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Plan of the talk

Part I. Known definitions, notation, facts and results

Part 1. Our objects of study, numerical observations and conjectures



Dirichlet character modulo g

For arbitrary positive integers n, ni, and n

x(n+q) = x(n)
x(n)=0 < gcd(n,q) >1
x(mnz) = x(m)x(n)

Character x(n) is odd if x(—1) = —1, and even otherwise

B )0, if x(-1)
5_50‘)_{1, if x(—1)

1
-1



Dirichlet L-functions

We exclude the principal character

x(n) = {O, ifn=0 (mod g),

1, otherwise

from our considerations. For all other characters and Re(s) > 0,

Ly(s) =) x(mn~*
n=1



Functional equation for (complete) L-function

&x(s) = gx(s)Lx(s)

where
gls) = (2) 7 ()
For all s
&x(s) = wéz(1 =)
where

27ik

X (ke
g

and character x(n) is complex conjugate to x(n),

w = w(x)

X(n) = x(n)



Theta functions and their functional equations

For every 7 such that Re(7) > 0,

Trn2

Ox(7) = Z X(”)”ée_TT

Oy (1Y) = wr't265(r) (+)

Functional equation
&x(s) = wéz(1 —s) ()

for an L-function can be deduced from (xx) (after Riemann’s deduction of
the functional equation for the zeta function from a theta functional
equation)

Vice versa, A.F.Lavrik [1991] showed that (%) can be deduced from ()

() = (xx)



Equivalent forms of theta functional equations

For every 7 such that Re(7) > 0,
b (r71) = wrt265(r) ()

For m=0,1,...

dm

L) = S (wr o) an

=1 =1

) = (%)
() = (%)
) —

(3 % %)



Left-hand side of ( * x)

dm B m 00
Tt () = nz_:mx(n an
- s dm _a?
= x(n)n° ——e
nZ:; ( ) drm =1
= Zx(n)n E ( ) )
n=1

where

m\X =
S o (—1)mtkm (T:ll)xk, otherwise



Right-hand side of ( * x)

d™ s+l
—— (77T20%(7) =
dr ( X )T_l
where
Fam(x) =

k

>

dm P wn?
P mots Z)Z(n)n‘se_TT
-

n=1

=1
oo
dm 1 __mn?

- 0 0+5,—— T
x(mn® — <7’ 2¢ @ >
nz::l drm =1
> 7rn2
Z)Z(n)néFg’m(%"z)efT

n=1

] (—1)k<’:> (d+ 3)™xk

and nk is the falling factorial power,

n“=nn—1)...(n—k+1)



Summary of Part |

ifm=0

— k .
1 )x , otherwise

) a4t




Matrices with polynomial entries

Bn(q) = EO<%>

Bn(q) is of size 2N x 2N

[ EO(L’f)




Matrix By(q) as a submatrix of Byi1(q)

s iy 2 e 2 e
Eo( (Nqﬂ) ) . Esz1( (N:,rl) ) E2N< (N:,rl) > E2N+1< (N:U
Eo (%,2) R = YA (Lglz> EzN(Lglz> Eonia (Lglz)
Eo <LC1,2> . Bna <LC1,2> E2N<%> Eongt <Léz)
Foo(%) . F0,2N—1<¥> Fo 2N(%) F0,2N+1<¥>
Fo o =N E N2 E N2 E <LNZ)
0,0( %5 0.2n—1{ g o2n | Ty 0.2n+1 (g
2 2 2 2
Fo0 W(Nqﬂ) ) Foz/v—l( (Nqﬂ) ) Fop (W(NJF ) ) Fo 2N+1<W(N:1)

Bn(q) can be viewed as a submatrix the infinite matrix B (q)




Inverse matrices

Matrices By(q) are not degenerate. Let

(5 * %)



