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Plan of the talk

Part I. Known de�nitions, notation, facts and results

Part II. Our objects of study, numerical observations and conjectures



Dirichlet character modulo q

For arbitrary positive integers n, n1, and n2

χ(n + q) = χ(n)

χ(n) = 0 ⇔ gcd(n, q) > 1

χ(n1n2) = χ(n1)χ(n2)

Character χ(n) is odd if χ(−1) = −1, and even otherwise

δ = δ(χ) =

{
0, if χ(−1) = 1

1, if χ(−1) = −1



Dirichlet L-functions

We exclude the principal character

χ(n) =

{
0, if n ≡ 0 (mod q),

1, otherwise

from our considerations. For all other characters and Re(s) > 0,

Lχ(s) =
∞∑
n=1

χ(n)n−s



Functional equation for (complete) L-function

ξχ(s) = gχ(s)Lχ(s)

where

gχ(s) =
(
π
q

)− s+δ
2

Γ
(
s+δ
2

)
For all s

ξχ(s) = ωξχ̄(1− s)

where

ω = ω(χ) =

∑q
k=1

χ(k)e
2πik
q

iδ
√
q

,

and character χ̄(n) is complex conjugate to χ(n),

χ̄(n) = χ(n)



Theta functions and their functional equations

For every τ such that Re(τ) > 0,

θχ(τ) =
∞∑
n=1

χ(n)nδe−
πn2

q
τ

θχ(τ
−1) = ωτ δ+

1

2 θχ̄(τ) (∗)

Functional equation
ξχ(s) = ωξχ̄(1− s) (∗∗)

for an L-function can be deduced from (∗∗) (after Riemann's deduction of
the functional equation for the zeta function from a theta functional
equation)

Vice versa, A. F. Lavrik [1991] showed that (∗) can be deduced from (∗∗)

(∗) ⇐⇒ (∗∗)



Equivalent forms of theta functional equations

For every τ such that Re(τ) > 0,

θχ(τ
−1) = ωτ δ+

1

2 θχ̄(τ) (∗)

For m = 0, 1, . . . ,

d
m

dτm
(
θχ(τ

−1)
)∣∣∣∣

τ=1

=
d
m

dτm

(
ωτ δ+

1

2 θχ̄(τ)
)∣∣∣∣

τ=1

(∗ ∗ ∗)

(∗) =⇒ (∗ ∗ ∗)
(∗ ∗ ∗) =⇒ (∗)

(∗) ⇐⇒ (∗ ∗ ∗)



Left-hand side of (∗ ∗ ∗)

d
m

dτm
θχ
(
τ−1

)∣∣∣∣
τ=1

=
d
m

dτm

∞∑
n=−∞

χ(n)nδe−
πn2

q
τ−1

∣∣∣∣∣
τ=1

=
∞∑
n=1

χ(n)nδ
d
m

dτm
e
− πn2

q
τ−1

∣∣∣∣
τ=1

=
∞∑
n=1

χ(n)nδEm

(
πn2

q

)
e
− πn2

q

where

Em(x) =

{
1, if m = 0∑m

k=0
(−1)m+k m!

k!

(m−1

k−1

)
xk , otherwise



Right-hand side of (∗ ∗ ∗)

d
m

dτm

(
τ δ+

1

2 θχ̄(τ)
)∣∣∣∣

τ=1

=
d
m

dτm

(
τ δ+

1

2

∞∑
n=1

χ̄(n)nδe−
πn2

q
τ

)∣∣∣∣∣
τ=1

=
∞∑
n=1

χ̄(n)nδ
d
m

dτm

(
τ δ+

1

2 e
− πn2

q
τ
)∣∣∣∣

τ=1

=
∞∑
n=1

χ̄(n)nδFδ,m

(
πn2

q

)
e
− πn2

q

where

Fd ,m(x) =
m∑

k=0

(−1)k
(
m

k

)(
d + 1

2

)m−k
xk

and nk is the falling factorial power,

nk = n(n − 1) . . . (n − k + 1)



Summary of Part I

Em(x) =

{
1, if m = 0∑m

k=0
(−1)m+k m!

k!

