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Abstract. New �nite element method schemes have been developed for solv-
ing multidimensional (up to 6D) self-adjoint boundary value problems (BVPs)
for an elliptic equation with mixed partial derivatives. Basis functions are con-
structed using multidimensional Hermite interpolation polynomials on hyper-
parallelepiped meshes. The Helmholtz problem on multidimensional ellipsoids
are used as test examples. For the reduction of the non-rectangular domains
to rectangular ones, additional a�ne coordinate transformations are applied.

Introduction

Modern calculations of vibrational-rotational energy spectra and electromagnetic
transitions in collective quadrupole-octupole models of heavy atomic nuclei in the
self-consistent relativistic mean-�eld or macro-microscopic parameterizations like
a multivariate anharmonic oscillator with multiple minima require to solve mul-
tidimensional boundary value problems (BVPs) for an elliptic partial di�erential
equations (PDEs) with second-order mixed partial derivatives [1]. Their pecu-
liarity is that the calculation of the tabulated coe�cients of PDEs with restricted
accuracy takes quite a long time. Based on this, it is su�cient to limit to con-
structing the FEM schemes on hyperparallelepipedal grids presented in this note.

1. Formulation of BVP and FEM Scheme

Consider a BVP for self-adjoint d-dimensional elliptic PDE− 1

g0(x)

d∑
i,j=1

∂

∂xi
gij(x)

∂

∂xj
+ V (x)− Ev

Φv(x) = 0, (1)

with appropriate boundary conditions (BCs).
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To solve a one-dimensional BVP d = 1 on interval ∆ = [x1, xqmax+1], a �nite-
element mesh is constructed

∆q = [xq, xq+1], q = 1, ..., qmax, ∆ =
⋃qmax

q=1
∆q. (2)

On each of �nite elements ∆q a set of one-dimensional HIPs ϕrq(x) ≡ ϕ
κr′
r′q (x),

r = 1, ...,= p+ 1 of the order p with nodes r′ = 0, ..., ρ is constructed. The shape
functions ϕκrq(xr) are determined by their values with their derivatives of the order
κ up to κmax

r − 1, where κmax
r′ is referred to multiplicities of the nodes xr′

ϕκr′q(xr′′) = δr′r′′δκ0,
dκ
′
ϕκr′q(x)

dxκ′

∣∣∣∣
x=x

r′′

= δr′r′′δκκ′ , (3)

and calculated by the algorithm from Ref. [2].

To solve a d-dimensional BVP a nonuniform grid in a complex domain ∆ =⋃Q
q=1 ∆q1,...,qd with rectangular cells ∆q1,...,qd ,

∆q1,...,qd = [x1;q1 , x1;q1+1]⊗ · · · ⊗ [xd;qd , xd;qd+1], (4)

where q ≡ q(q1, ..., qd), qi = 1, ..., qmax
i , qmax

i are maximum numbers of sections
of hypercube by hyperplanes normal to axis xi is constructed. The shape functions
are products of one-dimensional HIPs ϕriqi(xi)

ϕrq(x) ≡ ϕr1...rdq1...qd(x) = ϕr1q1(x1)× ...× ϕrdqd(xd). (5)

The piecewise polynomial functions Nl(x) of order p are constructed by join-
ing the polynomials, ϕrq(x), on the �nite elements ∆q ⊂ ∆:

Nl(x) =
⋃Q

q=1
{ϕrq(x), x ∈ ∆q}, (6)

The region q = (q1, ..., qd) and the HIPs r = (r1, ..., rd) uniquely determine the
number l of the piecewise polynomial function Nl(x).

The expansion of approximate solutions Φhv (x) ≈ Φv(x) from the Sobolev

space Hκc+1≥1
2 (Ωh) in the basis of piecewise polynomial functions Np

l (x) ≡ Nl(x)

Φh
v (x) =

L∑
l=1

Φhl;vNl(x), (7)

leads to the generalized algebraic eigenvalue problem for Φhv = {Φh1v, · · · ,ΦhLv}T
and the corresponding eigenvalues Ehv(

A−BEhv
)
Φh
v = 0 (Φh

v )TBΦh
v = 1 (8)

that solved by well known methods. To reduce the set of basis functions (7) those
Nl(x) for which a reduced multiplicity condition not holds |κr| = κr′i11

+...+κr′idd
≥

κ̌ are dropped.
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Figure 1. a. Eigenvalues E = Ev of the lower part of the spec-
trum of Helmholtz equation for the d dimensional hyperellipsoids
(d = 4, 5, 6) calculated by the FEM schemes with reduced multi-
plicity (κ̌=2, 3, 4), and the etalon KM calculations (5M); b. The
di�erences E −EK between the eigenvalues E = Ev of the d = 5
BVP and the etalon KM calculations EK = EKv (details in text).

2. Example

We consider a BVP for the Helmholtz equation (1) with V(x) = 0 in Cartesian
coordinates x̂ = (x̂1, ..., x̂d) ∈ Rd in an ellipsoidal domain Ω ⊂ Rd

Ω =

{
(x̂1, ..., x̂d) ∈ Rd

∣∣∣∣ d∑
i=1

x̂2i /a
2
i < 1

}
, (9)

with Dirichlet BCs. Taking symmetry into account, the BVP (1) in domain` (9) has
2d classes of solutions Φt1...tdn (x̂1, ..., x̂d), which are described by a set of variables
ti, taking two values ti = e or ti = o, meaning that the solution is symmetric or
antisymmetric with respect to x̂i = 0. To apply the FEM on hyperparallelepiped
meshes we proceed to generalized hyperspherical coordinates

x1 = θ1 ∈ [0,+2π], xk = θk−1 ∈ [0,+π], k = 2, ..., d−1, xd = r ∈ [0,+∞) (10)

related to the original ones by the formulas

x̂1 = a1r sin θd−1... sin θ2 sin θ1,
x̂k = akr sin θd−1... sin θk cos θk−1, k = 2, ..., d− 1,
x̂d = adr cos θd−1.

(11)

with BCs corresponding to the symmetry type of the eigenfunctions in d-dimensional
space for d = 3, 4, 5, 6. The coe�cients g0(x) and gij(x) of Eq. (1) were calculated
analytically in the Maple system.

As the test example, the BVPs for Helmholtz Eq. on the d dimensional
hyperellipsoids with equal semi-axes aj = 1, j = 1, ..., d, j 6= j′ except one
aj′ = 0.84 were chosen. Figure 1 shows the lower part of the spectrum of the
BVPs calculated by the program GCMFEM 8 implemented in Fortran on grids
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Ωθ1,...,θd−1,r = {0(hθi = π/2/N)π/2}d−1 ⊗ {0(hr = 1/N)1} at N = 3 for third-
order HIPs p=3, and di�erent reduced multiplicity: κ̌=2, 3, 4, and the of the BVPs
reduced to the systems of ODEs by the Kantorovich Method (KM) and calculated
by the KANTBP 5M program implemented in Maple [3]. One can see that the
results are in agreement with an appropriated accuracy.

Conclusion

Based on the research carried out in this paper and in Ref. [2], we conclude that
six-dimensional BVPs for calculating the lower part of the spectrum of consistent
quadrupole-octupole collective models of the atomic nucleus, reducible to algebraic
problems of approximately 70,000 dimensions, with 70 million nonzero elements,
become solvable using our FEM computational schemes on modern computers,
like the Multifunctional Information and Computing Complex MLIT JINR.
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