Symmetric polynomials, exterior power
of the polynomial ring in one variable

T. R. Seifullin

Let R be a commutative ring, x be a variable.
Let r>0.
Let (x;]i=1,) be a tuple of variables.
R[z]|®" is a commutative algebra over R as a tensor product of commutative algebras over R.
Denote by ts"(R[z;];=1,]) the set of all symmetric polynomials in R[z;|;=1 ]
Denote by TS"(R|z]) the set of all symmetric tensors in R[x]®".
TS"(R[x]) is a commutative subalgebra over R of R[z]®".
Denote by A"(R[z]) the r-th exterior power of R[z].
N (R[x]) is @ module over TS"(R[x]).
There is an isomorphism of algebras over R
V' Rlziliz1,] = R[2)®7, 2 = 180 YR201907) for i=1, 7.
The isomorphism »" induces an isomorphism of algebras over R

vl ts" (Rlxiliz10]) = TS"(R]z]).

Define

t(R[ziliz1, )5 = R[(2:) i1,

ts(Rlwiliz1,])>7 = ts(R[zil iz, DN t(R[2i] iz, ]) =
If d'<d" then

ts(R[i]i=1,])=" C ts(Rlas|im )=
there holds

ts(R[zi]i=1,,]) =" ts(R[zliz1 1)) =" C ts(R[z;]iz1 ,]) =4

i. e. ts(R[z|iz1,]) is semigraded algebra.



Elementary symmetric polynomials o,(z;|;—1,) for p = 0,7 are coefficients of the polynomial

T

(r—2i) = 32 op(iliz1,r)-2" .
1 p=1

—

o(zili=1,)(7) = ;

There holds

0p(Tiliz1r) € ts(Rlwg]im1,]) ="

We put

Gp = 0p(xiliz1,) for p=0,7.

Theorem 1. Let A=2, r=3, d=r—1,

d+A
hi(z) = (SZO h,-75~x5 fori=1,r,

00(331, T2, xs) h1,4 h2,4 h3,4
o1 ($17 L2, xg) 00(1‘1, Za, $3) h1,3 h2,3 h3,3
S(Z’l,l’g,l’g) = det O'Q(ZE17.I'2,I'3) Ul(ZEl,ZEQ,JZg) h/LQ h272 ]’L372 .
03($17 X2, 5U3) 02($1, X2, IB3) h1,1 h271 h3,1
03(901, T2, 5U3) hl,O h2,0 h3,0

Then
S(21, 29, 23) € (ts(R[z;]i=1,])51)" C ts(R[2g]i1,0]) =2,
S(z@1®1, 1021, 101Qx)-(2*Ax' Az®) = hy(x)Ahy(z)Ahs(z).

The last equalily 1s equvalent to

l’% .CC% .%'(1) hl(.flll) hg(ﬂfl) hg(l’l)
S([L’l, T, Zlfg)'det l’g JI% (L’g = det hl ($2) hg(l’g) hg(xg) .
vy @y g hi(zs) ho(ws) hs(zs)



Example 1.1. Let

hi(z) = 3,
ho(z) = 2,
hs(z) = o
Then
00(331,332,1’3) h1,4 h2,4 h3,4
01(3317372,553) 00(13171172,$3) h1,3 h2,3 h3,3
S(xy, 9, x3) = det ||oa(x1, T2, 23)  01(21,22,73) h12 heo hao
03(I17$2,9€3) 02($17$2,$3) h1,1 h2,1 h3,1
03($1,$2,SB3) hl,O hz,o hs,o
00(9017332,353)
01(9517952,33'3) 00(901>5C275173) 1
= det ||oo(z1, T2, x3) 01(T1, 2o, X3) 1 = —det oo(x1, T2, 73)
03($1,$2,$3)
o3(x1, T, x3)  09(21, T2, T3) 1
03($1,$2,$3)
= —oo(x1, g, 23)-03(x1, T, ¥3) = —(1(21)-1(22)-1(x3)) (—z12973)
= T1X273,

S(z@11, 10re1, 191Q)- (22 Az Ax?)
= ((z®121)-(102z®1)-(10101))- (22 Azt Az°)
= ((z1-1)®(1-z-1)®(1-1-2))- (22 Az AxP)
= (z@z®z)- (2’ Ax' A2°) = (z-2*)A(z-2")A(2-2°)
= 3Nz At
hi(z)Aho(z)Ahg(z) = 23 Az Azt

Then
S(z1®1, 1001, 1010)- (22 Azt Ax®) = hy(x)Aho(x)Ahs(z).

This corresponds to theorem 1.