Values of ap j(q) for g =2

J N =20 N =25 N = 40
1 24221...-107272 2-157...-1074% 2+4.88....101087
2| —2—-6.46...-107%"1 | —24+468...-107%%3 | —2—1.44....107108
3 2+1.37...-107268 2—-1.04....107420 2+3.17...-1071083
4| —2—-487...-1072% | —24+4.07...-107%7 | —2—-1.20...-107107
5 2+3.38...-107260 2-3.26...-107412 2+49.29....10"1075
6 || —2—474...-107%%* | —24565...-107%06 | _2 _ 154, . .10"1068
7 2+1.31...-107%6 2-2.17...-1073%% 2+4+5.62....101061
8| —2—-6.34...-1072%8 | —24+1.86...-107389 | —2—455....1071052
9 24222....1072%8 2—-360...-10737 2+4+823...-1071042
10 || —24+3.37...-107216 | _2 4 156...-1073%7 | —2 —3.32....10"1030

Conjecture. For g =2, fixed j, and N — oo,

-2, ifj=0 (mod q)

2, otherwise

anj(q) = {



Values of Sy (q) for g =2

Jj N =20 N =25 N = 40
1 2.82842...-10° 2.82842...-10° 2.82842...-10°
2 6.74995...- 10727t | —4.66247...-1074%3 1.45626 ... 1071085
3 2.82842...-10° 2.82842...-10° 2.82842...-10°
4 6.45301...-107265 | —3.05149... 1047 1.28869 ... 1071079
5 2.82842...-10° 2.82842...-10° 2.82842...-10°
6 1.04346...-107253 | _521244 . . .107406 1.86079. .. 101068
7 2.82842...-10° 2.82842...-10° 2.82842...-10°
8 4.02048...-1072%7 | —1.59125....10389 6.57582...- 1071052
9 2.82842...-10° 2.82842...-10° 2.82842...-10°

10 3.77003...-1072% | —1.19819....107367 6.15094 . ... 101030

2.82842... ~ 2v/2



Values of \/qBn (q) for g =2

N =25

N = 40

j N =20

1 4-316...-1072"?
2 0+954...-10721
3 4-221....107268
4 0+9.12...-10265
5 4-785...-1072%0
6 0+1.47...-1072%8
7 4-6.14....10~26
8 0+5.69...-10"23
9 4—-1.17...-107226
10 0+5.33...-10721

44+222....1074%
0—6.59... 10742
441.46...-107%20
0—5.58...-107%7
44437...-107412
0—7.37...-107406
44273....1073%
0—225...-1073%
44413....10737
0—1.69... 107367

4-691....101087
0+2.05...-107108%
4 —463....1071083
0+1.82...-107107
4 —148....1071074
0+2.63... 101068
4—-1.04...-1071060
0+9.29....101052
4-1.88...-107104
0+8.69... 101030

Conjecture. For g =2, fixed j, and N — oo,

VaBn,j(q) — {

4, otherwise .

0, ifj=0 (modq),




Values of ap j(q) for g =3

j N =20 N =30 N = 40

1| 14+967...-1007* | 1+661...-1073%2 | 1+1.44....10"70
2| 1-510...-10°Y0 | 1-347....107%' | 1-761....10°703
3| —2+495....1071° | —2+333....1073%0 | —24+7.31....10"702
41 1-329...-107%7 | 1-215....107388 | 1-477....10°7
5{ 1+4178...-107%% | 1+112....107%8 | 1+251....1076%
6| —2-782...-10716 | —2_468...-1073%2 | —2-1.07....107°%
7| 1+277...-107%6 | 1+156...-10°37 | 1+3.67...-1076%
8| 1-787...-10°%1| 1-417...-10°32| 1-1.01...-10°6%
9| —2+1.78...-10714 | —2+884...-10736 | —24+226....107677
10| 1-320...-107%%7 | 1-1.47...-1073% | 1_4.04....10-57°

Conjecture. For g = 3, fixed j, and N — oo,

-2, ifj=0 (mod q),

1, otherwise .