(m−1

k−1

)
xk , otherwise

Fd ,m(x) =
m∑

k=0

(−1)k
(
m

k

)(
d + 1

2

)m−k
xk

∞∑
n=1

χ(n)nδEm

(
πn2

q

)
e
− πn2

q = ω

∞∑
n=1

χ̄(n)nδFδ,m

(
πn2

q

)
e
− πn2

q (∗ ∗ ∗)



Matrices with polynomial entries

BN(q) =



E0
(
πN2

q

)
. . . E2N−1

(
πN2

q

)
...

. . .
...

E0
(
π12

q

)
. . . E2N−1

(
π12

q

)
F0,0

(
π12

q

)
. . . F0,2N−1

(
π12

q

)
...

. . .
...

F0,0
(
πN2

q

)
. . . F0,2N−1

(
πN2

q

)


BN(q) is of size 2N × 2N



Matrix BN(q) as a submatrix of BN+1(q)



E0
(
π(N+1)2

q

)
. . . E2N−1

(
π(N+1)2

q

)
E2N

(
π(N+1)2

q

)
E2N+1

(
π(N+1)2

q

)
E0
(
πN2

q

)
. . . E2N−1

(
πN2

q

)
E2N

(
πN2

q

)
E2N+1

(
πN2

q

)
...

. . .
...

...
...

E0
(
π12

q

)
. . . E2N−1

(
π12

q

)
E2N

(
π12

q

)
E2N+1

(
π12

q

)
F0,0

(
π12

q

)
. . . F0,2N−1

(
π12

q

)
F0,2N

(
π12

q

)
F0,2N+1

(
π12

q

)
...

. . .
...

...
...

F0,0
(
πN2

q

)
. . . F0,2N−1

(
πN2

q

)
F0,2N

(
πN2

q

)
F0,2N+1

(
πN2

q

)
F0,0

(
π(N+1)2

q

)
. . . F0,2N−1

(
π(N+1)2

q

)
F0,2N

(
π(N+1)2

q

)
F0,2N+1

(
π(N+1)2

q

)


BN(q) can be viewed as a submatrix the in�nite matrix B∞(q)



Inverse matrices

Matrices BN(q) are not degenerate. Let

α̂N,N(q), . . . , α̂N,1(q), β̂N,1(q), . . . . β̂N,N(q)

be the entries of the top row of matrix B−1

N (q).

∞∑
n=1

χ(n)nδEm

(
πn2

q

)
e
− πn2

q = ω

∞∑
n=1

χ̄(n)nδFδ,m

(
πn2

q

)
e
− πn2

q (∗ ∗ ∗)

αN,j(q) = e
πj2

q α̂N,j(q), βN,j(q) = e
πj2

q β̂N,j(q)



Values of αN,j(q) for q = 2

j N = 20 N = 25 N = 40

1 2+ 2.21 . . . · 10−272
2− 1.57 . . . · 10−424

2+ 4.88 . . . · 10−1087

2 −2− 6.46 . . . · 10−271 −2+ 4.68 . . . · 10−423 −2− 1.44 . . . · 10−1085

3 2+ 1.37 . . . · 10−268
2− 1.04 . . . · 10−420

2+ 3.17 . . . · 10−1083

4 −2− 4.87 . . . · 10−265 −2+ 4.07 . . . · 10−417 −2− 1.20 . . . · 10−1079

5 2+ 3.38 . . . · 10−260
2− 3.26 . . . · 10−412

2+ 9.29 . . . · 10−1075

6 −2− 4.74 . . . · 10−254 −2+ 5.65 . . . · 10−406 −2− 1.54 . . . · 10−1068

7 2+ 1.31 . . . · 10−246
2− 2.17 . . . · 10−398

2+ 5.62 . . . · 10−1061

8 −2− 6.34 . . . · 10−238 −2+ 1.86 . . . · 10−389 −2− 4.55 . . . · 10−1052

9 2+ 2.22 . . . · 10−228
2− 3.60 . . . · 10−379

2+ 8.23 . . . · 10−1042

10 −2+ 3.37 . . . · 10−216 −2+ 1.56 . . . · 10−367 −2− 3.32 . . . · 10−1030

Conjecture. For q = 2, �xed j , and N → ∞,

αN,j(q) →

{
−2, if j ≡ 0 (mod q)

