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Plan of the talk

© The implicitization problem in ]P’Z’k, and why naive elimination breaks weighted homogeneity.

@ A uniform fix: an auxiliary s of weight 1 and a prescribed elimination order.

© Three implementations: (M1) parallel F4, (M2) iterated weighted resultants, (M3) a linear approach on kq[x]g.
© Test cases Lo, L3 C P 4,6,10) — Where the methods diverge.

@ The missing input of (M3), and a tropical degree formula that supplies it.
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Weighted projective space and the implicitization problem

Let k have characteristic 0, g = (qo,...,qn) € Z”;Bl well-formed. The weighted projective space is the quotient of
Art1\ {0} by the k*-action

]PZJ( = ('2\"+1\{0})/k><7 /\'(Xov---vxn):(AqOXOV"v/\an")v A€ k.

A subvariety X C P}, given parametrically by x; = Eiltr, ... tr), & € k(t1, ..., tr).

Implicitization problem

Find the weighted homogeneous ideal J C kq[xo, . . ., xn] with X = V/(J).

Motivating family. My = P, 46 10) in lgusa coordinates, and £, C M3 is the locus of genus-2 curves with (n, n)-split
Jacobians. Explicit equations are needed for (n, n)-isogeny computations.
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The motivating family £, € M>

Via the Igusa embedding My < P24 6.10),
Ln = {[C] € M : C admits a maximal degree-n elliptic subcover}
is an irreducible 2-dimensional sublocus, realised as a weighted hypersurface
Ln= V(Fp), Fn € Z[J2, Ja, Js, J10] weighted homogeneous.

Goal. Compute Fj; at the very least its weighted degree deg,, F.
Known.
deg,, F> =30 (Sh-Vélklein 2000), deg,, F3 =80 (Sh 2001, 2005).

For n > 4: no F, has been computed — even deg,, F, is unknown.
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Numerical invariants: braid orbits and Humbert weights

Data attached to a degree-n elliptic subcover (n odd)

n | |0s(n)| | ke =3a, | k(Hyp) | deg(Ln)
2 1 35 60 30

3 6 125 120 80

5 40 605 600 270

7 168 1685 1680 485

9 440 3365 3240 -

11 | 1500 6605 6600 -

| O (n)| — braid-orbit size of the induced covers P! — P! (the inner Nielsen class, via the Frobenius character sum).

ko = %anz — weight of a Siegel form representing the Humbert cycle G 5 = %Hl +Hpo.

k(H,2) — weight of the exact Humbert form, cutting out H > on Aj.

deg(Lp) — weighted degree of L, in P(2,4,6,10) — the invariant this talk computes.
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How £, was computed (Sh—2000)

Polynomial parametrization in (t1, t2):
b= —8(15 + tl),
Jy =12 — 126t + 12 t, + 405,
Jo = —3t] + 53t —20t1tp + 2583 t; — 121, — 14985,
Jio = -2 (27 —18t; — t% + 41.‘2)2.
Pass to absolute invariants via the Veronese-type map
[x0 : x1 : x2 : x3] — [Xg 1X03X1 : xg(xoxl —3x2) : x3],

i.e. on the chart J, # 0:

VI Iy
53’ VN 53
Explicitly in (t1, t2):
. .t — 126t + 12t, + 405 L B +729t — 36t1t, + 4131t; — 1404t — 3645 L (27 — 18t — ] + 4t)?
" (15 + )2 PR T T (15 + t)? P BT e (15 + £)°
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The explicit equation of £, — a sense of scale

The eliminant in absolute invariants is inhomogeneous, of degree 7 in ij:
48i] — 12800 — if + 41472773 — 9617 i3 — 47952i1 i3 + - - - — 125071200000 i3 — 236196 i3 = 0.
Reprojectivizing (ij — Jk/J7, clearing J>-powers) gives the weighted-homogeneous defining polynomial
F> € Z[J2, Ja, Js, J10], deg,, F» = 30:
Fo = 8748 JygJ3 J2 — 507384000 JZ0 2 Jy — 19245600 J3 g S5 — 502272 JygJg J3 + 77436 Jyo 3 J3

— 81U3U¢ — 3400200 Jy Uy S + 4743360 Jyo U3 S Jg — 870912 Jyg S35 Jg + 3090960 Jyo Sy J3 I3

— 78 J5J7 — 125071200000 S5 + 384 JS Jg + 41472 Jyo U3 + 159 J§ S5 — 236196 43 U5 — 80 I Jy

— 47952 JyJg g + 104976000 JZ) I3 Jg — 1728 U J2 Jg + 6048 Jg Jp JZ — 9331200 Jy 0 I3 I2

+ 12 0813 Jg + 20376 U2 U2 I3 — 8910 S U3 JZ — 2099520000 S Uy Jg + 31104 JZ — 6912 J3 3

— S Uf — 5832010 S5 Uy dg — 54 J3UZIZ + 108 U5 Uy J3 + 972 1S UF + 1332 U5 S Ug.