Example 1.2. Let

hi(z) = o4,
hz(l'):l'g,
hs(z) = x?
Then
00(331,332,1’3) h1,4 h2,4 h3,4
01(3317372,553) 00(13171172,$3) h1,3 h2,3 h3,3
S(xy, 9, x3) = det ||oa(x1, T2, 23)  01(21,22,73) h12 heo hao
03(I17$2,9€3) 02($17$2,$3) h1,1 h2,1 h3,1
03($1,$2,SB3) hl,O hz,o hs,o
oo(x1, g, 73) 1
01(9517952,33'3) 00(901>5C275173) 1
— det 0'2(.731,‘%'271'3) 0'1(.1’1,./1527,1'3) 1l = det 0'3(.1:17‘%'271'3) 02<x1,$2,x3)
03(I1,$27$3)
03($1,$2,$3) 02($1,$27$3)
03($1,$2,$3)

= 03(21, T2, 13)-03(71, T2, T3) = (—T17273)(—T17273)
~ ataded

S(z®1®1, 1021, 191Q)- (22 Az Ax?)
= ((z®121)* (10z®1)? (110x)?)-(z* Azt Ax°)
= (22®1?°®1?)-(1?02°®1%)-(1?®12®2?))- (22 Azt Az?)
= ((z*1%1?)®@(12-221*)®(12-1%.2%))- (22 Azt Az")
= (2*@2*@2?) (P’ Ar' Ax?) = (22 2?)A\ (2?2t ) A (2%20)
= a:4/\x3/\x2,

hi(z)Ahy(z)Ahs(z) = 2 AxB A

Then
S(z@1®1, 10r®1, 101Qx)- (22 Ax' Az®) = hy(x)Ahy(z)Ahs().

This corresponds to theorem 1.



Theorem 2. Let A=2, r=3, d=r—1,
S(.I'l, 56'27.%'3) € tS(R[l’i‘i:LT])SA.

If

S(z11, 1001, 1010x)- (22 Az Az?) = S (hi(z)AhL ()AL (Z)),

where
d+A

hi(z) = > h;{(s-x‘s fori=1,r, for ¢€Q,
5=0
then

qe@ o5

(

(
S(x1,x9,23) = > det ||oa(x1, T2, T3

(

The first is equivalent to

2 .1
ri T X

q€Q

0
1

S(zy, w9, z3)-det |23 x) 29| = > det ||hi(z2) h
0

2 1 4€Q
T3 T3 I3




Example 2.1. Let
S(z1, z9, x3) = T3 +a3+23.
We have
S(z11, 10r®1, 1010)- (22 Az Ax?)
= ((z@121)*+(10r21)*+(101@7)?) - (2 Ax' AzP)
= (*@1?@1’+1?°@2*®12+12°®12®2?) - (2> Azt Az?)
= (?’Q121+102°01+101x2?) (22 Azt Az?)
= (22@11)-(2?Ax' AzY) + (102221)- (22 Az A2?) + (101®2?)- (22 Az Ax?)
= (22 2)AN(1-2HA(1-2%) + (L) A (222 )A(1-2Y) + (T-2?)A(1-zP)A(22-20)
= (AT ALO) 4+ (22 A3 A20) + (22 At Ax?)
= (2*A2'Az2%) — (23A22NA20).
Then by of theorem 2

S($17x27x3)

O'o(.]?l,l‘g,l‘g) 1 0'0(33171‘2,1‘3)
O'1(£E1,JL‘2,1‘3) 0'0($1,:E2,1‘3) 0'1($1,1‘2,ZL‘3) 0'0(5[31,56‘2,1‘3) 1
= det 02(561,1’2,1’3) 01($ , L2, T 3) — det 0'2(’121,$2,£L'3) 01(1’1,1’2,:173) 1
03($1,1’2,$3) 02(.% Io,x 3) 1 03(£E17£L'2,£C3) 02($17$2,$3)
(73(1}1,1'27%‘3) 1 (73(1'171‘2,{1}3) 1

o1(z1,22,23) 0o(1,22,23) _

= det
0’2(331756271‘3) 0'1('1:1,.1:271'3)

o3(x1,x2,23) 02(x1, T2, T3)

= (01(x1, T2, 23)-01(x1, T2, X3)—00 (21, T2, 23)-02(T1, T2, T3))
—(o0(x1, T2, 23)-02(21, T2, 23))

= o1(x1, T2, x3)-01(21, T2, x3)—2-00(T1, T2, x3)-02(T1, T2, T3)

= (—z1—22—23)2—2-(1)- (21 - w2+ 11 - 23+ T2 73)

= (23 +23+ 23422120 +2-71 - w3+2-29-73) — 2:(71-To+T1- T3+ T2 T3)

= ai+ai+ad

= S(xl,.’lig,mg,).



