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Abstract. We construct a family of approximations to the completed Riemann
zeta function A(s) = 77%/2I'(s/2) (s) based on finite Euler products. To each
finite Euler product we associate a finite theta function indexed by smooth
numbers, and impose an explicit symmetry condition to obtain a symmetrized
analogue A% (s,7). The resulting function is entire, satisfies the functional
equation AR (s,7) = AR (1 -, 771), and admits representations both as a
sum of incomplete gamma functions over smooth numbers and as a sum of
residues at the poles of the finite Fuler product. The approximation error
is controlled by the first prime py4+1 excluded from the product and decays
superexponentially in py+1. As a byproduct, the construction yields a theta-
function sieve for prime numbers.

Introduction

The classical Mellin transform of the Jacobi theta function ¥ (x) = (6(x) — 1)/2,
where 6(x) = >,cz e~ mn?x , gives the completed Riemann zeta function for all
o:=R(s) > 1

[ umas=a, (1)
0

where A(s) := 77%/2T'(5/2)¢ (s5). The modular symmetry of the theta function,

0w == 0[3). 2)
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yields a symmetric representation valid for all s € C and x¢ > 0:

(s=1)/2 xs/2

A(s) = )% -2 4 /wx‘v/z_lw(x) dx + /00 x(3=9/27 1y (x) dx. (3)

1 s X0 1/x0

In particular, at xo = 1 this reduces to the standard formula

1 « _ _s)/2—
A(S) — m_i_[ (xs/2 1+x(1 5)/2 1)lﬂ(x)dx, (4)

whose right-hand side is manifestly invariant under s +— 1 —s, thereby establishing
both the analytic continuation of £(s) and its functional equation A(s) = A(1—s).
Termwise integration of the series under the integrals in (3) yields a representation
in terms of incomplete gamma functions. Since I'(q, z) is analytic in z for R(z) > 0,
analytic continuation in the parameter xg gives the well-known formula Vs € C,

R(r) > 0:

(s=1)/2 s/2
YO R ——
s—1

o [(s/2, ntn?)
-s/2 §
+ 2 —ns
S L((1-5)/2, it~ 1n?) (5)
s-1)/2 ’
=D/ E s .

n=1

Thus the modular symmetry of the theta function simultaneously encodes the
analytic continuation of £(s), its functional equation, and its representation as a
rapidly convergent series.

The central idea of the present work is to apply this framework to a finite
analogue of the zeta function: the finite Euler product {n(s). Finite Euler prod-
ucts have attractive analytic properties—they are meromorphic with poles on the
imaginary axis and of bounded growth in the left half-plane—and have been used
by Matiyasevich [1] to construct highly accurate approximations to £(s). By asso-
ciating to {n (s) a symmetrized analogue of the theta function we enforce the key
properties of the Riemann zeta function while retaining the explicit connection to
the analytic structure of the finite Euler product.

The resulting approximation A%, (s, 7) satisfies the functional equation
A (s, 1) = A1 - s,7~1) by construction, admits both an incomplete-gamma-
series expansion and a residue expansion over the poles of ¢, and converges to
A(s) superexponentially in py.1, the first prime excluded from the product. The
approximation error is comparable to that established in [2, 3], and our approach
clarifies its origin through the defect of modular symmetry of the finite theta
function.
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Finite Euler Products

Define the finite zeta function £ (s) as the finite Euler product

N
1
In(s) = - (6)
N gl_pi‘

By analogy with the completed zeta function, define the finite completed zeta
function

An(s) := n75PT(s/2){n (). (7)
Unlike A(s), the finite analogue has poles at the points
N oni
P:=-2Ny U Z. (8)
jL=J1 Inp;
The finite zeta function admits the Dirichlet series representation
1
N =)~ R()>1L (9)
neSn

where Sy = {n e N:n = p" ---p]‘\’,N, a; € Ny} is the set of py-smooth numbers.
Based on this Dirichlet series we define the finite theta function

On(x) := Z e X x>0, (10)
[n|eSn
YN (x) = %. (11)

