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1.1 Krawtchouk Polynomials

Generating function definition. For fixed 𝑛, the Krawtchouk polynomials 𝐾(𝑛)
𝑘 (𝑧) are 

defined by

(1 + 𝑡)𝑛−𝑧(1 − 𝑡)𝑧 =∑
𝑛

𝑘=0
𝐾(𝑛)

𝑘 (𝑧)𝑡𝑘.

Explicit formula.

𝐾(𝑛)
𝑖 (𝑗) =∑

𝑖

𝑟=0
(−1)𝑟(𝑗

𝑟
)(𝑛 − 𝑗

𝑖 − 𝑟
).

Key symmetry. 𝐾(𝑛)
𝑖 (𝑗) = 𝐾(𝑛)

𝑗 (𝑖) (the matrix 𝑀𝑛 is symmetric).
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1.2 The MacWilliams (Krawtchouk) Matrix

Define the (𝑛 + 1) × (𝑛 + 1) Krawtchouk matrix

𝑀𝑛 = (𝐾(𝑛)
𝑖 (𝑗))

0≤𝑖,𝑗≤𝑛
.

Involution property.

𝑀2
𝑛 = 2𝑛𝐼,

so the inverse MacWilliams transform is simply

ℳ︀−1 = 2−𝑛ℳ︀.

This means a single matrix–vector product computes both the forward and inverse 

transform.
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1.3 The MacWilliams Transform

Given a signal (column vector) 𝑓 ∈ ℝ𝑛+1, the MacWilliams transform is

ℳ︀𝑛(𝑓) = 𝑀𝑛𝑓,

i.e.

the 𝑗-th output is ∑
𝑛

𝑖=0
𝐾(𝑛)

𝑖 (𝑗)𝑓𝑖.

Our goal: reinterpret 𝑀𝑛 as the shared backbone of classical polynomial families.
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2.1 Bernstein Polynomials via 𝑀𝑛

The Bernstein basis polynomial is 𝑏𝑛,𝑟(𝑥) = (𝑛𝑟 )𝑥
𝑟(1 − 𝑥)𝑛−𝑟.

Substitution 𝑡 = 2𝑥 − 1 and the generating function of 𝐾(𝑛)
𝑘  give

𝑏𝑛,𝑟(𝑡) =
1
2𝑛

(𝑛
𝑟
)∑

𝑛

𝑠=0
𝐾(𝑛)

𝑠 (𝑟)(−𝑡)𝑠.

Therefore the coefficient vector of the Bernstein polynomial approximant 𝐵𝑛(𝑓;⋅) 

satisfies

coef𝑖𝐵𝑛(𝑓; 𝑡) = (𝑀𝑛𝐷(𝐵)
𝑛 𝑓)

𝑖
, (1)

where 𝐷(𝐵)
𝑛 = diag(( (−1)𝑖

2𝑛 (𝑛𝑖 ))
𝑛

𝑖=0
).
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2.2 Chebyshev Polynomials (First Kind) via 𝑀𝑛

Using the Chebyshev–Bernstein basis transformation of Rababah (2003), one obtains an 

entirely analogous formula:

coef𝑖 𝑇𝑛(𝑓; 𝑡) = (𝑀𝑛𝐷(𝑇 )
𝑛 𝑓)

𝑖
,

with a different diagonal scaling

𝐷(𝑇 )
𝑛 = diag

(
((−1)𝑖

2𝑛
(2𝑛
2𝑖
))

𝑛

𝑖=0)
.

Setting 𝑓 = (1, 1,…, 1)⊤ recovers the standard Chebyshev polynomial 𝑇𝑛(𝑡) itself.

Key observation: the same 𝑀𝑛 appears — only the diagonal pre-scaling changes.
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2.3 Chebyshev Polynomials (Second Kind) via 𝑀𝑛

The second Chebyshev family 𝑈𝑛 fits the same framework with a mild index flip:

coef𝑖 𝑈𝑛(𝑓; 𝑡) = (𝑀𝑛𝐷(𝑈)
𝑛 𝑓)

𝑛−𝑖
,

𝐷(𝑈)
𝑛 = diag(( 1

2𝑛+1
(2𝑛 + 2
2𝑖 + 1

))
𝑛

𝑖=0
).
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2.4 Legendre Polynomials via 𝑀𝑛
Using the Legendre–Bernstein basis transformation of Farouki (2000):

coef𝑖 𝐿𝑛(𝑓;𝑡) = (𝑀𝑛𝐷(𝐿)
𝑛 𝑓)

𝑖
,

𝐷(𝐿)
𝑛 = diag

(
((−1)𝑖

2𝑛
(𝑛
𝑖
)
2
)

𝑛

𝑖=0)
.
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2.4 Legendre Polynomials via 𝑀𝑛

Summary table.