Example 2.2. Let A=3, r=2, d=r—1,

F(z) = Fy-2®+Fy-a'+ Fy-a?,

S(x1,x9,x3) = F(x1)-F(22)-F(23).
We have

S(z®11, 1021, 191®)- (22 Az Ax?)

= (F(z®1®1)-F(10z®1)-F(101®2))- (x* Ax' Ax?)

= ((F(2)®121)-(10F(2)®1)- (1010 F(x)))-(z?Azx' Ax°)
(F(2)11)®(1-F(z)1)®(1-1-F(x)))-(x* Az AxP)
= (F(z)@F(2)@F (x)) (z* Az Ax?)
= (F(z)-a)A(F (x)-2 )A(F(x)-2°).

Then by of theorem 2

Uo($1,$2,$3) Fy
01(951,»’172,1'3) Uo($1,$2,$3) Fy B
5(1‘1,1'2,{['3) = det 0'2(5171,372,333) 0'1(131,372,%3) FO F1 F2
03(5E17$2,$3) 02(I17$2,$3) Fy F
03($1,I2,$3) Fy

= Res(o(x1, x9, 23), F).



Let
f(x) = (z=A)-(x=Xo)-(x=X3) = fo-a®+ fora®+ froa'+fo-a°.
Then
f(x) = o0(A1, Ao, A3)- 2P +01 (A1, Ao, A3)-22+02( A1, Ao, A3)- 2t +03(A1, Ao, A3)-a?,
hence,
Uo()\1,)\2,)\3) = f3, 01()\1,)\2,)\3) = f2, 02()\1,)\27>\3) = f1, 03(/\1,/\2,/\3) = f0>
o (A1, A2, A3) (@) = 00(A1, A2, Ag)- 2 +01 (A1, A2, Ag)- 2 +02(A1, A2, Ag)- ' +03 (A1, Ao, Ag)-2”
= fya’+for?+ frat+foz® = f(2).
We have
S(A1, A2, A3) = F(A1)-F(X2)-F(X3),

00(A1, Az, Az) Fy
01()\17)\27)\3) 00(>\1,>\2,>\3) Fy By
S(A1, A2, Az) = det [|oa( A1, A2, Ag)  o1( A1, Ao, As) Fo F [
03()\1,)\2,>\3) 02()\1,)\2,)\3) Fy Fy
03(>\17)\27>\3) Fy
/3 Fy
fo fo F1 By
:det fl fl F() F1 FQ :RGS(O'<)\1,)\2,)\3),F):RGS(f,F).
fo fo Fy Fy
I3 Fy




Denote by V!(z1,x9;2), a map Rlz] — Rz, 75] ~ R[z]®@R[z] such that
(21—29) (VY (1, 22; )4 F(x)) = F(21)—F(29).

Such map exists and is unique, it is linear over R.

Then Vl(xl,xg;x)* 15 a cocommutative coproduct, 1. e.
Vi(z1, x5 7)s = V2o, 715 7)s,

and coassociative coproduct, i. e.
Vi1, x9;2)s V2, 23;7) = V29, 23, 7), V(21,25 7),.

By a coassociativity of the coproduct V!(xy, x9; ), it determines the coproduct

V' 2]z ) Rlz] = Rlziliz1,] ~ R[z]®".

For polynomial F(x) denote
VT_IF(xi’izl,r) = Vr_l(%‘i:m;ll?)* F(z).
Lemma 1. Let F(z) be a polynomial. Then
1. V' Y zi|iz10; @) F(x) is a symmetric polynomial in (z;]i=1,)-

2. (V" N &ilizr; 2)s F(x))-det||la] |2y = det||F(x;) =) 7|2

J=Lr J=2r

Let x; = 120D ®@a®1%0~9) for i=1,r, then 1 of lemma 1 is equivalent to

(V" licrri@)e F@)-(Aa7) = F(x)A(/:\l ),

j=1

Example 2.3. Let d=3, r=4, A=r—1.
d+A

F(z)= Y Fsa°,
5=0
then 2 of lemma 1 by of theorem 2 is equivalent to
(V3(x1, X9, X3, X4;0) 5 F(2))-(23N22 A2 A2°) = F(x)Ax* Axt A,
and hence by of theorem 2

V3<x17 T2, T3, Ty, .I)* F(x)

0o F
E]_ 60 F5 —
— — gy Fg
09 01 Oy F4 = o F
_ 1 0 5
=det|log T2 71 F3 =det|l_ 7 _ )

—_ 9 01 09 Fy
o4 03 09 Fy 1 _

o3 02 01 I3

o4 O3 F1 1
04 FO 1



Theorem 1. Let A=2, r=4, d=r—1,

d+A
hi(z) = (SZ:O his-x® for i=1,r,

S(x1, w9, x3,14) = det

Then
S(x1, w2, w3, 24) € (ts(Rzliz1,])<H)? C ts(Rlwslizr,])=2,
S(ze1elel, 19relel, 19lerel, 19leler)-(z3Az? Azt Ax?)
= hy(x)Aho(z)Ahs(x)Ahy(x).

