
Symmetric polynomials, exterior power
of the polynomial ring in one variable

T. R. Seifullin

Let R be a commutative ring, x be a variable.

Let r≥0.

Let (xi|i=1,r) be a tuple of variables.

R[x]⊗r is a commutative algebra over R as a tensor product of commutative algebras over R.

Denote by tsr(R[xi|i=1,r]) the set of all symmetric polynomials in R[xi|i=1,r].

Denote by TSr(R[x]) the set of all symmetric tensors in R[x]⊗r.

TSr(R[x]) is a commutative subalgebra over R of R[x]⊗r.

Denote by
∧r(R[x]) the r-th exterior power of R[x].∧r(R[x]) is a module over TSr(R[x]).

There is an isomorphism of algebras over R

νr: R[xi|i=1,r] → R[x]⊗r, xi 7→ 1⊗(i−1)⊗x⊗1⊗(r−i) for i=1, r.

The isomorphism νr induces an isomorphism of algebras over R

νr
s : tsr(R[xi|i=1,r]) → TSr(R[x]).

De�ne

t(R[xi|i=1,r])
≤d = R[(xi)

≤d|i=1,r],

ts(R[xi|i=1,r])
≤d = ts(R[xi|i=1,r])∩ t(R[xi|i=1,r])

≤d.

If d′≤d′′ then

ts(R[xi|i=1,r])
≤d′ ⊆ ts(R[xi|i=1,r])

≤d′′;

there holds

ts(R[xi|i=1,r])
≤d′ · ts(R[xi|i=1,r])

≤d′′ ⊆ ts(R[xi|i=1,r])
≤d′+d′′;

i. e. ts(R[xi|i=1,r]) is semigraded algebra.
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Elementary symmetric polynomials σp(xi|i=1,r) for p = 0, r are coe�cients of the polynomial

σ(xi|i=1,r)(x) =
r∏

i=1

(x−xi) =
r∑

p=1

σp(xi|i=1,r)·xr−p.

There holds

σp(xi|i=1,r) ∈ ts(R[xi|i=1,r])
≤1.

We put

σp = σp(xi|i=1,r) for p=0, r.

Theorem 1. Let 4=2, r=3, d=r−1,

hi(x) =
d+△∑
δ=0

hi,δ·xδ for i=1, r,

S(x1, x2, x3) = det

∥∥∥∥∥∥∥∥∥∥
σ0(x1, x2, x3) h1,4 h2,4 h3,4

σ1(x1, x2, x3) σ0(x1, x2, x3) h1,3 h2,3 h3,3

σ2(x1, x2, x3) σ1(x1, x2, x3) h1,2 h2,2 h3,2

σ3(x1, x2, x3) σ2(x1, x2, x3) h1,1 h2,1 h3,1

σ3(x1, x2, x3) h1,0 h2,0 h3,0

∥∥∥∥∥∥∥∥∥∥
.

Then

S(x1, x2, x3) ∈ (ts(R[xi|i=1,r])
≤1)△ ⊆ ts(R[xi|i=1,r])

≤△,

S(x⊗1⊗1, 1⊗x⊗1, 1⊗1⊗x)·(x2∧x1∧x0) = h1(x)∧h2(x)∧h3(x).

The last equality is equvalent to

S(x1, x2, x3)·det

∥∥∥∥∥∥
x2
1 x1

1 x0
1

x2
2 x1

2 x0
2

x2
3 x1

3 x0
3

∥∥∥∥∥∥ = det

∥∥∥∥∥∥
h1(x1) h2(x1) h3(x1)
h1(x2) h2(x2) h3(x2)
h1(x3) h2(x3) h3(x3)

∥∥∥∥∥∥.

2



Example 1.1. Let

h1(x) = x3,

h2(x) = x2,

h3(x) = x1.

