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Definitions

Riemann zeta function
For ℜ(s) > 1 is defined by the following Dirichlet series:

ζ(s) =
∞∑
n=1

1
ns
.

The Riemann zeta function also has a product form:

ζ(s) =
∏
p

1
1 − p−s

.

The function Λ(s) := π−s/2Γ(s/2)ζ(s) is often called the completed zeta
function.
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Definitions

Jacobi theta function
For ℑ(τ) > 0 is defined by the following Fourier series

ϑ(τ) =
∞∑

n=−∞
eπin

2τ .

It has the related function that can be expressed in terms of the exponential
sum for ℜ(x) > 0:

ψ(x) := (ϑ(ix)− 1)/2 =
∞∑
n=1

e−πn2x
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Mellin transform

Definition
For a well-behaved function f, the Mellin transform is defined as an integral

M[f ](s) :=

∫ ∞

0
x s−1f (x)dx .

with an inverse transform of the form

M−1[F ](x) =
1

2πi

∫ c+∞i

c−∞i
F (s)x−sds.

1 M[e−x ](s) = Γ(s);

2 M[e−px ](s) = p−sΓ(s);

3 M[ψ(x)](s/2) = Λ(s).
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Thinned-out Dirichlet series

Thinned-out zeta function
Take A ⊆ N(?) and consider the corresponding sum

ζA(s) :=
∑
n∈A

1
ns
.

1 ζ{1,...,N}(s) =
N∑

n=1

1
ns – truncated sum.

2 For Sm = {n ∈ N : n = pα1
1 · . . . pαm

m } – "smooth numbers"

ζSm(s) =
m∏
j=1

1
1−p−s

j

– truncated Euler product.

The completed thinned-out zeta function: ΛA(s) := π−s/2Γ(s/2)ζA(s).
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Thinned-out Dirichlet series

Thinned-out theta function
Take A ⊆ N and consider the corresponding sum

ψA(x) :=
∑
n∈A

e−πn2x .

The thinned-out functions ψA and ΛA are connected via the Mellin transform:

M[ψA(x)](s/2) = ΛA(s);

ψA(x) = M−1[ΛA(2s)](x).

Such identities allow us to construct a sieve method.
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Euler product potential

For A = Sm – "smooth numbers" we have

ψSm(x) =
1

2πi

∫ c+∞i

c−∞i
ΛSm(2s)x

−sds.

The function ΛSm(s) has poles at the points of Pm = −N0 ∪
m⋃
j=1

2πi
ln pj

Z. It is

possible to evaluate the integral by residues:

ψSm(x) =
∑
ρ∈P

Res
ω=ρ

ΛSm(2ω)x
−ω.

This residue representation allows to
create a new sieve method,
create a new* type of approximation of the zeta function.
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Euler product sieve

Consider the difference ψ(1)− ψSm(1):

ψ(1)− ψSm(1) =
∑
n/∈Sm

e−πn2
= e−πp2

m+1 + εm.

The number εm is astronomically small compared to the e−πp2
m+1 , so we can

extract the next prime via the first ones:

pm+1 ≈ 1√
π

[
− ln

(
ψ(1)−

∑
ρ∈Pm

Res
ω=ρ

ΛSm(2ω)
)]1/2

.
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Modular properties of ϑ(τ)

Jacobi theta function is a modular form for Γθ ≤ SL(2,Z).
1 S : ϑ(−1/τ) =

√
−iτ · ϑ(τ),

2 T 2: ϑ(τ + 2) = ϑ(τ).

Hecke’s theory dictates a one-to-one correspondence between modular
forms and Dirichlet series with well-behaved functional equations.
It turns out that in terms of approximations the S invariance is dominant.
T 2 is mostly for a Dirichlet series form.
We can’t take both, so we take S .
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Symmetric representations of Λ

Due to the S invariance, the theta function ψ(t) = (ϑ(t)− 1)/2 provides both
the analytic continuation and the functional equation for the zeta function via
the integral representation ∀s ∈ C, ℜ(τ) > 0:

Λ(s) =
τ (s−1)/2

s − 1
− τ s/2

s
+

∫ ∞

τ
ts/2−1ψ(t)dt +

∫ ∞

1/τ
t(1−s)/2−1ψ(t)dt.

One of the straightforward consequences of the integral representation is the
incomplete gamma expansion:

Λ(s) =
τ (s−1)/2

s − 1
− τ s/2

s
+

∞∑
n=1

Γ(s/2, πn2τ)

(πn2)s/2
+

∞∑
n=1

Γ((1 − s)/2, πn2/τ)

(πn2)(1−s)/2 .
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The theta function
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Symmetric approximations of Λ

Let’s pretend ψA is S invariant. Define the corresponding completed zeta:

Λ≈
A (s, τ) :=

τ (s−1)/2

s − 1
− τ s/2

s
+

∫ ∞

τ
ts/2−1ψA(t)dt+

∫ ∞

1/τ
t(1−s)/2−1ψA(t)dt.

This new function has the functional equation for s ∈ C, ℜ(τ) > 0:

Λ≈
A (s, τ) = Λ≈

A (1 − s, 1/τ).
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Euler product case

Two different representations
In the Euler product case we can express ψSm(x) as

1 the exponential sum
∑

n∈Sm e−πn2x ,
2 the residue sum

∑
ρ∈P Resω=ρ ΛSm(2ω)x

−ω.

Term-by-term integration of the first one gives the incomplete gamma
expansion:

Λ≈
Sm(s, τ) =

τ (s−1)/2

s − 1
−τ

s/2

s
+

∑
n∈Sm

Γ(s/2, πn2τ)

(πn2)s/2
+

∑
n∈Sm

Γ((1 − s)/2, πn2/τ)

(πn2)(1−s)/2

and of the second one gives the symmetric regularized form:

Λ≈
Sm(s, τ) =

τ (s−1)/2

s − 1
− τ s/2

s
+ Λreg

Sm
(s, τ) + Λreg

Sm
(1 − s, 1/τ).
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Conclusions

For the case τ = 1 we have the representation

Λ≈
Sm(s) =

1
s(s − 1)

+ Λreg
Sm

(s) + Λreg
Sm

(1 − s).

which is equivalent to the formula from Yuri Matiasevich’s 2017 original
paper. The proof provides a reinterpretation of the results of Matiasevich
(2017), Nastasesku (2022), Alzegani (2023), Spinelli (2025) in terms of
the theta function*.
Such a technique works not only for the theta function, but also for Hecke
eigenforms (Huang&Spinelli (2025) with τ = 1).
Thank you!
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