The last equality 1s equvalent to

azz xi xi xg hi(z1) ho(xy) hs(zy) ha(z)
Ty T3 Ty T hi(z2) ho(za) hg(za) hy(xs)
S(x1, o, x5, xq)-det ||72 72 72 T2 — det || ! ;
(21, 22, 3, 24)-de xy a3 ry 4 hi(ws) ho(ws) hs(zs) ha(zs)
xf xf ry oy hi(ws) ho(ws) ha(zs) ha(zs)

and also is equivalent to

S(.’,Ul,l'27l'3,f134)

V3h1($1,$27$3,l‘4) V3h2(x1,$2,$3,$4) v h3($17x2,$3,x4) V3h4(1‘1,$2,l‘3,$4)
— det V hl(l’ ZEQ,JC3) V2h2(x 172,.1E3) v2h3(56 1‘2,:133) V2h4(x $2,1‘3)

Vlhl(xl,ﬁﬂz) lhz(xl,iﬂz) 1}13(1’1@2) V1h4(9€175€2)

VOhy(z1) VOha(z1) VOhs(z1) VOhy(z1)

10



Theorem 2. Let A=2, r=3, d=r—1,
S(x1, w9, w3, 74) € ts(Rlwiliz1,]) =2
If
S(r®191®1, 100101, 1910r®1, 19101Qz)- (2* Az Azt Az)
= %(h‘i(w)/\h%(@Ahg(m)/\hi(w)),
q€<

where
d+A

hi(x) = Zh(;m fori=1,r, for q€Q,

then

( )
o1(21, T2, 23, 84)  00(1, 2,3, 24) DT, h3, h§, hi,
02($1,$2,$3,9€4) 01(I17$2,$3,$4) h(fg hgs h§3 hZ:s
S(zy, 29,3, 24) = det K ' ’ ’
(21,22, 25, 74) q%;g 03(T1, T2, T3, 74) 02(T1, 2,73, 74) hi, R, RS, R,
U4(]}1,.T27.T3,x4> 0’3(./1517,’,5'2,553,.1'4) h?l hgl h’gl hﬁql,l
( )

The first is equivalent to

xi xz :ci xg hzgzli h%g:clg h%gxlg h%g:m;
TS TS5 Ts X hi(x hi(xz hi(x hi(x
S(y, w9, s, mg)-det ||T2 T2 T2 T2l 5~ goq ||PatF2) Nalr2) - Rglra) - hula
(o g ma)detl) g 02 b a0l = 209 nt(ag) ni(ag) hi(es) h(as)]|
xh oy owh o oaf hi(ws) hg(wa) hi(rs) hi(zs)

and also is equivalent to

S($1,$27$3,x4)

Vgh ($1,$2,$3,$4) V3h2($1,l’2,$37.’£4) V3hq(:c1,at2,x3,x4) v3h4(.’1717.’1?2,$3,$4)
~ Y det hi(x1,xa, x3) V2hi(x1, xa, 13) V2hq(x T2, T3) V2hi(x1, xa, 23)
qeQ Vlhq(xl,xQ) Vlhq(zl,xg) (1‘1,1‘2) 1hq(56171‘2)

VOn{(zy) VOhd(z1) Vohq(aﬂ ) VOh(z1)

Thus ts(R[z|i=1.,])=2 C (ts(Rlx;)i=1,])SH) 2.

11



Let r=2. The determinant

Vlhl (Ih IQ) Vth(Z‘l, Ig)

det Hvohl(ﬂfl) Vohg(l’l)

is called a Bezoutian of polynomials hi(x), he(z).

What are called determinants of such type

V3h1($1,x2,x3,x4) Vohy(1, T2, T3, 24)

det V2h1($1,l’2,l’3> V2h2(x1,x2,x3)
vlhl(l’hxz) v1h2($1,$2)
Vohl(l’l) vohg(l‘l)

12

VPhy(y1, 2, 23, T4)
V2h4<l’1, Ta, $3)
V1h4<l’1, SL’Q)
V0h4(x1)