Family Scaling 𝑑𝑖 Reference

Bernstein 𝐵𝑛
(−1)𝑖

2𝑛
(𝑛
𝑖
) Gogin & Shubin

Chebyshev 𝑇𝑛
(−1)𝑖

2𝑛
(2𝑛
2𝑖
)

Chebyshev 𝑈𝑛
1

2𝑛+1
(2𝑛 + 2
2𝑖 + 1

)

Legendre 𝐿𝑛
(−1)𝑖

2𝑛
(𝑛
𝑖
)
2
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2.5 What the Unification Reveals

All four polynomial families share the structure

coef𝑖 𝑃𝑛(𝑓; 𝑡) = (𝑀𝑛, diag(𝑑𝑖)𝑓)𝑖,

for appropriate scalings 𝑑𝑖 = 𝑑(𝑃)
𝑖 . This means:

The coefficients of 𝑃𝑛(𝑓) are the MacWilliams transform of binomial weighted 

samples.

The same transform can compute Bernstein, Chebyshev, Legendre.

Number-theoretic properties of the binomial weights translate directly into properties 

of the polynomial families (Gogin & Hirvensalo 2021, Rayes et al. 1999).
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3.1 A Two-Parameter Family 𝑋𝑛,𝛼,𝛽

The unified view motivates the general spectral filter

𝑋𝑛,𝛼,𝛽(𝑓)(𝑡) =
1
2𝑛

∑
𝑛

𝑖=0
(−𝑡)𝑖∑

𝑛

𝑗=0
(𝛼𝑛
𝛽𝑗

)𝐾(𝑛)
𝑖 (𝑗)𝑓𝑛−𝑗.

Special cases — recovering known architectures:

𝛼 𝛽 Weight (𝛼𝑛
𝛽𝑗 ) Architecture

1 1 (𝑛𝑗 ) BernNet (He et al. 2021; Khedr & Shoukry 2024)

2 2 (2𝑛2𝑗 ) ChebNet (Defferrard et al. 2016)

— — 1 KrawtchoukNet (Goksu 2025)

𝛼 𝛽 (𝛼𝑛𝛽𝑗 ) This work (general)
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3.2 𝑋𝑛,𝛼,𝛽 as a Positive Linear Operator

View 𝑋𝑛,𝛼,𝛽 as a map

𝑋𝑛,𝛼,𝛽 : 𝐶[−1, 1] → Pol𝑛 ⊆ 𝐶[−1, 1],

with the uniform norm ‖𝑓‖ = max
𝑥∈[−1,1]

|𝑓(𝑥)|.

Positivity. 𝑓 ≥ 0⟹ 𝑋𝑛,𝛼,𝛽(𝑓) ≥ 0.

This follows because the binomial weights (𝛼𝑛𝛽𝑗 ) ≥ 0 and 𝐾(𝑛)
𝑖 (𝑗) enters only as signed 

partial sums that preserve the overall sign structure.
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3.3 Fast MacWilliams Transform

The action of 𝑀𝑛 on a polynomial 𝑝 admits the closed form

ℳ︀(𝑝)(𝑡) = (1 + 𝑡)𝑛𝑝(1 − 𝑡
1 + 𝑡

)

computable in 𝒪︀(𝑛 log 𝑛).

𝑋𝑛,𝛼,𝛽 therefore provides a computationally efficient spectral filter for large graphs.
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4.1 Graph Spectral Filtering

For a graph 𝒢︀ with normalised Laplacian 𝐿̂, a spectral filter replaces the argument of 𝑃𝑛 

by 𝐿̂:

GraphFilter(𝑋) = 𝑋𝑛,𝛼,𝛽(𝐿̂)𝑋,

where 𝑋 is the node feature matrix. In the polynomial basis 𝑡𝑖 → 𝐿̂𝑖.