Then

S(x1, x2, x3) = det

∥∥∥∥∥∥∥∥∥∥
σ0(x1, x2, x3) h1,4 h2,4 h3,4

σ1(x1, x2, x3) σ0(x1, x2, x3) h1,3 h2,3 h3,3

σ2(x1, x2, x3) σ1(x1, x2, x3) h1,2 h2,2 h3,2

σ3(x1, x2, x3) σ2(x1, x2, x3) h1,1 h2,1 h3,1

σ3(x1, x2, x3) h1,0 h2,0 h3,0

∥∥∥∥∥∥∥∥∥∥

= det

∥∥∥∥∥∥∥∥∥∥
σ0(x1, x2, x3)
σ1(x1, x2, x3) σ0(x1, x2, x3) 1
σ2(x1, x2, x3) σ1(x1, x2, x3) 1
σ3(x1, x2, x3) σ2(x1, x2, x3) 1

σ3(x1, x2, x3)

∥∥∥∥∥∥∥∥∥∥
= −det

∥∥∥∥σ0(x1, x2, x3)
σ3(x1, x2, x3)

∥∥∥∥
= −σ0(x1, x2, x3)·σ3(x1, x2, x3) = −(1(x1)·1(x2)·1(x3))(−x1x2x3)

= x1x2x3,

S(x⊗1⊗1, 1⊗x⊗1, 1⊗1⊗x)·(x2∧x1∧x0)

= ((x⊗1⊗1)·(1⊗x⊗1)·(1⊗1⊗x))·(x2∧x1∧x0)

= ((x·1·1)⊗(1·x·1)⊗(1·1·x))·(x2∧x1∧x0)

= (x⊗x⊗x)·(x2∧x1∧x0) = (x·x2)∧(x·x1)∧(x·x0)

= x3∧x2∧x1,

h1(x)∧h2(x)∧h3(x) = x3∧x2∧x1.

Then

S(x⊗1⊗1, 1⊗x⊗1, 1⊗1⊗x)·(x2∧x1∧x0) = h1(x)∧h2(x)∧h3(x).

This corresponds to theorem 1.
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Example 1.2. Let

h1(x) = x4,

h2(x) = x3,

h3(x) = x2.

Then

S(x1, x2, x3) = det

∥∥∥∥∥∥∥∥∥∥
σ0(x1, x2, x3) h1,4 h2,4 h3,4

σ1(x1, x2, x3) σ0(x1, x2, x3) h1,3 h2,3 h3,3

σ2(x1, x2, x3) σ1(x1, x2, x3) h1,2 h2,2 h3,2

σ3(x1, x2, x3) σ2(x1, x2, x3) h1,1 h2,1 h3,1

σ3(x1, x2, x3) h1,0 h2,0 h3,0

∥∥∥∥∥∥∥∥∥∥

= det

∥∥∥∥∥∥∥∥∥∥
σ0(x1, x2, x3) 1
σ1(x1, x2, x3) σ0(x1, x2, x3) 1
σ2(x1, x2, x3) σ1(x1, x2, x3) 1
σ3(x1, x2, x3) σ2(x1, x2, x3)

σ3(x1, x2, x3)

∥∥∥∥∥∥∥∥∥∥
= det

∥∥∥∥σ3(x1, x2, x3) σ2(x1, x2, x3)
σ3(x1, x2, x3)

∥∥∥∥
= σ3(x1, x2, x3)·σ3(x1, x2, x3) = (−x1x2x3)·(−x1x2x3)

= x2
1x

2
2x

2
3,

S(x⊗1⊗1, 1⊗x⊗1, 1⊗1⊗x)·(x2∧x1∧x0)

= ((x⊗1⊗1)2·(1⊗x⊗1)2·(1⊗1⊗x)2)·(x2∧x1∧x0)

= (x2⊗12⊗12)·(12⊗x2⊗12)·(12⊗12⊗x2))·(x2∧x1∧x0)

= ((x2·12·12)⊗(12·x2·12)⊗(12·12·x2))·(x2∧x1∧x0)

= (x2⊗x2⊗x2)·(x2∧x1∧x0) = (x2·x2)∧(x2·x1)∧(x2·x0)

= x4∧x3∧x2,

h1(x)∧h2(x)∧h3(x) = x4∧x3∧x2.

Then

S(x⊗1⊗1, 1⊗x⊗1, 1⊗1⊗x)·(x2∧x1∧x0) = h1(x)∧h2(x)∧h3(x).

This corresponds to theorem 1.
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Theorem 2. Let 4=2, r=3, d=r−1,

S(x1, x2, x3) ∈ ts(R[xi|i=1,r])
≤△.