34 monomials; the raw resultant carried integer content 296 . 317 removed by wgcd-normalization. For L£3: same shape but deg, F3 = 80 — hundreds of
monomials with far larger coefficients, too big to print (available as L3(J>, Ja, Jg, J19) in the genus-two package).
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How L3 was first computed (Sh, thesis 2001; Forum Math. 2004): Grobner failed

A genus-2 curve with a maximal degree-3 subcover is determined by two parameters (u, \), e.g.
b = p(p® + 96 — 1152)2), J1o = —521838526464 32,

with Js (deg 6), Js (deg 9) of the same shape but longer. Passing to absolute invariants,
Juo —521838526464 \°

5T 2 (p? + 96X — 115222)5°

13 =

and i1, i € Q(u, A) of comparable size.
What broke. Eliminating (1, A) by a Grobner basis did not terminate on 2001 hardware.

Workaround. lterated classical resultants, R, = Res, (Ei, E, E3), then F = Resy(Ry,...), giving G(J2, Ja, Js, J10) with
deg, G = 80.

Polynomial form. The coordinates (J2, Ja, Js, J10) have degrees (3,6,9,12) in the two parameters (i, \) — so the
construction of §2 runs with r = 2 parameters and degree bound D = 12.
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Toward a uniform m

Where we stand. L,: Grobner succeeded. L3: Grobner failed, resultants succeeded. L., n > 4: out of reach by either
ad-hoc path.
Two structural defects of the classical recipe.

@ The elimination engine (Grobner vs. resultant) is chosen case by case, by whichever happens to terminate.

@ The intermediate F (i1, i», i3) € Q[i1, io, i3] is not weighted homogeneous; recovering G € kq[J] needs a separate
re-projectivization step.

What we want.
@ One construction, input (&;; qo, - - -, gn)-
o Elimination directly in kq[x], output forced weighted homogeneous.
o Several interchangeable implementations, benchmarked on the same family.

The next section introduces an auxiliary variable s of weight 1 and a fixed elimination order that achieve exactly this.
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A uniform construction: weight-1 auxiliary s

Write §; = fi/gj, ged(f;, gi) = 1, deg fi,degg; < D.
Proposition (parametrizing construction)
Set F; := x; gi(t) — fi(t) and introduce an auxiliary s of weight 1 to homogenize. In the polynomial case (g; = 1),
Fi = x;s%—di fﬁ-h(tl,...,t,,s), d; = deg f;,
each weighted homogeneous of weighted degree g;. With | = (Fo, ..., Fy), the Grobner basis of | under
s>t >--->t>Xx0 > > Xp,

intersected with kq[x], generates the ideal J defining X — all generators weighted homogeneous.

Two readings of one construction:
a Grobner problem in k[s, t,x] (method M1),
iterated weighted resultants of the F; (method M2).
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Why the output is forced weighted homogeneous

Grade the ring k[s, t1, ..., tr, X0, .., Xn] by
W(S) =1, W(tj) =1, W(X,') =dq;.

Each generator is weighted homogeneous. The homogenizing variable s and the parameters t; all carry weight 1, so
homogenizing the parametrization in s makes each F; weighted homogeneous for w.

Elimination preserves it. Hence | = (Fy, ..., F,) is a weighted homogeneous ideal, and S-polynomials and Buchberger
reductions stay within the grading. Under the elimination order

s>t >-->t>x0> > Xp,

removing (s, t) leaves polynomials in xg, ..., xn alone, still homogeneous for w — i.e. weighted homogeneous in the
ordinary sense.

