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Preliminaries

Consider the zeta function ζ3 of the ternary quadratic form
x2 + y 2 + z2. It is defined on C and meromorphic with only
singularity at the point 3/2. Let us write ζ ′3 for its derivative.

We intend to report on some unexpected numerical observation
on distribution of the zeros of ζ ′3 over the complex plane C.

To be clear I should begin with a more general preliminaries.
In connection with number theory and modular forms theory
we know a large class of L-functions. In particular, that are
the Riemann zeta function, the Dirichlet L-functions with
characters, the Dedekind zeta function of algebraic number
fields, the Epstein zeta functions of integral quadratic forms,
the L-functions of modular forms.

The ζ3 is one of the Epstein zeta functions.
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In sufficiently wide context, by L-functions it is understood
meromorphic functions L : C → C defined by Dirichlet series

L(s) =
∞∑
n=1

cn
ns

(for s ∈ C with sufficiently large Re s)

and satisfying Riemann’s type functional equation

R s Ω(s) L(s) = Rh−s Ω(h − s) L(h − s).

Here R and h are real positive numbers, cn ∈ C for all n, Ω(s)
is a finite product of terms like Γ(αs + β) with real α > 0 and
β ∈ C, Γ being the Euler gamma function.
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In this context, one has the critical strip {s ∈ C | 0 ≤ Re s ≤ h}
and the critical line Re s = h/2.

The trivial zeros of L are the ones located at the poles of Ω.

The on-line zeros of L are the ones located on the critical line.

All remaining ones are called the off-line zeros of L.
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The Riemann zeta function

ζ(s) =
∞∑
n=1

1

ns
=

∏
p

(
1− 1

ps

)−1

, s ∈ C.

is the first of all the L-functions. Here the product runs over prime
numbers p. We expect all of its non-trivial zeros are located on the
critical line Re s = 1/2. That is Riemann conjecture.

In general, if some L-function admits expansion to a similar Euler
product of local factors over p, then we expect its non-trivial zeros
are located on few vertical lines on C. Say, for the L-function
s 7→ ζ(s) ζ(s − 11), s ∈ C, that are Re s = 1/2 and Re s = 23/2.
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Zeta functions of quadratic forms

If L-function admits no Euler product expansion, then distribution
of its zeros over C occures to be entirely different. We have a large
class of such functions attached to integral positive quadratic forms.
Given ineger k ≥ 1 and s ∈ C with Re s > k/2, let

ζk(s) =
∞∑
n=1

rk(n)

ns
,

where rk(n) is the number of representations of n as

n = x21 + x22 + . . .+ x2k , x1, . . . , xk ∈ Z.
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These ζk are L-functions. Namely, for any k one has

ζk admits meromorphic continuation to all of C;
the only its singularity is a simple pole at the point k/2;

π−s Γ(s) ζk(s) = π−(k/2−s) Γ(k/2− s) ζk(k/2− s), s ∈ C;
negative integers are simple zeros of ζk (trivial zeros);

the critical strip is {s ∈ C | 0 ≤ Re s ≤ k/2};
the critical line is Re s = k/4;

Only few of ζk admit Euler product expansions. That are

ζ1(s) = 2 ζ(2s), ζ2(s) = 4 ζ(s) L(s, χ),

ζ4(s) = 8 (1− 22−2s) ζ(s) ζ(s − 1),

ζ8(s) = 16 (1− 21−s + 24−2s) ζ(s) ζ(s − 3),

where L(·, χ) is the Dirichlet L-function with quadratic χ (mod4).
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More complicated expressions like

ζ6(s) = −4 ζ(s) L(s − 2, χ) + 16 ζ(s − 2) L(s, χ), s ∈ C.

one has for some other ζk with even k . By numerical computation
with ζ6 we observe that its zeros are concentrated mainly near the
semi-critical lines

Re s = 5/2 and Re s = 1/2.

The functions ζk with odd k occures to be more complicated to
study and the case k = 3 is of special interest.
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The zeta function ζ3 of the ternary form.

We have evaluated all non-trivial zeros of ζ3 within the strip

| Im s | < 800000.

Non-trivial zeros lie symmetrically about the real axis and about the
critical line Re s = 3/4. So that it was sufficient to find

the zeros located on the half-line Re s = 3/4, Im s ≥ 0;

the zeros located in the quadrant Re s > 3/4, Im s ≥ 0.

All the zeros computed are simple. Not all of them are located in the
critical strip {s ∈ C | 0 < Re s < 3/2}. Also, we have computed some
zeros of the derivative ζ ′3 of the function ζ3.
We present our results by diagrams.
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The real axis splits in intervals of length 0.01.
If [a, b] is one of them, then the height of
the bar over [a, b] equals to the number

of zeros ρ of ζ3 with
a < Re ρ ≤ b,

0 < Im ρ < 800000.
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ζ ′3(s) = −
∞∑
n=1

r3(n)

ns
log(n), Re s > 3/2.

The height of the bar over [a, b] equals
to the number of zeros ρ of ζ ′3 with

a < Re ρ ≤ b,
768000 < Im ρ < 800000.
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On methods of computations

For computation of the L-functions values, one needs expressions
which are valued for all s ∈ C and not only for s with large Re s.
As that, we have functional equations with free parameters known
also as smoothed functional equations, given (in general form) by
Lavric. For the zeta function ζ3 of ternary quadratic form, that is

ζ3(s) =
( ηs−3/2

s − 3/2
− ηs

s

) πs

Γ(s)
+

∞∑
m=1

r3(m)

ms

Γ(s, πmη)

Γ(s)

+π2s−3/2Γ(3/2− s)

Γ(s)

∞∑
m=1

r3(m)

m3/2−s

Γ(3/2− s, πmη−1)

Γ(3/2− s)
,

Here η ∈ C, Re η > 0, and we write Γ for the gamma and for the
incomplete gamma functions.
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We obtain convenient formula by choosing the free parameter η
with |η | = 1 and arg η = π/2− ξ/ Im s with some fixed ξ > 0.
For computation with large | Im s |, one needs about | Im s | terms
in the series for ζ3(s).

Another approach to computation of ζ3 is based on very specific
Selberg–Chowla formula. That is

ζ3(s) = 4ζ(s)L(s, χ) +
2π

s − 1
ζ(2s − 2) +

4πs

Γ(s)

∞∑
n=1

R(n, s)Ks−1(2π
√
n)

with Riemann ζ and Dirichlet quadratic χmod 4. Also, here Ks−1

denotes the Bessel–Macdonald function and

R(n, s) = n(s−1)/2
∑
u2|n

r(n/u2)

u2s−2
and r(m) = 4

∑
d |m

sin
πd

2
.

The systems used for computation are PARI and MAPLE.
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