If

S(x⊗1⊗1, 1⊗x⊗1, 1⊗1⊗x)·(x2∧x1∧x0) =
∑
q∈Q

(hq
1(x)∧h

q
2(x)∧h

q
3(x)),

where

hq
i (x) =

d+△∑
δ=0

hq
i,δ·xδ for i=1, r, for q∈Q,

then

S(x1, x2, x3) =
∑
q∈Q

det

∥∥∥∥∥∥∥∥∥∥
σ0(x1, x2, x3) hq

1,4 hq
2,4 hq

3,4

σ1(x1, x2, x3) σ0(x1, x2, x3) hq
1,3 hq

2,3 hq
3,3

σ2(x1, x2, x3) σ1(x1, x2, x3) hq
1,2 hq

2,2 hq
3,2

σ3(x1, x2, x3) σ2(x1, x2, x3) hq
1,1 hq

2,1 hq
3,1

σ3(x1, x2, x3) hq
1,0 hq

2,0 hq
3,0

∥∥∥∥∥∥∥∥∥∥
.

The �rst is equivalent to

S(x1, x2, x3)·det

∥∥∥∥∥∥
x2
1 x1

1 x0
1

x2
2 x1

2 x0
2

x2
3 x1

3 x0
3

∥∥∥∥∥∥ =
∑
q∈Q

det

∥∥∥∥∥∥
hq
1(x1) hq

2(x1) hq
3(x1)

hq
1(x2) hq

2(x2) hq
3(x2)

hq
1(x3) hq

2(x3) hq
3(x3)

∥∥∥∥∥∥.
Thus ts(R[xi|i=1,r])

≤△ ⊆ (ts(R[xi|i=1,r])
≤1)△.
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Example 2.1. Let

S(x1, x2, x3) = x2
1+x2

2+x2
3.

We have

S(x⊗1⊗1, 1⊗x⊗1, 1⊗1⊗x)·(x2∧x1∧x0)

= ((x⊗1⊗1)2+(1⊗x⊗1)2+(1⊗1⊗x)2) ·(x2∧x1∧x0)

= (x2⊗12⊗12+12⊗x2⊗12+12⊗12⊗x2) ·(x2∧x1∧x0)

= (x2⊗1⊗1+1⊗x2⊗1+1⊗1⊗x2) ·(x2∧x1∧x0)

= (x2⊗1⊗1)·(x2∧x1∧x0) + (1⊗x2⊗1)·(x2∧x1∧x0) + (1⊗1⊗x2)·(x2∧x1∧x0)

= (x2·x2)∧(1·x1)∧(1·x0) + (1·x2)∧(x2·x1)∧(1·x0) + (1·x2)∧(1·x1)∧(x2·x0)

= (x4∧x1∧x0)+(x2∧x3∧x0)+(x2∧x1∧x2)

= (x4∧x1∧x0)− (x3∧x2∧x0).

Then by of theorem 2

S(x1, x2, x3)

= det

∥∥∥∥∥∥∥∥∥∥
σ0(x1, x2, x3) 1
σ1(x1, x2, x3) σ0(x1, x2, x3)
σ2(x1, x2, x3) σ1(x1, x2, x3)
σ3(x1, x2, x3) σ2(x1, x2, x3) 1

σ3(x1, x2, x3) 1

∥∥∥∥∥∥∥∥∥∥
− det

∥∥∥∥∥∥∥∥∥∥
σ0(x1, x2, x3)
σ1(x1, x2, x3) σ0(x1, x2, x3) 1
σ2(x1, x2, x3) σ1(x1, x2, x3) 1
σ3(x1, x2, x3) σ2(x1, x2, x3)

σ3(x1, x2, x3) 1

∥∥∥∥∥∥∥∥∥∥
= det

∥∥∥∥σ1(x1, x2, x3) σ0(x1, x2, x3)
σ2(x1, x2, x3) σ1(x1, x2, x3)

∥∥∥∥− det

∥∥∥∥σ0(x1, x2, x3)
σ3(x1, x2, x3) σ2(x1, x2, x3)

∥∥∥∥
= (σ1(x1, x2, x3)·σ1(x1, x2, x3)−σ0(x1, x2, x3)·σ2(x1, x2, x3))

−(σ0(x1, x2, x3)·σ2(x1, x2, x3))

= σ1(x1, x2, x3)·σ1(x1, x2, x3)−2·σ0(x1, x2, x3)·σ2(x1, x2, x3)

= (−x1−x2−x3)
2−2·(1)·(x1·x2+x1·x3+x2·x3)

= (x2
1+x2

2+x2
3+2·x1·x2+2·x1·x3+2·x2·x3)− 2·(x1·x2+x1·x3+x2·x3)

= x2
1+x2

2+x2
3

= S(x1, x2, x3).
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Example 2.2. Let 4=3, r=2, d=r−1,

F (x) = F2·x2+F1·x1+F0·x0,

S(x1, x2, x3) = F (x1)·F (x2)·F (x3).