2, otherwise



Values of βN,j(q) for q = 2

j N = 20 N = 25 N = 40

1 2.82842 . . . · 100 2.82842 . . . · 100 2.82842 . . . · 100
2 6.74995 . . . · 10−271 −4.66247 . . . · 10−423

1.45626 . . . · 10−1085

3 2.82842 . . . · 100 2.82842 . . . · 100 2.82842 . . . · 100
4 6.45301 . . . · 10−265 −3.95149 . . . · 10−417

1.28869 . . . · 10−1079

5 2.82842 . . . · 100 2.82842 . . . · 100 2.82842 . . . · 100
6 1.04346 . . . · 10−253 −5.21244 . . . · 10−406

1.86079 . . . · 10−1068

7 2.82842 . . . · 100 2.82842 . . . · 100 2.82842 . . . · 100
8 4.02948 . . . · 10−237 −1.59125 . . . · 10−389

6.57582 . . . · 10−1052

9 2.82842 . . . · 100 2.82842 . . . · 100 2.82842 . . . · 100
10 3.77003 . . . · 10−215 −1.19819 . . . · 10−367

6.15094 . . . · 10−1030

2.82842... ≈ 2
√
2



Values of
√
qβN,j(q) for q = 2

j N = 20 N = 25 N = 40

1 4− 3.16 . . . · 10−272
4+ 2.22 . . . · 10−424

4− 6.91 . . . · 10−1087

2 0+ 9.54 . . . · 10−271
0− 6.59 . . . · 10−423

0+ 2.05 . . . · 10−1085

3 4− 2.21 . . . · 10−268
4+ 1.46 . . . · 10−420

4− 4.63 . . . · 10−1083

4 0+ 9.12 . . . · 10−265
0− 5.58 . . . · 10−417

0+ 1.82 . . . · 10−1079

5 4− 7.85 . . . · 10−260
4+ 4.37 . . . · 10−412

4− 1.48 . . . · 10−1074

6 0+ 1.47 . . . · 10−253
0− 7.37 . . . · 10−406

0+ 2.63 . . . · 10−1068

7 4− 6.14 . . . · 10−246
4+ 2.73 . . . · 10−398

4− 1.04 . . . · 10−1060

8 0+ 5.69 . . . · 10−237
0− 2.25 . . . · 10−389

0+ 9.29 . . . · 10−1052

9 4− 1.17 . . . · 10−226
4+ 4.13 . . . · 10−379

4− 1.88 . . . · 10−1041

10 0+ 5.33 . . . · 10−215
0− 1.69 . . . · 10−367

0+ 8.69 . . . · 10−1030

Conjecture. For q = 2, �xed j , and N → ∞,

√
qβN,j(q) →

{
0, if j ≡ 0 (mod q),

4, otherwise .



