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Abstract. One gives some numerical observation on distribution of real parts
of zeros of L-functions with no euler product expansions. It is introduced the
concept of semi-critical lines. In particular, it is considered the zeta-function
ζ3 of the quadratic form x2+y2+z2 and its derivative ζ′3. Unexpected results
of calculations of the zeros of ζ′3 are shown.

Preliminaries

By L-functions we understand meromorphic functions on C de�ned by convergent
Dirichlet series

L(s) =
∑
n

cn
ns

, cn ∈ C,

for s ∈ C with su�ciently large Re s, and satisfying Riemann type functional
equation

Rs Ω(s)L(s) = Rl−s Ω(l − s)L(l − s),

where R and l are real positive numbers, and Ω(s) is the product of terms like
Γ(αs + β) with Euler gamma-function Γ and with some real α > 0 and β. If L
admits Euler expansion as a product of local factors (i. e. can be written as a
product over prime numbers similar to that for the Riemann ζ function) then one
expects its zeros are placed on the critical line Re s = l/2 (excepting the trivial
zeros, which are related to the poles of gamma-factors of Ω). This is the general
Riemann hypothesis.
On the other hand, if L admits no Euler product then distribution of real parts of
its zeros occurs to be di�erent. We have studied numerically L-functions aiming
to understand possible distribution of real parts of their zeros. Most of them are
zeta-functions of quadratic forms. Our observation is the following:

The o�-line zeros are concentrated mainly near the semi-critical lines.

That is based just on numerical computation of zeros. We have no rigorous proof.
Recall, the o�-line zeros are the non-trivial zeros located out of the critical line.
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By semi-critical lines we mean the lines Re s = ω and Re s = l − ω,
where ω is abscissa of the half-plane with mean values, see [2], that
is ω is de�ned to be the in�mum of the set of all σ such that∫

I

|L(σ + it)|2dt = O(T ) as T → ∞

if I = (−T, T ) \ (−C,C) does not pass through any pole of L.

Zeta-functions of the quadratic forms

Consider the zeta-functions ζk of the quadratic forms x2
1 + x2

2 + . . . + x2
k. The ζk

are meromorphic functions on C. Given for s ∈ C with Re s > k/2 by the series

ζk(s) =

∞∑
n=1

rk(n)

ns
,

where rk(n) is the number of solutions of the equation x2
1 + x2

2 + . . . + x2
k = n in

x1, . . . , xk ∈ Z. For the ζk one has Riemann type functional equation

π−s Γ(s) ζk(s) = π−(k/2−s) Γ(k/2− s) ζk(k/2− s),

the critical line Re s = k/4, and the critical strip consisting of s ∈ C with 0 ≤
Re s ≤ k/2. One knows, �nite limit

lim
T→∞

1

T

T∫
1

|ζk(σ + it)|2dt exists i� σ > (k − 1)/2.

so that the semi-critical lines are Re s = (k − 1)/2 and Re s = 1/2. Some (very
few) of ζk admit Euler product expansions. We have

ζ1(s) = 2 ζ(2s), ζ2(s) = 4 ζ(s)L(s, χ),

ζ4(s) = 8 (1− 22−2s) ζ(s) ζ(s− 1),

ζ8(s) = 16 (1− 21−s + 24−2s) ζ(s) ζ(s− 3), s ∈ C,

where ζ is the Riemann zeta-function, L(·, χ) is the classical Dirichlet L-function, χ
is the only primitive quadratic character mod 4. Accepting the Riemann conjecture
for ζ and L(·, χ), for non-trivial zeros we have the following:

• the zeros of ζk with k = 1, 2 are located on the critical lines Re s = k/4;
• the zeros of ζ4 are located on the lines Re s = 3/2, Re s = 1/2 and on the
critical line Re s = 1;

• the zeros of ζ8 are located on the lines Re s = 7/2, Re s = 1/2 and on the
critical line Re s = 2.

For zeta-functions of quadratic forms in k ≥ 4 variables, one can apply modular
forms theory to get expressions in terms of Riemann zeta-function, Dirichlet L-
functions and L-functions of parabolic forms. Say, we have

ζ6(s) = −4 ζ(s)L(s− 2, χ) + 16 ζ(s− 2)L(s, χ), s ∈ C.
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On zeta-functions of quadratic forms see [3], [4]. By computation with ζ6 and with
some other ζk, we observe [1] that the zeros are concentrated mainly near the
semi-critical lines Re s = (k − 1)/2 and Re s = 1/2.

The zeros of ζ3 and ζ ′3

The function ζ3 is of special interest. Distribution of its non-trivial zeros is shown
on the histogram below. The line Re s = 1 is a semi-critical one.
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The real axis is split into segments of length 0.01.

The height of the column over the segment [a, b]

is equal to the number of the zeros ρ of ζ3 with

a < Re ρ ≤ b, 0 < Im ρ < T , T = 800000.

The histogram and further computation with larger T support our conjecture.

The o�-line zeros are concentrated mainly near the semi-critical lines.
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Now, consider the derivative ζ ′3 of the function ζ3. The function ζ ′3 admits no Euler
product expansion and does not satisfy Riemann type functional equation. On the
next histogram we show distribution of its zeros. The zeros ρ taken into account
are the ones with Re ρ > 0.64. The critical line for ζ3 is Re s = 3/4.
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ns
log(n), if Re s > 3/2.

The real axis is split into segments of length 0.01.

The height of the column over [a, b] is equal to the

number of the zeros ρ of ζ ′3 with a < Re ρ ≤ b

and T − 32000 < Im ρ < T , T = 800000.

We see a local maximums near some points ϑ′ ≈ 1.2 and ϑ ≈ 0.83. The concen-
tration of zeros near the line Re s = ϑ is extremely high.

We may conjecture that a lot of zeros of ζ ′3 are concentrated along

the line Re s = 5/6 but we have no proof or any explanation for that.

On the formulas used for computation

For numerical study of L-functions one needs expressions for L(s) which are valued
for all s ∈ C and not only for s with large Re s. As that, we have used `functional
equations with free parameters' which are known also as `smoothed functional
equations'. For general setting see [5], [6]. In particular, for ζ3 that is

π−sΓ(s) ζ3(s) =
ηs−3/2

s− 3/2
− ηs

s
+ π−s

∞∑
m=1

r3(m)

ms
Γ(s, πmη)

+ πs−3/2
∞∑

m=1

r3(m)

m3/2−s
Γ(3/2− s, πmη−1),
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where we write Γ(s, z) for the upper incomplete gamma function. The free parame-
ter η ∈ C is subject the only condition Re η > 0. We obtain convenient approxima-
tion by choosing η with |η | = 1 and arg η = π/2− 1/ Im s or arg η = π/2− ξ/ Im s
with some �xed real ξ > 0. For computation of ζ3(s) with large | Im s|, one needs
about | Im s| terms in the series in the right-hand side.

The system used for computation is PARI (http://pari.math.u-bordeaux.fr ).
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