Consequence.
J=1Nkg[x0,...,xn] is weighted homogeneous (no re-projectivization).
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The weighted resultant

Let f,g € kq[xo, ..., Xn] be weighted homogeneous, deg,, f = d, deg, g = e. To eliminate one of the variables, say x», write

m r
j j d
S esXad el - lg)
j=0

j=0
with coefficients f;, g; € k4[X0, . .., Xa—1], where § = (qo, ..., qn—1) is g with the eliminated weight g, dropped.
Sq(f,&; xn) is the (m+r) x (m+r) matrix whose rows are
f-a an> ) an_lfu 8, Xn&; .-+, Xnm_lg
r rows m rows
in the basis {1,xn,...,x™ "1}, and Resq(f,g;xn) := det Sy € kg[xo, . .., xp—1]. The matrix is entrywise the classical

Sylvester matrix; only the ring it is read in changes.

Weighted homogeneity

Rescaling x; — A% x; scales the r “f-rows” by A\¢ and the m “g-rows” by A, with mr overlapping x,-powers, so
det Sq > AMetrd—anmr det S;. Hence Resg is weighted homogeneous of

deg, Resq(f,g;xn) = me+rd —qnmr.
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Three engines for one elimination

Every method does the same thing — build /, eliminate (s, t1, ..., t/), intersect with kq[x]. What changes is where the cost
goes.
(M1) Parallel F4 — the general-purpose engine. Point it at anything; the price is the intermediate basis, which parallelism

(M2)

(M3)

Lo

makes faster but cannot keep small (Dubé).

Iterated weighted resultants — trade the basis queue for determinants. The matrices stay small and fixed by the
weights (< 16 in P(5 4.6.10), any n); only the integer coefficients swell.

Linear approach on kq[x]; — don’t compute F, guess its shape: a generic weighted-degree-d element, sampled and
solved linearly. Fastest by far — if you already know d = deg,, F.

cannot tell them apart — all three finish. L3 breaks the tie: (M1) exhausts memory, (M2) grinds it out, and (M3) wins outright ...
once it is handed d.
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(M1) Parallel F4 for weighted ideals

F4 (Faugeére 1999) recasts Buchberger as sparse linear algebra: at each degree d it batches all critical pairs into a Macaulay
matrix My and row-reduces.
Pipeline across p processors.

@ Parallel homogenization of the n+1 generators F; via s.

@ Parallel F4: critical-pair batching, sparse My in row blocks, GPU reduction (cuSPARSE), coefficient growth tamed by
modular arithmetic + CRT.

© Parallel wgcd-normalization of the integer coefficients.

Parallelism cuts wall-clock time, but the peak size of My is fixed by Dubé’s doubly-exponential bound. No parallel speedup
saves a system that does not fit in memory.
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(M2) Iterated weighted resultants

Run the elimination of (s, t1,...,t) as a chain of weighted resultants Res; from the previous section — one variable at a
time:

Resq (-, s Resq (-, t1) Resq (-, tr)

(For....Fa} L, (H0} {F}.

By the homogeneity theorem, every intermediate polynomial is weighted homogeneous, so the chain stays in the graded
ring kq[x]. For a hypersurface the final F is the defining polynomial, up to a unit.

Cost. The method is completely direct and always terminates; the only price is volume — one typically has to compute
many resultants of high-degree polynomials.
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(M3) Linear approach on kg[x]4

Idea. We know the weighted degree d = deg, F of the unknown equation F. The set of all weighted-homogeneous
polynomials of degree d forms a finite-dimensional vector space.

F = Z Cmm

monomials m
with deg, m=d

@ Write the most general such polynomial:

(there are exactly dim kq[x]4 unknown coefficients cm).
@ Sample many points £(t(K)) lying on the parametrized variety X.
@ Each point gives a linear equation F(ﬁ(t(k))) =0 in the ¢cy's.
Solve the resulting linear system over Q (exact arithmetic). The unique solution (up to scalar) is exactly the desired

equation F.
Why this is fast: For weights (2,4,6,10) the dimensions are tiny:

dim kq[X]3o =47 ([,2), dim kq[X]so =521 ([:3)

(versus 91,881 monomials in the ordinary homogeneous case of degree 80). One dense linear solve recovers F instantly.

The only missing piece

We need to know d = deg, F in advance. The tropical degree formula supplies exactly this number.
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Results on £>

Coordinates (J, Ja, Jo, J10), weights (2,4, 6,10); parametrizations from Sh 2000. Target deg, F>» = 30.

