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Abstract. Computing the defining ideal J ⊂ kq[x0, . . . , xn] of a parametrized
subvariety of a weighted projective space is a recurring bottleneck in compu-
tational moduli theory: classical Gröbner elimination on the naive parametric
ideal generally produces output that is not weighted homogeneous, and di-
rect application of Buchberger-style methods is defeated by intermediate basis
growth in high-weight, high-degree cases. We give a uniform construction in
which an auxiliary variable α of weight one and a prescribed elimination
order yield a basis of J respecting the weighted grading, and we read this
construction as a Gröbner-side reformulation of a classical weighted resul-
tant. We test three implementations of the construction — a parallel Gröbner
pipeline, an iterated weighted resultant, and a linear ansatz on the graded
piece kq[x0, . . . , xn]d — on the loci L2,L3 ⊂ P(2,4,6,10) of (n, n)-split Jaco-
bians of genus-two curves. The Gröbner pipeline succeeds on L2 but fails
to terminate on L3; weighted resultants succeed on both, and recover the
degree-80 hypersurface defining L3. When combined with a tropical degree
formula [6] that supplies the weighted degree d a priori, the linear ansatz
becomes a candidate uniform procedure for the loci Ln with n ≥ 4.

1. Introduction

Let k be a field of characteristic zero and let q = (q0, . . . , qn) be a well-formed tuple
of positive integer weights. The weighted projective space Pn

q,k = Proj
(
kq[x0, . . . , xn]

)
carries the grading deg(xi) = qi and is the quotient of kn+1 \ {0} by the k∗-action
(x0, . . . , xn) ∼ (cq0x0, . . . , c

qnxn).
Weighted projective spaces are a natural setting for moduli problems and

for the arithmetic of curves of higher genus. The moduli space M2 of genus-
two curves is itself the weighted projective space P(2,4,6,10) in the Igusa–Clebsch
coordinates [3], and computational work on M2 and its subloci has recently seen
renewed interest, both for its own sake [5] and for related questions in the height
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theory of weighted points [4]. The loci Ln ⊂ M2 that parametrize curves admitting
an elliptic subfield of degree n — equivalently, curves whose Jacobian admits
an (n, n)-split decomposition — play a central role in this picture, and explicit
equations for Ln are needed in the study of (n, n)-isogenies between genus-two
Jacobians. Producing such equations is a computational task that has so far been
carried out case by case, and is the motivating problem for the present work.

A subvariety X ⊂ Pn
q,k is given parametrically by xi = ξi(t1, . . . , tm) with

ξi ∈ k(t1, . . . , tm), and the problem is to recover an implicit description X = V (J)
for a weighted homogeneous ideal J . Classical Buchberger-style elimination on I =
⟨xi − ξi⟩, even when feasible, generally produces output that fails to be weighted
homogeneous: rational denominators and mixed monomial degrees introduce terms
of varying weighted degree. The first task is therefore to fix a construction whose
Gröbner output is correctly graded; the second is to assess what actually works in
practice.

1.1. Weighted Homogenization
A polynomial f ∈ kq[x0, . . . , xn] is weighted homogeneous of degree d if every
monomial

∏n
j=0 x

dj

j in f satisfies
∑n

j=0 qjdj = d. A weighted ideal is one generated
by weighted homogeneous polynomials. Given a parametrization xi = ξi(t), the
natural elimination ideal is

J = I ∩ kq[x0, . . . , xn], I = ⟨x0 − ξ0, . . . , xn − ξn⟩. (1)

A Gröbner basis of I in any standard elimination order recovers J as a set, but
the generators returned are not in general weighted homogeneous. The following
proposition gives a correct construction.

Proposition 1. Let ξi = pi/qi with pi, qi ∈ k[t1, . . . , tm], and define the homogenized
ideal

Iα =
〈
q0(t/α)x0 − p0(t/α), . . . , qn(t/α)xn − pn(t/α)

〉
(2)

in k[α, t1, . . . , tm, x0, . . . , xn], where α is an auxiliary variable of weight 1 and t/α
denotes the substitution tj 7→ tj/α. The Gröbner basis of Iα under the elimination
order

α > t1 > · · · > tm > x0 > · · · > xn, (3)
intersected with kq[x0, . . . , xn], produces a basis of weighted homogeneous genera-
tors for the ideal J defining X .