anj(q) = {



Values of \/qBn (q) for g =3

N =30

N = 40

j N =20

1 3-167...-10°170
2 34881...-10°170
3 0—8.46...-107169
4 34+551...-107167
5 3-288...-10°164
6 0+1.21....10°160
7 3—-4.07...-10°1%6
8 3+4+1.08...-1071%0
9 0—228...-1071#
10 343.74...-1071%7

3—-1.14...-1073%1
3+6.05...-1073%%1
0—5.89...-10739
3+395...-107388
3-2.16...-10738
0+9.70... 107382
3—354...-10737"
34+1.05...-10731
0—252...-1073%
3+4+4.91...-107358

3—-250...-107793
34+1.32....10779
0—128...-107 701
3+8.53....10°700
3—4.63...-1079%
0+2.05...-107993
3-7.38...-107689
3+42.16...-1079%
0—5.15...-107977
3+4+9.97...-107670

Conjecture. For g = 3, fixed j, and N — oo,

VaBn,j(q) — {

3, otherwise .

0, ifj=0 (modq),




Values of ay j(q) for g =4 and N =0 (mod q)

j N =20 N = 40 N = 80

1| 1+380...-10°53 1+180...-10°2 1+1.90...-10°5
2| 0-761....10713 0—3.61...-1072 0-3.80...-10°%3
3| 1+380...-10713 1+1.80...-1072 1+1.90...-10753
4| —2+589...-10712° | —24+1.12...-1075 | —2+2.88....10°2!13
5{ 1+380...-10713 1+1.80...-10726 1+1.90... 10753
6| 0-761...10713 0—361....1072 0-3.80... 10753
7| 1+380...-10713 1+41.80...-1072° 1+1.90...-10°53
8| —2+1.36...-107108 | —24+274....10750 | _247.11....10-2102
9| 1+380...-10713 1+1.80...-1072 1+1.90...-10753
10| 0-761...-10713 0—3.61... 1072 0-3.80...-107%

Conjecture. For g = 4, fixed j, and N — oo,

an(q) —

Conjecture is wrong!

-2, ifj=0
0, ifj=2

1, otherwise .

(mod q),
(mod q),




Values of ayj(q) for g =4 and N=1 (mod q)

fi N =21 N =41 N =81

1 1/2-2.08...-107* [ 1/2-962...-1072® | 1/2-1.00...-107%
2 1+4.17...-1071 1+1.92...-107% 1+2.00...-1075
3 1/2-2.08...-107* | 1/2-962...-1072 | 1/2-1.00...-10~%
41 —2—-451...-1071%% | —2-202....107%%8 | —2-2.74....1072167
5 1/2-2.08...-107* | 1/2-962...-.107% | 1/2-1.00...-107%
6 1+417...-107% 14+1.92...-107% 1+2.00...-107%
7 1/2-2.08...-107* | 1/2-962...-107%% | 1/2-1.00...-107%
8| —2-1.05...-107%* | —2-4.96...-107%% | —2 - 6.77... 1072156
9 1/2-2.08...-107* | 1/2-962...-1072® | 1/2-1.00...-107%
10 1+417...-107% 14+1.92...-10°% 1+2.00...-10~%




Values of ay j(q) for g =4 and N =3 (mod q)

Jj N =23 N =43 N =283
1 2.512950...- 10%* 5.719972...-10% 5.639178...-10%
2 || —5.025901...-10% | —1.143994...-10%8 | —1.127835...-10°®
3 2.512950... - 10 5.719972 ... . 10% 5.639178...-10%
4 || —1.999999...-10° | —1.999999...-10° | —1.999999...-10°
5 2.512950... - 10% 5.719972. .. - 10% 5.639178...-10%
6 || —5.025901...-10% | —1.143994...-10%8 | —1.127835...-10°®
7 2.512950. .. 10%* 5.719972...-10% 5.639178. .. - 10%
8 || —1.999999...-10° | —1.999999...-10° | —1.999999...-10°
9 2.512950. .. - 10 5.719972 ... 10% 5.639178...-10%
10 || —5.025901...-10%* | —1.143994...-10%® | —1.127835...-10%