Values of αN,j(q) for q = 3

j N = 20 N = 30 N = 40

1 1+ 9.67 . . . · 10−171
1+ 6.61 . . . · 10−392

1+ 1.44 . . . · 10−703

2 1− 5.10 . . . · 10−170
1− 3.47 . . . · 10−391

1− 7.61 . . . · 10−703

3 −2+ 4.95 . . . · 10−169 −2+ 3.33 . . . · 10−390 −2+ 7.31 . . . · 10−702

4 1− 3.29 . . . · 10−167
1− 2.15 . . . · 10−388

1− 4.77 . . . · 10−700

5 1+ 1.78 . . . · 10−164
1+ 1.12 . . . · 10−385

1+ 2.51 . . . · 10−697

6 −2− 7.82 . . . · 10−161 −2− 4.68 . . . · 10−382 −2− 1.07 . . . · 10−693

7 1+ 2.77 . . . · 10−156
1+ 1.56 . . . · 10−377

1+ 3.67 . . . · 10−689

8 1− 7.87 . . . · 10−151
1− 4.17 . . . · 10−372

1− 1.01 . . . · 10−683

9 −2+ 1.78 . . . · 10−144 −2+ 8.84 . . . · 10−366 −2+ 2.26 . . . · 10−677

10 1− 3.20 . . . · 10−137
1− 1.47 . . . · 10−358

1− 4.04 . . . · 10−670

Conjecture. For q = 3, �xed j , and N → ∞,

αN,j(q) →

{
−2, if j ≡ 0 (mod q),

1, otherwise .



Values of
√
qβN,j(q) for q = 3

j N = 20 N = 30 N = 40

1 3− 1.67 . . . · 10−170
3− 1.14 . . . · 10−391

3− 2.50 . . . · 10−703

2 3+ 8.81 . . . · 10−170
3+ 6.05 . . . · 10−391

3+ 1.32 . . . · 10−702

3 0− 8.46 . . . · 10−169
0− 5.89 . . . · 10−390

0− 1.28 . . . · 10−701

4 3+ 5.51 . . . · 10−167
3+ 3.95 . . . · 10−388

3+ 8.53 . . . · 10−700

5 3− 2.88 . . . · 10−164
3− 2.16 . . . · 10−385

3− 4.63 . . . · 10−697

6 0+ 1.21 . . . · 10−160
0+ 9.70 . . . · 10−382

0+ 2.05 . . . · 10−693

7 3− 4.07 . . . · 10−156
3− 3.54 . . . · 10−377

3− 7.38 . . . · 10−689

8 3+ 1.08 . . . · 10−150
3+ 1.05 . . . · 10−371

3+ 2.16 . . . · 10−683

9 0− 2.28 . . . · 10−144
0− 2.52 . . . · 10−365

0− 5.15 . . . · 10−677

10 3+ 3.74 . . . · 10−137
3+ 4.91 . . . · 10−358

3+ 9.97 . . . · 10−670

Conjecture. For q = 3, �xed j , and N → ∞,

√
qβN,j(q) →

{
0, if j ≡ 0 (mod q),

3, otherwise .



Values of αN,j(q) for q = 4 and N ≡ 0 (mod q)

j N = 20 N = 40 N = 80

1 1+ 3.80 . . . · 10−13
1+ 1.80 . . . · 10−26

1+ 1.90 . . . · 10−53

2 0− 7.61 . . . · 10−13
0− 3.61 . . . · 10−26

0− 3.80 . . . · 10−53

3 1+ 3.80 . . . · 10−13
1+ 1.80 . . . · 10−26

1+ 1.90 . . . · 10−53

4 −2+ 5.89 . . . · 10−120 −2+ 1.12 . . . · 10−511 −2+ 2.88 . . . · 10−2113

5 1+ 3.80 . . . · 10−13
1+ 1.80 . . . · 10−26

1+ 1.90 . . . · 10−53

6 0− 7.61 . . . · 10−13
0− 3.61 . . . · 10−26

0− 3.80 . . . · 10−53

7 1+ 3.80 . . . · 10−13
1+ 1.80 . . . · 10−26

1+ 1.90 . . . · 10−53

8 −2+ 1.36 . . . · 10−108 −2+ 2.74 . . . · 10−500 −2+ 7.11 . . . · 10−2102

9 1+ 3.80 . . . · 10−13
1+ 1.80 . . . · 10−26

1+ 1.90 . . . · 10−53

10 0− 7.61 . . . · 10−13
0− 3.61 . . . · 10−26

0− 3.80 . . . · 10−53

Conjecture. For q = 4, �xed j , and N → ∞,

αN,j(q) →


−2, if j ≡ 0 (mod q),

0, if j ≡ 2 (mod q),

1, otherwise .

