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Motivation: 6D BVP

A realistic and quantized quadrupole-octupole-vibrational collective Hamiltonian
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+V(azo, a2, 30, 31, a32, 33)
g0, (22, 30, (31, (32, azz quadrupole and octupole collective variables with metrics;
B> = Bs(awo, a22), Bs = Bs(aao, a1, ase, ags) denote the quadrupole and octupole
microscopic mass tensor
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Example: reduced 2D model '*6Dy nucleus

a,, %

The coefficients gji(x) and the potential energy V(xy, X2)
of ™*®Dy nucleus given in variables (G0, qs2) in units
107°1%/(MeV fm®).
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Examples of 2D and 3D grids

10

:

e The mixed derivatives are present

e The calculation of the tabulated ¥y ®
coefficients of differential equations 4
with even relatively low accuracy takes
quite a long time 2

= The problem of constructing
optimal unstructured grids does
not arise

= It is sufficient to limit ourselves to
constructing the FEM schemes on
hyperparallelepipedal grids

e To save computer resources, the BVP
is solved on a reduced complex domain
composed of parallelepipeds and
reduced set of basis functions




The potential energy surface U(asg, @) of 238U in PC-PK1 RMF
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The energy levels Ep; in the g.s.-, 8-, v-, SD g.s.- and SD - bands at

normal and superdeformed shapes in 238U
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calculated values by 2DFEM program:

B. Batgerel, J. Busa, Jr., O. Chuluunbaatar, V.L. Derbov, A. Deveikis, A.A. Gusev,
Le H. Luong, E.V. Mardyban, S.I. Vinitsky, P.W. Wen, Schemes of finite element
method for collective models of atomic nuclei, Physics of Particles and Nuclei 56, pp.
1359-1364 (2025),

calculated and experimental values from

J. Libert, J.-P. Delaroche, and M. Girod, Five-dimensional collective Hamiltonian
with the Gogny force: An ongoing saga, Eur. Phys. J. A 52, 197 (2016).




The statement of the discrete spectrum boundary value problem (BVP)

A self-adjoint elliptic PDE in the region z = (2, ..., Z4) € Q C RY (Q is polyhedra)

d
5 o 55 D) gE + VD —E | 92 =0, @(2)>0. g(2)=gy(2).
j=1 '

Boundary conditions

d(2)|s =0,
ob(z)| . 0d(2) < o0(z) L
onp s 0, o = Z( ,81)gi(2) 8z derivative along the conormal

=1

h is the outer normal to the boundary of the domain 9.

+ Conditions of normalization and orthogonality J

Ladyzhenskaya, O. A., The Boundary Value Problems of Mathematical Physics,
Applied Mathematical Sciences, 49, (Berlin, Springer, 1985).
Shaidurov, V.V. Multigrid Methods for Finite Elements (Springer, 1995).



Finite Element Method

BVP — problem of determination of stationary points of the variational functional

d
/ Z34’(2)9’_]_(2)‘93;2)+g0(z)¢(z)(V(Z)—E)¢(z) dz

62;

Expansion of solutions in the form of a finite sum

over the basis of local functions N7 (z)

Structure of matrix at d = 2

L
®(z) =) ®/N/(2). (%)

After substituting (*) into a variational functional
and minimizing it, we obtain the generalized
algebraic eigenvalue problem

APe" = "BPe".

Here AP is the stiffness matrix; BP is the positive
definite mass matrix;




Finite Element Method

Matrix elements

= Z P2 g dN”(z)dx+ | M@VE@N @a()dz.

By = /Q Ni(2)Ni (2)go(2) 0z,

are calculated at Gaussian nodes and quadratures of the order p+ 1.

The deviation of the approximate solution Ef, ®f(z) € H;CHE () from the exact
one E,, ®,(2) € H3(RQ) is

‘EFEL’ <

H(Dv(z) - q>’v’(z)H0 < b,

where h is the maximal size of the finite element Ag, p is the FEM scheme order,
¢y > 0 and ¢ > 0 are coefficients independent of h, and

||¢v(z)||g:/Q%T(Z)CDV(Z)go(z)dz.