By analogy with (lequation.l), the Mellin transform of ¢y recovers Ay for all
o>1:

/ x‘Y/Q_lzﬁN(x) dx = An(s). (12)
0
This expression can be inverted: for all x > 0 and ¢ > 1,
1 c+ooi
Uy (x) = —/ AN (25) x7% ds. (13)
2mi c—oof

The analytic properties of the finite Euler product allow this integral to be evalu-
ated by the residue theorem for all x > 0:

1
n() =5 ) ResAn(s) a2, (14)
PEP

This residue formula underlies a theta-function sieve for prime numbers: the first
discrepancy between ¥ (x) and ¢ (x) occurs at the term corresponding to py+1,
and the superexponential decay of the general term allows one to extract pyi1 by
rounding to the nearest integer.
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Symmetrization of the Finite Theta Function

The finite theta function need not satisfy the modular symmetry (2). We enforce
it by defining a symmetrized function with a free parameter xy > 0:

On (x), X 2 Xo,
On(x.x0) =4 1 1 (15)
—On|—1|, x€(0,x9),
N N(x) (0,x0)
~ 7] x,x0) — 1
YN (x,x0) = %. (16)
Define the approximation A%, (s, xo) by the Mellin transform of Y for o > 0:
A% (5,x0) ::/ x2 Y (x, x0) dix. (17)
0

By (15equation.15), this equals for all s € C:

(s=1)/2 s/2 o0 )
X
AX(s,x0) = o -9 +/ 2 Yy (x) dx +/ x (179271 0 (x) dix. (18)
s—1 ) X0 1/x0

This representation yields, by termwise integration analogous to (5), an incomplete-
gamma expansion which extends analytically to all R(t) > 0:

-1 s

(s-1)/2  1s/2 I (s/2 7r‘rn2)
~ - 9
Ajv(s, T) = + 7 s/2 E T E—
nesSn

(19)

~ ((1-1s)/2, 7t~ 'n?)
1)/2
DY 2

nesSyn

Since both incomplete-gamma series are analytic in s, and the substitution s
1 — s together with 7 — 77! interchanges the two sums, we obtain the functional
equation

A (s, 7) = A (1 —s,77h). (20)
In particular, the specialization A% (s) := A} (s,1) satisfies the symmetric func-
tional equation
AN (s) = A5 (1 -5). (21)
On the other hand, (18) can be rewritten using (12) as

(=12 52 %
A (s.x0) = 0 T AN(s) + An(1—8) - / 2y (x) d
S N 0

-1
1/X()
_/ x(l—s)/Q—le(x) dx.
0

Substituting the residue expansion (14) and integrating termwise (justified by
uniform convergence), then continuing analytically in s and xq, gives for all s € C

(22)
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and R(7) > 0:
T(s—l)/2 Ts/2

Afv(s,‘r):—l— +An(s) + An(1—5)
s — s
(s—w)/2  Llstw-1)/2 (23)
+ZR§S [AN(w)(T + L )]
w=p w-—s w-(1-y)
peEP

Since the left-hand side has poles only at s = 0 and s = 1, the residue sum must
cancel all non-trivial poles of Ay (s) + Ay(1 — s). This cancellation is precisely a
regularization of the finite Euler product. Define the regularized finite completed
zeta function by

An (@) 76912

ANE(s,T) 1= An(s) = Res — (24)
peP -
Then (23) takes the compact form
R T(s—l)/2 7.s/2
Ay (5,7) = ——— e ANE(s,T) + ANE(L—s,77h). (25)

In particular, at 7 = 1 the residue sum reduces to the principal part of Ax(s) +
AN (1 =), so that
1 :
A3 =——— + AB () + ASE(L - 5). 26
N(S) S(S _ 1) N (S) N ( S) ( )
This shows that symmetrization of the finite theta function simultaneously induces
symmetrization and regularization of the finite Euler product, providing a trans-

parent explanation of the construction underlying the approximations studied in
[1, 2, 3].
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