Main conjectures about the limiting values
Conjecture. For every q, M, and j, there are the limits
am(q) = ,Jiﬂman+M,j(Q) and By ;(q) = ,JiﬂwﬁqN+MJ(Q)-

Limits afy ;(q) and 837 ;(q) can be either real numbers or +00 or —oo.
Periodicity by M. From the above definition, if M; = M, (mod g), then
Conjecture (periodicity by j). For every q, M, j1 and j,
if i =Jj» (mod q) then

ay (@) =af,(a)  and By (q) = B, (a)-

Conjecture (symmetry by j). For every q, M, j1 and j,,
if 1 +j2 =0 (mod q) then

ofin(@) =0Rin(a)  and  BF(a) =i (9):



Conjectured limiting values of ap j(q) for g = 2
Conjecture (repeated). For g = 2, fixed j, and N — o,

-2, ifj=0 (mod q)
2, otherwise

an,j(q) — {

Conjecture (equivalent formulation). For q = 2, values of ajy /(q) are
as follows:

M=0| M=1
-2 -2
1 2 2

O ~.




Conjectured limiting values of /g8 j(q) for g =2

Conjecture (repeated). For g = 2, fixed j, and N — o,

0, ifj=0 (mod gq),
(q) —
Bn.j(q) {47 otherwise .

Conjecture (equivalent formulation). For q = 2, values of \/q8}y (q)
are as follows:

M=0| M=1

O ~.




Conjectured limiting values for g = 3

Conjecture. For q = 3, values of ajy /(q) are as follows:

M=0|M=1|M=2
-2 -2 -2
1
1 1 1

N R O|-.

Conjecture. For g = 3, values of \/aﬁ,?f,”j(q) are as follows:

M=0|M=1| M=2
0 0 0
3 3 3

3 3 3

N — O|-.




Conjectured limiting values for g = 4

Conjecture. For q = 4, values of ajy /(q) are as follows:

i M=0[M=1[M=2]M=3]
0| -2 —2 —2 —2
1 1 1/2 1 +00
2 0 1 0 —00
3 1 1/2 1 +00

Conjecture. For q = 4, values of \/qB}; :(q) are as follows:

jIIM=0| M= M=2 | M=3
0 0 0 0 0

1 2 3 2 —00
2 4 2 4 +00
3 2 3 2 —00




Values of ayj(q) for g=5and N =0 (mod q)

3—-V56

= 0.19098300...

b N = 25 N =50 N =75
1| 8.0901699...-10~1 | 8.0001699...-10~! | 8.0901699... 101
2 || 1.9098300...-10"! | 1.9098300...-101 | 1.9098300...- 10!
3| 1.9098300...-10"! | 1.9098300...-10"1 | 1.9098300...- 10!
41 8.0901699...-10~! | 8.0901699...-10"! | 8.0901699... 101
5 || —2.0000000...-10° | —2.0000000...-10° | —2.0000000...- 10°
6 || 8.0901699...-10~! | 8.0901699...-101 | 8.0901699...- 10!
7| 1.9098300...-107! | 1.9098300...-101 | 1.9098300...- 10!
8| 1.9098300...-10"! | 1.9098300...-10"1 | 1.9098300...- 10!
9| 8.0901699...-10"! | 8.0901699...-10"1 | 8.0901699...- 101
10 || —2.0000000...-10° | —2.0000000...-10° | —2.0000000... - 10°
L+ V5 _ 0.80901699...