Method Terminates? Output

(M1) Parallel Grébner / F4 yes deg-30 hypersurface
(M2) Weighted resultants yes deg-30 hypersurface
(M3) Linear approach (with d = 30) yes deg-30 hypersurface

All three agree, recovering the weighted-degree-30 polynomial of Sh 2000.

Wall-clock (qualitative): (M3, given d) < (M2) < (M1).

L5 does not discriminate — the system is small enough for all three.
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Results on L£3: the methods diverge

Method Terminates? Output

(M1) Parallel Grobner / F4 NO —

(M2) Weighted resultants yes deg-80 hypersurface
(M3) Linear approach (with d = 80) yes deg-80 hypersurface

(M1) fails. Eliminating s is cheap, but eliminating t1, t» swells the intermediate basis past memory — and parallelism
cannot help, since the growth is fundamental (Dubé).

(M2) succeeds. Intermediate resultants in s, t; are large but tractable; the final t>-resultant gives the equation. Verified
against the known L3 equation.

(M3) is fastest by far — if d = 80 is supplied. The 521 degree-80 monomials are modest beside any F4 intermediate
basis.
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The missing input, and what tropicalization buys

The gap. (M3) is fastest but needs d = deg,, Fp; for the test cases we read it off existing equations. For a uniform
procedure on {Ln},>4 We must get d without first computing Fp.

Tropicalization replaces a variety by a piecewise-linear shadow (a controlled degeneration). Curves become metric graphs;
many global invariants — dimension, degree, intersection numbers — survive as lattice data. A genus-two curve
degenerates to a theta or dumbbell graph:

~— O—=0

theta dumbbell

so My has a tropical analogue MZTOP — the arena for the degree formula.
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The degree, tropically — and why £, is special

Bridge theorem. For any irreducible hypersurface V(F) C P(W),
deg, (F) = degrpw)(Trop V(F)),
a purely combinatorial count in the weighted lattice Ny .

Practical difficulty. Computing Trop V(F) directly is usually as hard as finding F itself.

General strategy (and why it works for £,). View V(F) as the image of a rational map f : X --» P(W) whose
tropicalization trop(f) is known explicitly. Then apply a weighted version of the Sturmfels—Tevelev pushforward formula to
obtain Trop V/(F) from Trop(X).

For the loci £, this strategy becomes fully effective because the source is now combinatorially understood:

o Cobigo (2026, 2026): explicit stratification of LEoP Mgmp by optimal harmonic morphisms.
e Helminck (2021): explicit piecewise-linear tropical lgusa map M;“’p — TP(2, 4,6, 10).
o Weighted Sturmfels—Tevelev pushforward in the lattice Ny, = Z*/((2, 4,6, 10)).

Together they give deg, F, as a finite combinatorial sum over the cones of £5°P.

Verified for n = 2,3 (recovers 30 and 80); for n=5, 7 we get 270, 485 (still not fully checked), higher n in progress.
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The proposed synthesis

A candidate uniform procedure for L,, n > 5 (and other weighted hypersurfaces with a tractable tropicalization):

tropical (degree) => Hilbert (dimension) = linear approach (equation).

O Tropical formula — d = deg, Fi.
@ Hilbert series of kq[Jo, Ja, J6, J10] — dim kq[x]4.
© Sample points of L,; linear approach over Q — Fj,.

Each stage is comparatively cheap; whether the first stays cheap as n grows is the open question — so this is a candidate
procedure, not yet a theorem about timing.
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Summary and future directions

o One elegant construction solves the implicitization problem in any weighted projective space IP’” «: introduce an
auxiliary variable s of weight 1 and eliminate with the order s > t > x. The resulting ideal is automatlcally weighted
homogeneous — no re-projectivization step is ever needed.

@ The same construction runs as three interchangeable engines: M1 parallel F4, M2 iterated weighted resultants, and
M3 linear algebra on the graded piece kq[x]4. On L all three succeed; on L3 only M2 and M3 finish — and M3 is
dramatically faster once d is known.

o The missing weighted degree d = deg,, F, is now supplied by the tropical degree formula (verified for n = 2, 3; already
yields 270 and 485 for n = 5,7). This finally makes the full uniform pipeline practical for all higher £,.
Next steps:
o Compute explicit equations F,, for n € {5,7,9,11, 13,15} using the M3 + tropical pipeline.
o Resolve the faithfulness of the four-coordinate projection on L5°P (Cueto-Markwig collapse).

@ Extend the framework to other weighted hypersurfaces that admit explicit tropicalizations.

Thank you!
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