > 0:

Λ≈
𝑁 (𝑠, 𝜏) = 𝜏 (𝑠−1)/2

𝑠 − 1
− 𝜏𝑠/2

𝑠
+ 𝜋−𝑠/2

∑︁
𝑛∈𝑆𝑁

Γ
(
𝑠/2, 𝜋𝜏𝑛2

)
𝑛𝑠

+𝜋 (𝑠−1)/2
∑︁
𝑛∈𝑆𝑁

Γ
(
(1 − 𝑠)/2, 𝜋𝜏−1𝑛2

)
𝑛1−𝑠

.

(19)

Since both incomplete-gamma series are analytic in 𝑠, and the substitution 𝑠 ↦→
1 − 𝑠 together with 𝜏 ↦→ 𝜏−1 interchanges the two sums, we obtain the functional
equation

Λ≈
𝑁 (𝑠, 𝜏) = Λ≈

𝑁 (1 − 𝑠, 𝜏−1). (20)

In particular, the specialization Λ≈
𝑁
(𝑠) := Λ≈

𝑁
(𝑠, 1) satisfies the symmetric func-

tional equation
Λ≈

𝑁 (𝑠) = Λ≈
𝑁 (1 − 𝑠). (21)

On the other hand, (18) can be rewritten using (12) as

Λ≈
𝑁 (𝑠, 𝑥0) =

𝑥
(𝑠−1)/2
0

𝑠 − 1
−
𝑥
𝑠/2
0

𝑠
+ Λ𝑁 (𝑠) + Λ𝑁 (1 − 𝑠) −

∫ 𝑥0

0

𝑥𝑠/2−1𝜓𝑁 (𝑥) 𝑑𝑥

−
∫ 1/𝑥0

0

𝑥 (1−𝑠)/2−1𝜓𝑁 (𝑥) 𝑑𝑥.
(22)

Substituting the residue expansion (14) and integrating termwise (justified by
uniform convergence), then continuing analytically in 𝑠 and 𝑥0, gives for all 𝑠 ∈ C
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and ℜ(𝜏) > 0:

Λ≈
𝑁 (𝑠, 𝜏) = 𝜏 (𝑠−1)/2

𝑠 − 1
− 𝜏𝑠/2

𝑠
+ Λ𝑁 (𝑠) + Λ𝑁 (1 − 𝑠)

+
∑︁
𝜌∈𝑃

Res
𝜔=𝜌

[
Λ𝑁 (𝜔)

(
𝜏 (𝑠−𝜔)/2

𝜔 − 𝑠
+ 𝜏 (𝑠+𝜔−1)/2

𝜔 − (1 − 𝑠)

)]
.

(23)

Since the left-hand side has poles only at 𝑠 = 0 and 𝑠 = 1, the residue sum must
cancel all non-trivial poles of Λ𝑁 (𝑠) + Λ𝑁 (1 − 𝑠). This cancellation is precisely a
regularization of the finite Euler product. Define the regularized finite completed
zeta function by

Λ
reg
𝑁

(𝑠, 𝜏) := Λ𝑁 (𝑠) −
∑︁
𝜌∈𝑃

Res
𝜔=𝜌

Λ𝑁 (𝜔) 𝜏 (𝑠−𝜔)/2

𝑠 − 𝜔
. (24)

Then (23) takes the compact form

Λ≈
𝑁 (𝑠, 𝜏) = 𝜏 (𝑠−1)/2

𝑠 − 1
− 𝜏𝑠/2

𝑠
+ Λ

reg
𝑁

(𝑠, 𝜏) + Λ
reg
𝑁

(1 − 𝑠, 𝜏−1). (25)

In particular, at 𝜏 = 1 the residue sum reduces to the principal part of Λ𝑁 (𝑠) +
Λ𝑁 (1 − 𝑠), so that

Λ≈
𝑁 (𝑠) = 1

𝑠(𝑠 − 1) + Λ
reg
𝑁

(𝑠) + Λ
reg
𝑁

(1 − 𝑠). (26)

This shows that symmetrization of the finite theta function simultaneously induces
symmetrization and regularization of the finite Euler product, providing a trans-
parent explanation of the construction underlying the approximations studied in
[1, 2, 3].
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