Construction of basis of one dimensional local functions NJ(z2)

A non-uniform Finite Element grid on interval Q = [Zmin = Z0, Zmax = Zgmex]

max

q
Ag=[Zg-1,24], g=1,...q™, Q= U Aq
g=1

Shape functions

are one-dimensional LIPs or HIPs ¢y4(2) = (pf,’(; (2), r=1,...,r™ with nodes
r'=0,..., p of different multiplicities x})>* satisfying the relations
: 9% 6fi4(2)
gOr/q(Z,//) = 5,/,//(5,{0, — o = 5,/,//(5,“{/
dz =z,
and ordered by r’, and for equal r’ by k.
In our implementation of the FEM xg'™ = x;®* and there is a number S such that
Kpr Kpr
©rg(2) = pog (2), Prsa(2) = g (2).




Construction of basis of one dimensional local functions NJ(z2)

The local functions NJ(z) are obtained by matching of shape functions
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The set of local functions NJ(z) constructed by matching of 3rd and 4th -order shape
functions.




Construction of basis of multidimensional local functions NJ(2)

A non-uniform Finite Element grid with rectangular cells in a complex domain

Aq = Aqhqud = [Z1;q1—17z1;q1] X ® [zd;qd—hzd;qd]v qi = 17“'7 q’[nax7
g=q(g1,...,9q4), is global number of the FE

Shape functions are products of one-dimensional LIPs or HIPs

Kr/ )@r/
‘PfQ(z) = ‘Pﬁm’d%u-%(z) = Priqy (21) X ... X ‘P’d%(zd) = ‘10,-1/2,1 (21) X ... X ‘P,égd(zd)

The local functions N7 (z)

/
Ni(z) = Z {en+ssy..rgrssq.a—s1...a5-54(2), Z € Dgy—s...qy—s4}
S1,...,5¢=0,1
where the summation is taken over those Sy, ..., Sy for which the shape functions

©r...ry01...94(Z) and the cell Ag, _s,...q;—s, C A are defined.

To reduce the dim of AEP we drop Nj(z) with I e ) > K




Test 1: the Helmholtz problem on hyperellipsoid

The BVP with Dirichlet BCs

d 82
d
<—Zax,2"5>¢:°’ Q:{(X1,.. Xs) R

me}

=1 3

The non-orthogonal coordinates z1 = r, zx = Ok_1, k=2, ..., d

Xi = airsinfy_1q...sin 02 sin 01,

Xk = axrsinfy_q...sinfkcosbx_1, k=2,..,d—1

Xq = aqrcosfy_1

r € [0,+o00), 61 €[0,+2n], Ok—1 €[0,+7], k=3,...,d—1, 041 € [0, +7].

Taking symmetry into account, the BVP has 2% classes of solutions ¢'{)'“t"(X1 s ooy Xa),
which are described by a set of variables f;, taking two values t; = e or t; = 0,
meaning that the solution is symmetric or antisymmetric with respect to X; = 0.



The Helmholtz problem on hyperellipsoid

The coefficients go(x) and gj(x) of BVP at d =3

90(2) = r?sin6s, V(z) =0,

911(2) = (a7 2 cos® 01 + a, ° sin® 1)/ sin Oz,

922(2) = sin Ba((a; 2 cos® 61 + a, ° sin® 1) cos® B + a ° sin® 6z),
933(2) = r’ sinfa((a; % sin 64 + @, ° cos” 01) sin” 02 + a3 ° cos’ fa),
912(2) = cos 0y sin 01 cos Ba(a; * — a, °),

913(2) = rcos 0y sin 0y sin0a(a; > — a, %),

923(2) = —rcos Bz sin® Bz cos Oa(a; 2 sin® B4 + @, 2 cos® 01 — az 2).

As a test, the BVP on a hyperellipsoid with one parameter 8=0.84, and the
remaining parameters ay=1, f'=1, ..., d, for j # j' was solved.




Helmholtz problem on 4D hyperspheroid a,=0.84, aj=1, j=1,...,d, j#i
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Differences JE between the eigenvalues E, obtained by FEM using the mesh is
Q0,,65,05,r = {0(he, = 7/6)7/2}* ® {0(h, = 1/4)1} and the double condenced meshes
(hollow dots) ; between the double condenced and the four time condenced meshes
(solid dots).




Helmholtz problem on 4D hyperspheroid a,=0.84, aj=1, j=1,...,d, j#i
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Differences 6® between the eigenfunctions in the norm (1) obtained by FEM using
the mesh Qp, 0,6, = {0(he, = /6)7/2}* ® {0(h- = 1/4)1} and the double
condenced meshes (hollow dots) ; between the double condenced and the four time
condenced meshes (solid dots).




