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Abstract. Using the idea first proposed by Gogin [15, 16] we establish that
Bernstein and Chebyshev polynomials admit a unified representation as MacWilliams
(Krawtchouk) transforms of function samples with binomial weights. This
connection motivates a general family of polynomial spectral filters Xn,α,β

that subsumes the BernNet, ChebNet, and KrawtchoukNet graph neural net-
work architectures as special cases. The fast MacWilliams transform computes
the action of the Krawtchouk matrix Mn in O(n logn) operations, making the
proposed framework computationally attractive. As a proof of concept, fol-
lowing [9], preliminary experiments using Xn,α,β as an activation function in
a two-layer MLP confirm statistically significant improvements over standard
ReLU and GELU activations; GNN experiments are left for future work.

Introduction

The MacWilliams transform (MWT) originates in coding theory [11], where the
celebrated MacWilliams identity relates the weight enumerator of a binary lin-
ear code to that of its dual. The key object is the Krawtchouk matrix Mn =

(K
(n)
i (j))0≤i,j≤n, whose entries are values of the Krawtchouk polynomials [3], de-

fined by the generating function

(1 + t)n−z(1− t)z =

n∑
k=0

K
(n)
k (z) tk.

The matrix satisfies M2
n = 2nI, so the inverse transform is simply M−1 = 2−nM.

Main Results

Applying the substitution t = 2x− 1 to the Bernstein basis polynomials bn,r(x) =(
n
r

)
xr(1 − x)n−r and using the generating function of Krawtchouk polynomials,
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one obtains

bn,r(t) =
1

2n

(
n

r

) n∑
s=0

K(n)
s (r) (−t)s.

Consequently, the coefficient vector of the Bernstein polynomial Bn(f ; ·) is ex-
pressed as

coefi Bn(f ; t) = (MnD
(B)
n f)i, D(B)

n = diag

(
(−1)i

2n

(
n

i

))n

i=0

,

where f is a column vector of function samples.
The multivariate Bernstein polynomial admits an analogous representation

via the tensor product of these matrices.
An analogous formula holds for Chebyshev polynomials of the first kind,

using the transformation from [12]:

coefi Tn(f ; t) = (MnD
(T )
n f)i, D(T )

n = diag

(
(−1)i

2n

(
2n

2i

))n

i=0

,

where f can be taken as
(
1 1 · · · 1

)⊤
to get Tn(t).

We also obtain a similar formula for Chebyshev polynomials of the second
kind:

coefi Un(f ; t) = (MnD
(U)
n f)n−i, D(U)

n = diag

(
1

2n+1

(
2n+ 2

2i+ 1

))n

i=0

.

These formulas show that both families arise from the same linear opera-
tor Mn, differing only in the diagonal pre-scaling matrix.

These formulae unravel the number-theoretic structure of these polynomials.
(This structure can be deep, for instance see [4, 16].) This topic was studied,
for example, in [13]. In addition, such properties of Chebyshev polynomials have
importance in cryptography [10].

For the sake of completeness, we also present Legendre polynomials in this
basis, obtained using results from [2]:

coefi Ln(f ; t) = (MnD
(L)
n f)i, D(L)

n = diag

(
(−1)i

2n

(
n

i

)2
)n

i=0

.

A General Architecture

The observation above motivates the two-parameter family of polynomial filters

Xn,α,β(f)(t) =
1

2n

n∑
i=0

(−t)i
n∑

j=0

(
αn

βj

)
K

(n)
i (j) fn−j ,

which recovers BernNet (α = β = 1) [8, 9], ChebNet (α = 2, β = 2) [1, 17, 18], and
KrawtchoukNet [5, 6] as special cases, providing a unifying perspective analogous
to [7].
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The action of Mn on a polynomial can be computed in O(n log n) via the fast

MacWilliams transform, using the closed form M(p)(t) = (1 + t)n p
(

1−t
1+t

)
. This

efficiency makes Xn,α,β a practical spectral filter for graph neural networks, where
the graph Laplacian is substituted as the argument [8, 14].

Experiments

As the present work focuses on establishing the theoretical unification via the
MacWilliams transform, we validate the polynomial family Xn,α,β in the simpler
setting of activation function approximation, following the approach of [9]. Exper-
iments on spectral graph filtering are deferred to future work.

Substituting standard ReLU or GELU activations with Bernstein polynomial
activations (based on Xn,3,3) in a two-layer MLP yields statistically significant
performance gains when evaluated on a 0.25% subset of the MNIST dataset. Across
n = 32 independent runs, the proposed activation function improved Accuracy
and Macro-F1 by approximately +1.2% (absolute), with 95% bootstrap confidence
intervals strictly positive and excluding zero.

The Bernstein-based model also demonstrated superior noise robustness:
under additive Gaussian noise (σ ∈ {0, 0.05, 0.1, 0.2, 0.3}), it maintained a rela-
tive performance advantage of ∼1% over the baseline. Additionally, the proposed
method reduced average training time by ∼9.3%, indicating improved computa-
tional efficiency.

All reported improvements are statistically significant (paired t-test, p <
10−5; permutation test, p < 0.001) with large effect sizes (Cohen’s d > 2.0 for
primary metrics).
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