Conjecture is wrong!



Values of αN,j(q) for q = 4 and N ≡ 1 (mod q)

j N = 21 N = 41 N = 81

1 1/2−2.08 . . .·10−14
1/2−9.62 . . .·10−28

1/2− 1.00 . . . · 10−54

2 1+ 4.17 . . . · 10−14
1+ 1.92 . . . · 10−27

1+ 2.00 . . . · 10−54

3 1/2−2.08 . . .·10−14
1/2−9.62 . . .·10−28

1/2− 1.00 . . . · 10−54

4 −2− 4.51 . . . · 10−133 −2− 2.02 . . . · 10−538 −2− 2.74 . . . · 10−2167

5 1/2−2.08 . . .·10−14
1/2−9.62 . . .·10−28

1/2− 1.00 . . . · 10−54

6 1+ 4.17 . . . · 10−14
1+ 1.92 . . . · 10−27

1+ 2.00 . . . · 10−54

7 1/2−2.08 . . .·10−14
1/2−9.62 . . .·10−28

1/2− 1.00 . . . · 10−54

8 −2− 1.05 . . . · 10−121 −2− 4.96 . . . · 10−527 −2− 6.77 . . . · 10−2156

9 1/2−2.08 . . .·10−14
1/2−9.62 . . .·10−28

1/2− 1.00 . . . · 10−54

10 1+ 4.17 . . . · 10−14
1+ 1.92 . . . · 10−27

1+ 2.00 . . . · 10−54



Values of αN,j(q) for q = 4 and N ≡ 3 (mod q)

j N = 23 N = 43 N = 83

1 2.512950 . . . · 1014 5.719972 . . . · 1027 5.639178 . . . · 1054
2 −5.025901 . . . · 1014 −1.143994 . . . · 1028 −1.127835 . . . · 1055
3 2.512950 . . . · 1014 5.719972 . . . · 1027 5.639178 . . . · 1054
4 −1.999999 . . . · 100 −1.999999 . . . · 100 −1.999999 . . . · 100
5 2.512950 . . . · 1014 5.719972 . . . · 1027 5.639178 . . . · 1054
6 −5.025901 . . . · 1014 −1.143994 . . . · 1028 −1.127835 . . . · 1055
7 2.512950 . . . · 1014 5.719972 . . . · 1027 5.639178 . . . · 1054
8 −1.999999 . . . · 100 −1.999999 . . . · 100 −1.999999 . . . · 100
9 2.512950 . . . · 1014 5.719972 . . . · 1027 5.639178 . . . · 1054
10 −5.025901 . . . · 1014 −1.143994 . . . · 1028 −1.127835 . . . · 1055



Main conjectures about the limiting values

Conjecture. For every q, M, and j , there are the limits

α∞
M,j(q) = lim

N→∞
αqN+M,j(q) and β∞

M,j(q) = lim
N→∞

βqN+M,j(q).

Limits α∞
M,j(q) and β∞

M,j(q) can be either real numbers or +∞ or −∞.

Periodicity by M. From the above de�nition, if M1 ≡ M2 (mod q), then

α∞
M1,j(q) = α∞

M2,j(q) and β∞
M1,j(q) = β∞

M2,j(q).

Conjecture (periodicity by j). For every q, M, j1 and j2,
if j1 ≡ j2 (mod q) then

α∞
M,j1(q) = α∞

M,j2(q) and β∞
M,j1(q) = β∞

M,j2(q).

Conjecture (symmetry by j). For every q, M, j1 and j2,
if j1 + j2 ≡ 0 (mod q) then

α∞
M,j1(q) = α∞

M,j2(q) and β∞
M,j1(q) = β∞

M,j2(q).