Conjectured limiting values for g =5
Conjecture. For q =5, values of oy ;(q) are as follows:

| j[M=0[M=1[M=2]|M=3][M=4]
0 -2 -2 -2 -2 )

1 1+5 36 36 1+v5 +o00
4 4 4 4
9 3—6 1+/6 1+/6 3—v6 o0
Vs | 1B | 1B | 3B
3— _
3 7} 7} —00
4

4 1
1+v5 3—/5 3—/5 1+v5
Z Z +0oo

] ]

Conjecture. For q =5, values of \/qB}; :(q) are as follows:

[ j[M=0M=1|M=2[M=3][M=4]
0 0 0 0 0 0
1 5-‘:—4\/5 15—4\/5 15?/5 5+4\/§ oo
9 || 15=vE | 5+v6 545 | 15—v6 00
15f\/§ 5+4¢§ 5+4\/§ 15f¢§
3 7 2 —00
4

4 4
5+v/5 15—v/5 15—5 5+/5 +o0
a 1 7] 1




Conjectured limiting values for g = 6
Conjecture. For q = 6, values of ay; .(q) are as follows:

jIM=0[M=1[M=2[M=3][M=4[M=5|

0 -2 -2 -2 -2 -2 -2
1 0 0 0 0 0 +oo
2 4 0 1 0 4 —00
3 —6 2 0 2 —6 400
4 4 0 1 0 4 —00
5 0 0 0 0 0 +00

Conjecture. For q = 6, values of \/qB}; .(q) are as follows:

j | M=0[M=1[M=2|M=3[M=4]|M=5|

0 0 0 0 0 0 0

1 0 4 3 4 0 +00
2 12 0 3 0 12 +oo
3 —12 4 0 4 —12 —00
4 12 0 3 0 12 400
5 0 4 3 4 0 400




Values of ayj(q) for g =7

Jj N=70 N =105

1 || —2.45551370798360...-10~2° | —1.26217744919883...-10~2°

2 2.80193773580483. .. - 10° 2.80193773580483. .. - 10°

3 || —1.80193773580483. .. - 10° —1.80193773580483 ... - 10°

4 || —1.80193773580483...-10° —1.80193773580483 ... - 10°

5 2.80193773580483. .. - 10° 2.80193773580483. .. - 10°

6 || —2.45551370798360...-1072% | —1.26217744919883...-10~2°

7 || —2.00000000000000. .. - 10° —2.00000000000000. . . - 10°

8 || —2.45551370798360...-10"2° | —1.26217744919883...-10~2°

9 2.80193773580483. .. - 10° 2.80193773580483. .. - 10°
10 || —1.80193773580483... - 10° —1.80193773580483 ... - 10°
11 || —1.80193773580483... - 10° —1.80193773580483 ... - 10°
12 2.80193773580483. .. - 10° 2.80193773580483. .. - 10°
13 || —2.45551370798360... 10725 | —1.26217744919883...-10~%°
14 || —2.00000000000000. .. - 10° —2.00000000000000. . . - 10°

1+ 2cos (g) — 2.80193773580483...




Conjecture. For q =7, values of ajy :(q) are as follows:

Conjectured limiting values for g =7 and N =0 (mod q)

[j[Me{o5}]

[l =

M e {1,4}

[ Me{23} [M=6]

-2

0
2 cos(%)Jrl
—2cos

—2cos

(2
(5

— N—

2 cos(%)Jrl

0

-2 cos( >+2 cos

-2

2

1—2cos( =&
q

-2
“+o00

—0o0

“+o00

+oo

—00

“+00




Final conjectures

Conjecture. For every q, M, and j, there are rational numbers
ag,---,d|q/2] and by, ..., qu/2J such that

q/2 q/2
ap(q) = kzo ay cos (%‘,") and VaBu j(q) = kZ;J by cos (%") )

Conjecture. For every q, M, and j, if j =0 (mod q) then

ai(q)

-2 and B j(q) = 0.



Thank you for attention!

http://logic.pdmi.ras.ru/"yumat
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