2. Three Methods, Compared on L2 and L3

The test cases are the loci Ln ⊂ P(2,4,6,10), n = 2, 3, which parametrize
genus-two function fields admitting an elliptic subfield of degree n. The coordi-
nates (x0, x1, x2, x3) are the Igusa–Clebsch invariants (J2, J4, J6, J10) of weights
(2, 4, 6, 10), and the ambient space P(2,4,6,10) is the standard model of the moduli
space M2 of genus-two curves. The loci Ln have played a central role in genus-two
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arithmetic and, more recently, as test cases for symbolic and neurosymbolic ap-
proaches to moduli problems [5]. Explicit rational parametrizations of L2 and L3 in
two parameters t1, t2 are produced in [3]; for L2 the parametrization is of low total
degree, while for L3 the parameters xi are polynomials in (t1, t2) of substantially
higher degree.

2.1. (M1) Parallel Gröbner basis pipeline.
A three-stage pipeline: parallel homogenization of the generators of Iα; parallel F4
elimination [2] under the order (3), batching critical pairs into sparse Macaulay
matrices reduced across p processors; and parallel normalization of the integer
coefficients of the surviving basis using the weighted GCD

wgcd(c0, . . . , cn; q0, . . . , qn) = max
{
d ∈ Z>0 : dqi | ci for all i

}
,

introduced in [4]. In the worst case the pipeline reduces the doubly-exponential
bound of direct Buchberger elimination to O(23n/p + e

√
n lnn/p), with O(n4/p)

achievable for structured ideals.

2.2. (M2) Weighted resultants.
Iterated resultants in α, t1, t2 of the homogenized generators in (2), taken in the
order dictated by (3). The intermediate polynomials are weighted homogeneous at
every stage, and the final resultant in t2 is a weighted homogeneous polynomial in
x0, . . . , x3 alone.

2.3. (M3) Linear ansatz.
The space kq[x0, . . . , xn]d of weighted homogeneous polynomials of degree d is
finite-dimensional, with dimension determined by the Hilbert series of the graded
ring. When the weighted degree d of the defining polynomial of a hypersurface
X is known a priori, one writes an indeterminate generic polynomial of degree
d with undetermined coefficients, evaluates it at sufficiently many sample points
of X obtained from the parametrization, and reads the defining equation off the
kernel of the resulting linear system over Q.

2.4. Results
For L2, all three methods succeed and recover the same weighted hypersurface of
degree 30 in P(2,4,6,10).

For L3, the Gröbner pipeline (M1) does not terminate within available re-
sources, even with parallel F4 across multiple cores. The obstruction is not the
elimination of α, which is cheap, but the elimination of t1, t2: the intermediate
bases produced after α is cleared swell beyond available memory before the pa-
rameters can be eliminated. This is a manifestation of the well-known intermediate
basis growth in F4 on high-degree parametrizations [1] and is not, in our experi-
ence, mitigated by parallelization alone.

The weighted resultant computation (M2) succeeds and recovers a weighted
homogeneous hypersurface of degree 80 in P(2,4,6,10). The intermediate resultants in
α and t1 are large but tractable, and the final resultant in t2 produces the defining
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equation directly. Independent verification against the equation of L3 obtained by
other means in [3] confirms the result. With the degree d = 80 supplied a priori
from [3], the linear ansatz (M3) is the fastest of the three by a wide margin: the
number of monomials of weighted degree 80 in P(2,4,6,10) is modest by comparison
with the size of an intermediate F4 basis, and the entire computation reduces to
dense linear algebra over Q.

2.5. Conclusion
The introduction of a weight-one auxiliary variable and the elimination order (3)
gives a uniform recipe for producing the weighted homogeneous defining ideal of a
parametrized subvariety of a weighted projective space, and is the common back-
bone of all three methods. On L2 all three succeed; on L3 the Gröbner approach
is defeated by intermediate basis growth, whereas weighted resultants succeed and
recover the degree-80 hypersurface, in agreement with [3]. The linear ansatz, when
the degree is known, is faster still by a wide margin.

This raises the question of when the degree can be obtained a priori, without
first computing the equation. In [6], a tropical formula is given degrees of weighted
hypersurfaces obtained from a parametrization. Combined with the linear ansatz
(M3), this suggests a uniform procedure: the tropical formula supplies the degree
d, the dimension of the graded piece kq[x0, . . . , xn]d is read from the Hilbert series,
and the defining equation is recovered by linear algebra over Q. We expect this
combination to be a promising route for the loci Ln with n ≥ 4 and for related
moduli computations in higher genus.
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