Conjectured limiting values of αM,j(q) for q = 2

Conjecture (repeated). For q = 2, �xed j , and N → ∞,

αN,j(q) →

{
−2, if j ≡ 0 (mod q)

2, otherwise

Conjecture (equivalent formulation). For q = 2, values of α∞
M,j(q) are

as follows:

j M = 0 M = 1

0 −2 −2
1 2 2



Conjectured limiting values of
√
qβM,j(q) for q = 2

Conjecture (repeated). For q = 2, �xed j , and N → ∞,

βN,j(q) →

{
0, if j ≡ 0 (mod q),

4, otherwise .

Conjecture (equivalent formulation). For q = 2, values of
√
qβ∞

M,j(q)
are as follows:

j M = 0 M = 1

0 0 0
1 4 4



Conjectured limiting values for q = 3

Conjecture. For q = 3, values of α∞
M,j(q) are as follows:

j M = 0 M = 1 M = 2

0 −2 −2 −2
1 1 1 1
2 1 1 1

Conjecture. For q = 3, values of
√
qβ∞

M,j(q) are as follows:

j M = 0 M = 1 M = 2

0 0 0 0
1 3 3 3
2 3 3 3



Conjectured limiting values for q = 4

Conjecture. For q = 4, values of α∞
M,j(q) are as follows:

j M = 0 M = 1 M = 2 M = 3

0 −2 −2 −2 −2
1 1 1/2 1 +∞
2 0 1 0 −∞
3 1 1/2 1 +∞

Conjecture. For q = 4, values of
√
qβ∞

M,j(q) are as follows:

j M = 0 M = 1 M = 2 M = 3

0 0 0 0 0
1 2 3 2 −∞
2 4 2 4 +∞
3 2 3 2 −∞



Values of αN,j(q) for q = 5 and N ≡ 0 (mod q)

j N = 25 N = 50 N = 75

1 8.0901699 . . . · 10−1
8.0901699 . . . · 10−1

8.0901699 . . . · 10−1

2 1.9098300 . . . · 10−1
1.9098300 . . . · 10−1

1.9098300 . . . · 10−1

3 1.9098300 . . . · 10−1
1.9098300 . . . · 10−1

1.9098300 . . . · 10−1

4 8.0901699 . . . · 10−1
8.0901699 . . . · 10−1

8.0901699 . . . · 10−1

5 −2.0000000 . . . · 100 −2.0000000 . . . · 100 −2.0000000 . . . · 100
6 8.0901699 . . . · 10−1

8.0901699 . . . · 10−1
8.0901699 . . . · 10−1

7 1.9098300 . . . · 10−1
1.9098300 . . . · 10−1

1.9098300 . . . · 10−1

8 1.9098300 . . . · 10−1
1.9098300 . . . · 10−1

1.9098300 . . . · 10−1

9 8.0901699 . . . · 10−1
8.0901699 . . . · 10−1

8.0901699 . . . · 10−1

10 −2.0000000 . . . · 100 −2.0000000 . . . · 100 −2.0000000 . . . · 100

1+
√
5

4
= 0.80901699...

3−
√
5

4
= 0.19098300...



Conjectured limiting values for q = 5
Conjecture. For q = 5, values of α∞

M,j(q) are as follows:

j M = 0 M = 1 M = 2 M = 3 M = 4

0 −2 −2 −2 −2 −2

1 1+
√
5

4

3−
√
5

4

3−
√
5

4

1+
√
5

4
+∞

2 3−
√
5

4

1+
√
5

4

1+
√
5

4

3−
√
5

4
−∞

3 3−
√
5

4

1+
√
5

4

1+
√
5

4

3−
√
5

4
−∞

4 1+
√
5

4

3−
√
5

4

3−
√
5

4

1+
√
5

4
+∞

Conjecture. For q = 5, values of
√
qβ∞

M,j(q) are as follows:

j M = 0 M = 1 M = 2 M = 3 M = 4

0 0 0 0 0 0

1 5+
√
5

4

15−
√
5

4

15−
√
5

4

5+
√
5

4
+∞

2 15−
√
5

4

5+
√
5

4

5+
√
5

4

15−
√
5

4
−∞

3 15−
√
5

4

5+
√
5

4

5+
√
5

4

15−
√
5

4
−∞

4 5+
√
5

4

15−
√
5

4

15−
√
5

4

5+
√
5

4
+∞



Conjectured limiting values for q = 6
Conjecture. For q = 6, values of α∞

M,j(q) are as follows:

j M = 0 M = 1 M = 2 M = 3 M = 4 M = 5

0 −2 −2 −2 −2 −2 −2
1 0 0 0 0 0 +∞
2 4 0 1 0 4 −∞
3 −6 2 0 2 −6 +∞
4 4 0 1 0 4 −∞
5 0 0 0 0 0 +∞