Helmbholtz problem on hyperspheroid 8;=0.84, a;=1, j=1,...,d, j#i
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Differences §E between the eigenvalues E, for a five-dimensional ellipsoid (d = 5),
obtained by FEM on the mesh

Q0,.0,.05,05,r = {0(he, = 7/2/N)7/2}* @ {0(h; = 1/N)1} and on meshes whose
number of partitions is reduced by 1 in one of the variables with

a1 =as=as = as =1, a = 0.84 versus the eigenvalues E,. Calculations were
performed with third-order HIPs. (a) k=2, N=4 (b) k=3, N=3




Helmholtz problem on hyperspheroid 8=0.84, a)=1, j=1,...,d, j#i

5D Hyperspheroid

0.14 1 b
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EX

Differences E — EX between the eigenvalues

EX = EX obtained by reducing to a
one-dimensional problem using the Kantorovich
expansion with a basis in a (d — 1)-dimensional
domain, and the solution E = E, of the
five-dimensional BVP obtained using FEM;

v

70 _ ——mm
E {1} —_——
60 ———= -
50 e -
407 M
p———— M K=2
M k=3 2 d=6
20{k=43 2 g5
=4
d 4 5 6
D° 432 1539 5346
NS,10° 0.03 0.32 3.01

Here p=3, Kk =2,
grid {0($)1}®{0, 5,3}

Grid {0(1/N)1} ® {0(7/N)7}°~" with Dirichlet BCs at r = 1 and 64 = 0,7 for

antysymmetric states and Neumann otherwise.

KANTBP 5M (by Kantorovich method 28 eqs) for 5th-order HIPs [2,1,1,2], grid:
{0,0.01,0.03,0.06,0.1(0.1),0.9,0.94,0.97,0.99, 1} at d<6 and {0.01,...,1} at d=6.




Helmbholtz problem on hyperspheroid 8;=0.84, a;=1, j=1,...,d, j#i

The dimension of the algebraic problem L, the number of nonzero elements N (><‘106)7 the CPU
time T (min:sec), and the maximum memory M (Mb) , and the first five eigenvalues Ef ¢ of states
symmetric with respect to X; =0, i = 1, ..., d. The calculations was performed on grid

Qo,.....04_1.r = {0(he, = 7/6)m/2}°~" ® {O(h, = 1/4)1}. The lines marked by K represent the
spectrum obtained by KANTBP for each d .

d=14

2 0 2744 0.22  0:01 31| 16.19474 42.87042 42.87089 46.70737 57.08947
3 1 2 1344 0.13 0:01 20| 16.19242 42.88711 42.91700 46.66289 56.83628
3 1 3 3072 0.66 0:07 78| 16.19229 42.77429 42.77490 46.56052 56.80268
3 1 4 4288 1.26  0:13 154 | 16.19229 42.77423 42.77425 46.56028 56.80261
3 1 4608 1.44 0:17 173 | 16.19229 42.77423 42.77425 46.56028 56.80261
3 0 12000 2.63 0:23 300| 16.19229 42.77380 42.77384 46.55939 56.80067

K 16.19229 42.77323 42.77323 46.55839 56.79836

d=5

2 0 19208 5.48  2:55 1280 | 21.84884 51.15097 51.15147 51.15294 56.08100
3 1 2 6400 1.87 1:24 320 | 21.84620 51.18729 51.19003 51.22003 56.03220
3 1 3 17664 13.73 10:02 2168 | 21.84599 51.03087 51.03116 51.03194 55.88135
3 1 4 29440 37.28 32:21 5667 | 21.84599 51.03077 51.03079 51.03081 55.88072
3 1 5 35584 53.84 42:17 8548 | 21.84599 51.03077 51.03079 51.03081 55.88071
3 1 36864 57.62 76:17 8565 | 21.84599 51.03077 51.03079 51.03081 55.88071
3 0 120000 120.95

K 21.84596 51.02965 51.02965 51.02965 55.87842

d==6

2 0 134192
3 1 2 29624 25.17 101:47 6111 | 28.17052 60.08334 60.12071 60.12652 60.14350
3 1 3 95328 225.23

K 28.17032 59.91105 59.91105 59.91105 59.91105




Test 2: The Moshinsky atom

(system of A > 3 identical particles with pair oscillatory interaction)

The BVP of the relative motion in the c.m.s. in symmetrized coordinates X

A—1 2
(Z ( 3(2(2 X2> — E,S,’A> d3A(X) =0, X=(Xi,...,Xq)eR?, d=A-1

i=1

the nonrectangular domain is bounded by planes

2— 1 :
\/Z\—C‘ Zx 0, X 1—X=0, j=2.,A-1.