BernNet (He et al. 2021): 𝛼 = 𝛽 = 1, uses Bernstein basis — all coefficients non-negative, 

so the filter is interpretable.

ChebNet (Defferrard et al. 2016): 𝛼 = 2, 𝛽 = 2, uses Chebyshev basis — fast recurrence, 

classical in signal processing on graphs (Shuman et al. 2012).

KrawtchoukNet (Goksu 2025): uniform weights, addresses heterophily and over-

smoothing.
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4.1 Graph Spectral Filtering

𝑋𝑛,𝛼,𝛽 unifies all three and opens the 𝛼-𝛽 plane for systematic exploration.
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5.1 Experimental Setup
As a proof of concept, we validate 𝑋𝑛,𝛼,𝛽 as an activation function in a two-layer MLP 

(following Khedr & Shoukry 2024). GNN experiments are deferred to future work.

Architecture. MLP with structure 784 → 64 → 48 → 10.

Activation functions compared.

Baseline: ReLU, GeLU.

Proposed: Bernstein activation 𝑋𝑛,3,3(relu)(𝑥) — the ReLU function approximated in 

the 𝑋𝑛,3,3 basis.

Training protocol.

Dataset MNIST

Epochs 16
Batch size 128
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5.1 Experimental Setup

Learning rate 10−3

Optimiser AdamW + CosineAnnealingLR

Loss CrossEntropyLoss

Independent runs 𝑛 = 32
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5.2 Bernstein Activation: Definition

We approximate the ReLU function in the 𝑋𝑛,3,3 basis:

bern(𝑥) = 𝑋𝑛,3,3(relu)(𝑥) =
1
2𝑛

∑
𝑛

𝑖=0
(−𝑥)𝑖∑

𝑛

𝑗=0
(3𝑛
3𝑗
)𝐾(𝑛)

𝑖 (𝑗) relu(2𝑗
𝑛
− 1).

Key properties:

Smooth (polynomial) — better gradient flow than ReLU.

Positive — does not invert activations.

Degree-𝑛 polynomial — expressive for moderate 𝑛.

Fast evaluation via the 𝒪︀(𝑛 log 𝑛) transform.
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5.3 Results: Accuracy & F1
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5.3 Results: Accuracy & F1

Across 𝑛 = 32 independent runs, the Bernstein activation improves Accuracy and 

Macro-F1 by ≈ +1.2% (absolute) over both ReLU and GeLU baselines.

95% bootstrap confidence intervals are strictly positive and exclude zero.

Paired 𝑡-test: 𝑝 < 10−5. Cohen’s 𝑑 > 2.0 (large effect).
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5.4 Results: Robustness to Gaussian Noise
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5.4 Results: Robustness to Gaussian Noise

Under additive Gaussian noise with 𝜎 ∈ {0, 0.05, 0.1, 0.2, 0.3}, the Bernstein activation 

maintains a relative performance advantage of ≈ +1% over the baselines across all noise 

levels.

Additionally, average training time is reduced by ≈ 9.3%.
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6.1 Contributions

Theoretical contribution.

Bernstein, Chebyshev (both kinds), and Legendre polynomials all arise from the 

MacWilliams transform 𝑀𝑛 with different diagonal pre-scalings.

This motivates the two-parameter family 𝑋𝑛,𝛼,𝛽, which possibly subsumes BernNet, 

ChebNet, and KrawtchoukNet.

Empirical contribution.

Bernstein activation (𝑋𝑛,3,3) outperforms ReLU and GeLU on MNIST with large 

statistical significance (𝑝 < 10−5, 𝑑 > 2).

Improved noise robustness and reduced training time.
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6.2 Open Questions & Future Work

1. Other polynomial families. What diagonal 𝑑𝑖 corresponds to Jacobi, Hahn, or other 

hypergeometric families?

2. Optimal 𝛼, 𝛽. Systematic search over the parameter plane for graph tasks.

3. GNN experiments. Apply 𝑋𝑛,𝛼,𝛽 as a spectral graph filter on node classification 

benchmarks.

4. Number-theoretic structure. The binomial weights (𝛼𝑛𝛽𝑗 ) carry arithmetic 

information.
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