Conjecture. For q = 6, values of
√
qβ∞

M,j(q) are as follows:

j M = 0 M = 1 M = 2 M = 3 M = 4 M = 5

0 0 0 0 0 0 0
1 0 4 3 4 0 +∞
2 12 0 3 0 12 +∞
3 −12 4 0 4 −12 −∞
4 12 0 3 0 12 +∞
5 0 4 3 4 0 +∞



Values of αN,j(q) for q = 7

j N = 70 N = 105

1 −2.45551370798360 . . . · 10−25 −1.26217744919883 . . . · 10−29

2 2.80193773580483 . . . · 100 2.80193773580483 . . . · 100
3 −1.80193773580483 . . . · 100 −1.80193773580483 . . . · 100
4 −1.80193773580483 . . . · 100 −1.80193773580483 . . . · 100
5 2.80193773580483 . . . · 100 2.80193773580483 . . . · 100
6 −2.45551370798360 . . . · 10−25 −1.26217744919883 . . . · 10−29

7 −2.00000000000000 . . . · 100 −2.00000000000000 . . . · 100
8 −2.45551370798360 . . . · 10−25 −1.26217744919883 . . . · 10−29

9 2.80193773580483 . . . · 100 2.80193773580483 . . . · 100
10 −1.80193773580483 . . . · 100 −1.80193773580483 . . . · 100
11 −1.80193773580483 . . . · 100 −1.80193773580483 . . . · 100
12 2.80193773580483 . . . · 100 2.80193773580483 . . . · 100
13 −2.45551370798360 . . . · 10−25 −1.26217744919883 . . . · 10−29

14 −2.00000000000000 . . . · 100 −2.00000000000000 . . . · 100

1+ 2 cos
(
π
q

)
= 2.80193773580483...



Conjectured limiting values for q = 7 and N ≡ 0 (mod q)

Conjecture. For q = 7, values of α∞
M,j(q) are as follows:

j M ∈ {0, 5} M ∈ {1, 4} M ∈ {2, 3} M = 6

0 −2 −2 −2 −2

1 0
2 cos

(
π
q

)
−2 cos

(
2π
q

)
−1 1−2 cos

(
2π
q

)
+∞

2
2 cos

(
π
q

)
+1

0
2 cos

(
2π
q

) −∞

3 −2 cos
(

π
q

)
−2 cos

(
π
q

)
+2 cos

(
2π
q

)
+2

0 +∞

4 −2 cos
(

π
q

)
−2 cos

(
π
q

)
+2 cos

(
2π
q

)
+2

0 +∞

5
2 cos

(
π
q

)
+1

0
2 cos

(
2π
q

) −∞

6 0
2 cos

(
π
q

)
−2 cos

(
2π
q

)
−1 1−2 cos

(
2π
q

)
+∞



Final conjectures

Conjecture. For every q, M, and j , there are rational numbers

a0, . . . , a⌊q/2⌋ and b0, . . . , b⌊q/2⌋ such that

α∞
M,j(q) =

q/2∑
k=0

ak cos
(
πk
q

)
and

√
qβ∞

M,j(q) =

q/2∑
k=0

bk cos
(
πk
q

)
.

Conjecture. For every q, M, and j , if j ≡ 0 (mod q) then

α∞
M,j(q) = −2 and β∞

M,j(q) = 0.



Thank you for attention!

http://logic.pdmi.ras.ru/~yumat

http://logic.pdmi.ras.ru/~yumat