We have

S(x⊗1⊗1, 1⊗x⊗1, 1⊗1⊗x)·(x2∧x1∧x0)

= (F (x⊗1⊗1)·F (1⊗x⊗1)·F (1⊗1⊗x))·(x2∧x1∧x0)

= ((F (x)⊗1⊗1)·(1⊗F (x)⊗1)·(1⊗1⊗F (x)))·(x2∧x1∧x0)

= ((F (x)·1·1)⊗(1·F (x)·1)⊗(1·1·F (x)))·(x2∧x1∧x0)

= (F (x)⊗F (x)⊗F (x)) ·(x2∧x1∧x0)

= (F (x)·x2)∧(F (x)·x1)∧(F (x)·x0).

Then by of theorem 2

S(x1, x2, x3) = det

∥∥∥∥∥∥∥∥∥∥
σ0(x1, x2, x3) F2

σ1(x1, x2, x3) σ0(x1, x2, x3) F1 F2

σ2(x1, x2, x3) σ1(x1, x2, x3) F0 F1 F2

σ3(x1, x2, x3) σ2(x1, x2, x3) F0 F1

σ3(x1, x2, x3) F0

∥∥∥∥∥∥∥∥∥∥
= Res(σ(x1, x2, x3), F ).
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Let

f(x) = (x−λ1)·(x−λ2)·(x−λ3) = f3·x3+f2·x2+f1·x1+f0·x0.

Then

f(x) = σ0(λ1, λ2, λ3)·x3+σ1(λ1, λ2, λ3)·x2+σ2(λ1, λ2, λ3)·x1+σ3(λ1, λ2, λ3)·x0,

hence,

σ0(λ1, λ2, λ3) = f3, σ1(λ1, λ2, λ3) = f2, σ2(λ1, λ2, λ3) = f1, σ3(λ1, λ2, λ3) = f0,

σ(λ1, λ2, λ3)(x) = σ0(λ1, λ2, λ3)·x3+σ1(λ1, λ2, λ3)·x2+σ2(λ1, λ2, λ3)·x1+σ3(λ1, λ2, λ3)·x0

= f3·x3+f2·x2+f1·x1+f0·x0 = f(x).

We have

S(λ1, λ2, λ3) = F (λ1)·F (λ2)·F (λ3),

S(λ1, λ2, λ3) = det

∥∥∥∥∥∥∥∥∥∥
σ0(λ1, λ2, λ3) F2

σ1(λ1, λ2, λ3) σ0(λ1, λ2, λ3) F1 F2

σ2(λ1, λ2, λ3) σ1(λ1, λ2, λ3) F0 F1 F2

σ3(λ1, λ2, λ3) σ2(λ1, λ2, λ3) F0 F1

σ3(λ1, λ2, λ3) F0

∥∥∥∥∥∥∥∥∥∥

= det

∥∥∥∥∥∥∥∥∥∥
f3 F2

f2 f0 F1 F2

f1 f1 F0 F1 F2

f0 f2 F0 F1

f3 F0

∥∥∥∥∥∥∥∥∥∥
= Res(σ(λ1, λ2, λ3), F ) = Res(f, F ).
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Denote by ∇1(x1, x2;x)∗ a map R[x] → R[x1, x2] ' R[x]⊗R[x] such that

(x1−x2)·(∇1(x1, x2;x)∗ F (x)) = F (x1)−F (x2).

Such map exists and is unique, it is linear over R.

Then ∇1(x1, x2;x)∗ is a cocommutative coproduct, i. e.

∇1(x1, x2;x)∗ = ∇1(x2, x1;x)∗,

and coassociative coproduct, i. e.

∇1(x1, x2;x)∗ ∇1(x, x3;x)∗ = ∇1(x2, x3;x)∗ ∇1(x1, x;x)∗.

By a coassociativity of the coproduct ∇1(x1, x2;x)∗ it determines the coproduct

∇r−1(xi|i=1,r;x)∗: R[x] → R[xi|i=1,r] ' R[x]⊗r.

For polynomial F (x) denote

∇r−1F (xi|i=1,r) = ∇r−1(xi|i=1,r;x)∗ F (x).

Lemma 1. Let F (x) be a polynomial. Then

1. ∇r−1(xi|i=1,r;x)∗ F (x) is a symmetric polynomial in (xi|i=1,r).