To construct states that are symmetric (S) or antisymmetric (A) w.r.t. permutations
of pairs of particles, the Dirichlet or Neumann BCs, should be applied.

The degenerate spectrum

ES=A—1,A+3,A+5,A+7,A+9, ..., Er=A’—1 A’43 A’4+5 A’4+7 A%49, ..

A.A. Gusev, S.I. Vinitsky, O. Chuluunbaatar, L.L. Hai, V.L. Derbov and P.M.
Krassovitskiy, Resonant tunneling of the few bound particles through repulsive
barriers, Physics of Atomic Nuclei 77, 389 (2014).



The Moshinsky atom

Affine coordinates z=(z, ..., zs)ER?, d=A—1

2 VA 1 = .
= Xi + X, z=X_1-X, j=2,..,A-1,
\/Zf‘l 1 \/Zf‘lg i - —1 Y] J

Z4

The BVP in a rectangular domain Q(z) = {z € R%}

1 &9 9 y .
“oo(@) 2 079 + VA~ E | *@) =0

o(z) =1, gj(z)={2,i=j;-1,i=j+£1,0 otherwise}, ij=1,...,A-1




The first 6 energy levels E5 for the 3rd order FEM scheme approximating the
five-dimensional BVP of the relative motion of six identical particles, where E;, ES
are double degenerate, Eg is fourfold ones. Here Vinax=12, h=1, D»f is the dimension
of the algebraic problem, N§ is the number of nonzero elements (in 10°), T3 is the

CPU time (in min:sec), and M5 is the maximum memory (in Mb).

EE B E E E ES D3 Ty
exact 5 9 11 13 15 17 Ng Ms
no excl. 5.003 9.029 11.012 13.014 15.003 16.964 17.036 21312 19:13
by || 13.110 15.062 17.055 17.274 23.1 2111
k=5  5.003 9.029 11.012 13.014 15.003 16.964 17.036 20646 17:41

13.110 15.062 17.055 17.274 21.7 1982
k=4  5.003 9.030 11.012 13.015 15.003 16.965 17.037 17316 11:41
13.117 15.064 17.059 17.305 15.3 1397
k=3  5.005 9.053 11.021 13.025 15.021 16.990 17.053 10656 2:46
13.245 15.119 17.116 17.739 5.8 535
k=2  5.099 9.525 11.243 13.293 15.292 17.291 17.378 3996  0:25
14.541 15.936 18.013 — 0.9 81

0.0. Kovalev, B. Batgerel, A.A. Gusev, L. Le Hai, V.L. Derbov, O. Chuluunbaatar,
S.I. Vinitsky, P.W. Wen, Symbolic-numerical algorithms for solving multidimensional
boundary value problems by finite element method on hypercubes, Lecture Notes in
Computer Science 16235, pp. 210-222 (2026).



Resume

o When solving multidimensional boundary value problems, the main problem
with increasing dimension is the exponential increase in both the dimension of
the algebraic boundary value problem and, to a greater extent, the number of
nonzero elements.

o To restrain such an increase, we use complex rectangular grids and the exclusion
of functions with large multiplicity of the grid nodes from the piecewise
polynomial basis functions were used.

o Available on PCs: to solve AEP of dimension ~ 30000, the number of nonzero
elements is ~ 20 million.
» This enough to solve with good accuracy the 2D, 3D and 4D BVPs, and with low
accuracy 5D and 6D BVPs.
o The expectations to solve with appropriate accuracy 6D BVPs: dimension of
AEP 70000, the number of nonzero elements being 70 million.

o Based on the research carried out, we conclude that six-dimensional BVPs for
calculating the lower part of the spectrum of consistent quadrupole-octupole
collective models of the atomic nucleus, become solvable using our FEM
computational schemes on modern personal computers.

The FEM schemes performed on a personal computer PC 13th gen Intel(R) Core
(TM) i7-13700HX 2.10 GHz 16Gb.
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