Symmetric polynomials, exterior power
of the polynomial ring in one variable

Timur R. Seifullin

Abstract. We consider the r-th exterior power of the polynomial ring in one
variable as a module over a ring of symmetric polynomials in r variables. It
was obtained explicit expressions of symmetric polynomials via elementary
symmetric polynomials.
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Let R be a commutative ring, z be a variable. R[z]®" is a commutative algebra
over R as a tensor product of commutative algebras over R.

There is an isomorphism of algebras over R
ve 1 Rlzilizie] — R[], 2 = 120" D@re120—9) for i=1,r.

The isomorphism vy induces the isomorphisms of algebras over R
ts"(R[z;]i=1,r]) = TS"(R][z]).

Here
ts"(R[x;|i=1,r]) is the set of all symmetric polynomials in R[z;|i=1,,],

TS"(R|[z]) is the set of all symmetric tensors in R[z]®".
N (R[z]) is a module over TS"(R|[z]).
Then, by the isomorphism vs, \"(R[z]) is a module over ts" (R[x;|i=1.])-

Elementary symmetric polynomials o, (x;|;=1,) are coefficients of the polynomial

T

T

[[(@—z) = 3 op(@ili=1,r)-2" 7.
i=1 p=0

Convention 1. Let r>1. We put

Tp = op(i]i=1,r) for p=0,r.
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Theorem 1. Let A=2, r=3, d=r—1,

d+A
hi(x) = hi’g'l'é fori=1,r,
5=0

) hia haoa hza

S(x1,z9,23) =det||T2 1 hiz2 haoo hspg|

Then

S(w1, 22, 3) € t"(R[(2:) = |i=1,]) C 18" (R[(24) =2 ]i=1,]),
and

S(z@121, 1®re1, 19lez) (22 AztAz®) = hi(z)Ahs(z)Ahs(z).

The last equality is equivalent to

2?2zt 2 hi(z1)  h2(x1)  hs(21)
S(ay,wz,xs)-det |3 @y af|| = det||h(22) ha(z2) ha(xs)|.
3z} hi(zs) ha(xs) hs(zs)

Theorem 2. Let A=2, r=3, d=r—1,

S(w1, w2, x3) € t5"(R[(2:) %% i=1,4])-
If

S(z@1®1, 1ez®l, 19ler) (x? Azt Az’) = S (R (z) AR (2) AR (2)]geQ),
where

d+A
hi(x) = 520 h375~$6 fori=1,r, for qeq,

then

S(Z‘l,fﬂg,xg): Z det EQ 51 htfz hgz th .
€@ a3 o2 hi, hi, hi,

The first is equivalent to

R hi(z1) h5(z1)  hi(z1)
S(z1, w2, 23)det |23 x) 23| = 3 det ||hi(xa) hi(z2) hi(z2)].
x3 xy xy  9€Q hi(zz) h5(x3) hi(xs)

Thus ts" (R[(z;)5%]i=1,0]) C ts"(R[(z:) S |iz1.0]) 2.



Symmetric polynomials, exterior power

Theorem 3. Let A=3, r=3, d=3,

d+A
hi(x) = hi’g'l'é fori=1,r.
6=0
Then
hl(l')/\hg(ai)/\hg(l‘)
o0 hie haog hse
71 -1 his has hsp
T2 -1 o0 hia haoa hsa
— det T3 -1 o1 0o hiz hosz hs3 .
-1 T2 o1 hig hap hizp
o3 02 hii hoi hsa
o3 hio hao hspo
A\ 3 2?2 ozt 2O

Thus \"(R[z]S4H2) C ts" (R[(2:) <2 |i=1,)- A" (R[z]S7).

Denote by V(x1,z2;x). a map R[z] — Rz, 2] ~ R[z]®@R][z] such that
(x1—x2) (V(21,22;2)s F(2)) = F(a1)—F(22).

Then V(z1,x9; ). is a cocommutative and coassociative coproduct. By a coasso-

ciativity of the the coproduct V(z1,zo; ), it determines the coproduct
V(ziliz1.r; )« Rlz] = Rlzi)iz1,] ~ R[z]®".

Lemma 1. Let © be a variable, F(x) be a polynomial. Then

1. V(2i|i=1.0; %)« F(2) is a symmetric polynomial in (x;]i=1,r).

2 (Vi ri)e F@)det a7 = det [P ]2,
=l TS
3. det ||.’17: Jszl o H( H (xz_xk)) = H (xl—xk)
’ i=1 k=i+1 i,k:1<i<k<r

Let x; = 120D @2@1%( =% for 4 = 1,7, then 2 of lemma 1 is equivalent to

(VGalio i) F@)-(A ") = F(x)/\(j/:r\Q )
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Example 1. Let d=3, r=4, A=r—1,

X1 = zR1INI®], X = IQxR1IR], x3 = I01RzR]1, x4 = 101R1IRx,

d+A
F(x) = 520 Fs-af,

then 2 of lemma 1 is equivalent to

(V(x1,%2,%3,X4; 7)s F(2))-(23A22 A2t A20) = F(2) Az AxtAal,

and by of theorem 2

V(m1,$2,$3,$4; x)* F(J")

0o
o1 0o
o2 01
= det 53 52
04 O3
[
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