2. (∇r−1(xi|i=1,r;x)∗ F (x))·det‖xr−j
i ‖i=1,r

j=1,r = det‖F (xi) xr−j
i ‖i=1,r

j=2,r.

Let xi = 1⊗(i−1)⊗x⊗1⊗(r−i) for i=1, r, then 1 of lemma 1 is equivalent to

(∇r−1(xi|i=1,r;x)∗ F (x))·(
r∧

j=1

xr−j) = F (x)∧(
r∧

j=1

xr−j).

Example 2.3. Let d=3, r=4, 4=r−1.

F (x) =
d+△∑
δ=0

Fδ·xδ,

then 2 of lemma 1 by of theorem 2 is equivalent to

(∇3(x1,x2,x3,x4;x)∗ F (x))·(x3∧x2∧x1∧x0) = F (x)∧x2∧x1∧x0,

and hence by of theorem 2

∇3(x1, x2, x3, x4;x)∗ F (x)

= det

∥∥∥∥∥∥∥∥∥∥∥∥∥∥

σ0 F6

σ1 σ0 F5

σ2 σ1 σ0 F4

σ3 σ2 σ1 F3

σ4 σ3 σ2 F2 1
σ4 σ3 F1 1

σ4 F0 1

∥∥∥∥∥∥∥∥∥∥∥∥∥∥
= det

∥∥∥∥∥∥∥∥
σ0 F6

σ1 σ0 F5

σ2 σ1 σ0 F4

σ3 σ2 σ1 F3

∥∥∥∥∥∥∥∥.
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Theorem 1. Let 4=2, r=4, d=r−1,

hi(x) =
d+△∑
δ=0

hi,δ·xδ for i=1, r,

S(x1, x2, x3, x4) = det

∥∥∥∥∥∥∥∥∥∥∥∥

σ0(x1, x2, x3, x4) h1,5 h2,5 h3,5 h4,5

σ1(x1, x2, x3, x4) σ0(x1, x2, x3, x4) h1,4 h2,4 h3,4 h4,4

σ2(x1, x2, x3, x4) σ1(x1, x2, x3, x4) h1,3 h2,3 h3,3 h4,3

σ3(x1, x2, x3, x4) σ2(x1, x2, x3, x4) h1,2 h2,2 h3,2 h4,2

σ4(x1, x2, x3, x4) σ3(x1, x2, x3, x4) h1,1 h2,1 h3,1 h4,1

σ4(x1, x2, x3, x4) h1,0 h2,0 h3,0 h4,0

∥∥∥∥∥∥∥∥∥∥∥∥
.

Then

S(x1, x2, x3, x4) ∈ (ts(R[xi|i=1,r])
≤1)△ ⊆ ts(R[xi|i=1,r])

≤△,

S(x⊗1⊗1⊗1, 1⊗x⊗1⊗1, 1⊗1⊗x⊗1, 1⊗1⊗1⊗x)·(x3∧x2∧x1∧x0)

= h1(x)∧h2(x)∧h3(x)∧h4(x).

The last equality is equvalent to

S(x1, x2, x3, x4)·det

∥∥∥∥∥∥∥∥
x3
1 x2

1 x1
1 x0

1

x3
2 x2

2 x1
2 x0

2

x3
3 x2

3 x1
3 x0

3

x3
4 x2

4 x1
4 x0

4

∥∥∥∥∥∥∥∥ = det

∥∥∥∥∥∥∥∥
h1(x1) h2(x1) h3(x1) h4(x1)
h1(x2) h2(x2) h3(x2) h4(x2)
h1(x3) h2(x3) h3(x3) h4(x3)
h1(x4) h2(x4) h3(x4) h4(x4)

∥∥∥∥∥∥∥∥,
and also is equivalent to

S(x1, x2, x3, x4)

= det

∥∥∥∥∥∥∥∥
∇3h1(x1, x2, x3, x4) ∇3h2(x1, x2, x3, x4) ∇3h3(x1, x2, x3, x4) ∇3h4(x1, x2, x3, x4)
∇2h1(x1, x2, x3) ∇2h2(x1, x2, x3) ∇2h3(x1, x2, x3) ∇2h4(x1, x2, x3)
∇1h1(x1, x2) ∇1h2(x1, x2) ∇1h3(x1, x2) ∇1h4(x1, x2)
∇0h1(x1) ∇0h2(x1) ∇0h3(x1) ∇0h4(x1)

∥∥∥∥∥∥∥∥.
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Theorem 2. Let 4=2, r=3, d=r−1,

S(x1, x2, x3, x4) ∈ ts(R[xi|i=1,r])
≤△.

If

S(x⊗1⊗1⊗1, 1⊗x⊗1⊗1, 1⊗1⊗x⊗1, 1⊗1⊗1⊗x)·(x3∧x2∧x1∧x0)

=
∑
q∈Q

(hq
1(x)∧h

q
2(x)∧h

q
3(x)∧h

q
4(x)),

where

hq
i (x) =

d+△∑
δ=0

hq
i,δ·xδ for i=1, r, for q∈Q,

then

S(x1, x2, x3, x4) =
∑
q∈Q

det

∥∥∥∥∥∥∥∥∥∥∥∥

σ0(x1, x2, x3, x4) hq
1,5 hq

2,5 hq
3,5 hq

4,5

σ1(x1, x2, x3, x4) σ0(x1, x2, x3, x4) hq
1,4 hq

2,4 hq
3,4 hq

4,4

σ2(x1, x2, x3, x4) σ1(x1, x2, x3, x4) hq
1,3 hq

2,3 hq
3,3 hq

4,3

σ3(x1, x2, x3, x4) σ2(x1, x2, x3, x4) hq
1,2 hq

2,2 hq
3,2 hq

4,2

σ4(x1, x2, x3, x4) σ3(x1, x2, x3, x4) hq
1,1 hq

2,1 hq
3,1 hq

4,1

σ4(x1, x2, x3, x4) hq
1,0 hq

2,0 hq
3,0 hq

4,0

∥∥∥∥∥∥∥∥∥∥∥∥
.

The �rst is equivalent to

S(x1, x2, x3, x4)·det

∥∥∥∥∥∥∥∥
x3
1 x2

1 x1
1 x0

1

x3
2 x2

2 x1
2 x0

2

x3
3 x2

3 x1
3 x0

3

x3
4 x2

4 x1
4 x0

4

∥∥∥∥∥∥∥∥ =
∑
q∈Q

det

∥∥∥∥∥∥∥∥
hq
1(x1) hq

2(x1) hq
3(x1) hq

4(x1)
hq
1(x2) hq

2(x2) hq
3(x2) hq

4(x2)
hq
1(x3) hq

2(x3) hq
3(x3) hq

4(x3)
hq
1(x4) hq

2(x4) hq
3(x4) hq

4(x4)

∥∥∥∥∥∥∥∥,
and also is equivalent to

S(x1, x2, x3, x4)

=
∑
q∈Q

det

∥∥∥∥∥∥∥∥
∇3hq

1(x1, x2, x3, x4) ∇3hq
2(x1, x2, x3, x4) ∇3hq

3(x1, x2, x3, x4) ∇3hq
4(x1, x2, x3, x4)

∇2hq
1(x1, x2, x3) ∇2hq

2(x1, x2, x3) ∇2hq
3(x1, x2, x3) ∇2hq

4(x1, x2, x3)
∇1hq

1(x1, x2) ∇1hq
2(x1, x2) ∇1hq

3(x1, x2) ∇1hq
4(x1, x2)

∇0hq
1(x1) ∇0hq

2(x1) ∇0hq
3(x1) ∇0hq

4(x1)

∥∥∥∥∥∥∥∥.

Thus ts(R[xi|i=1,r])
≤△ ⊆ (ts(R[xi|i=1,r])

≤1)△.
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Let r=2. The determinant

det

∥∥∥∥∇1h1(x1, x2) ∇1h2(x1, x2)
∇0h1(x1) ∇0h2(x1)

∥∥∥∥
is called a Bezoutian of polynomials h1(x), h2(x).

What are called determinants of such type

det

∥∥∥∥∥∥∥∥
∇3h1(x1, x2, x3, x4) ∇3h2(x1, x2, x3, x4) ∇3h3(x1, x2, x3, x4) ∇3h4(x1, x2, x3, x4)
∇2h1(x1, x2, x3) ∇2h2(x1, x2, x3) ∇2h3(x1, x2, x3) ∇2h4(x1, x2, x3)
∇1h1(x1, x2) ∇1h2(x1, x2) ∇1h3(x1, x2) ∇1h4(x1, x2)
∇0h1(x1) ∇0h2(x1) ∇0h3(x1) ∇0h4(x1)

∥∥∥∥∥∥∥∥?
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