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Motivation & Problem Statement

Hamiltonian systems require numerical methods that preserve
geometric structure.
Geometric integrators preserve symplectic form, but often fail
to keep polynomial invariants.
Darboux polynomials describe invariant hypersurfaces (f = 0),
but real invariant sets are often intersections of several
surfaces.
Goal: Generalize Darboux polynomials to Darboux ideals
⟨f1, . . . , fr⟩ to handle invariant sets of arbitrary codimension,
and test how difference schemes inherit this structure.
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Difference schemes

The finite difference method involves replacing the system of
differential equations

dx

dt
= f(x), (1)

with a system of algebraic equations

gi(x, x̂,∆t) = 0, i = 1, . . . , n, (2)

relating the value x of the solution at some time t to the value x̂ of
the solution at time t+∆t.

The system of algebraic equations (2) is called a difference
scheme for the system of differential equations (1).
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t-symmetry

Since schemes are algebraic equations, we want to construct
schemes that preserve the algebraic properties of the original ODE
system.

Definition
We say that a difference scheme

gi(x, x̂,∆t) = 0, i = 1, . . . , n, (3)

has t-symmetry if the system of equations (3) is equivalent to the
system

gi(x̂, x,−∆t) = 0, i = 1, . . . , n.
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Integrals

Definition

We say that a difference scheme

gi(x, x̂,∆t) = 0, i = 1, . . . , n, (4)

preserves the expression h(x,∆t) if it follows from equations (4)
that

h(x̂,∆t) = h(x,∆t).

We say that the scheme
preserves an integral of the ODE system if the expression h
does not depend on ∆t.
inherits an integral g(x) of the ODE system if the expression
h(x,∆t) tends to the expression g(x) as ∆t → 0.
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Reversible schemes

Definition
A difference scheme is called reversible if it defines a birational
map between the n-dimensional space of x and the n-dimensional
space of x̂.

This is a natural property for dynamical systems in classical
mechanics, where

a given initial value x corresponds to a unique final value x̂,
a given final value x̂ corresponds to a unique initial value x.
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Approximate solutions of a reversible scheme

Definition
A birational map of a projective space is called a Cremona
transformation.

Let the transition from layer t to layer t+∆t be described by a
Cremona transformation C depending on ∆t:

x̂ = Cx.

Definition
By an approximate solution emanating from a point x, we mean the
sequence

O(x) = {Cmx, m ∈ Z},

that is, the orbit of the Cremona transformation C (here orbit =
trajectory).
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Next step

We have formulated the requirements for the schemes
reversibility;
t-symmetry;
preservation of integrals.

Now let’s move on to a specific method for
constructing such schemes, the system doubling
method, which introduces mirror variables to preserve
the bijectivity of the mapping.
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System doubling method

The method involves extending the original system by introducing
“mirror” variables that duplicate the original ones but with
cross-couplings.
Consider a dynamical system in general form:

dx

dt
= f(x), (5)

Construct the doubled system:
dx

dt
= f(y)

dy

dt
= f(x)

We will henceforth refer to this scheme as the system doubling
method. Reference: S. N. Sytova // Differ. Equ. 32(7) (1996) 995–998
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Notation and logic of the system doubling method

Notation:
x — original variable at layer t.
x̂ — value of x at the next layer t+∆t.
x′ — “mirror” variable at layer t.
x̂′ — value of x′ at layer t+∆t.

Asymmetric update:x̂ = x+ f(x′)∆t,

x̂′ = x′ + f(x̂)∆t.

The new layer x̂ is computed via x′, and the new x̂′ is computed
via x̂.
Hence

x̂− x = f(x′)∆t, x̂′ − x′ = f(x̂)∆t
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System doubling method

The doubling method preserves the bijective correspondence
x ↔ x′ due to asymmetric updates, but at the cost of losing
classical t-symmetry (time symmetry).

∆t → −∆t, x̂ → x′, x̂′ → x
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System doubling on Jacobi oscillator

The Jacobi oscillator is given by the system:
d

dt
p = qr,

d

dt
q = −pr,

d

dt
r = − 1

k2
pq,

p(0) = 0, q(0) = 1, r(0) = 1

Parameters:
k =

1

5
, N = 200, T = 100.
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System doubling on Jacobi oscillator

This, in turn, means:

p̂− p = +q′r′∆t,

q̂ − q = −p′r′∆t,

r̂ − r = − 1

k2
p′q′∆t,

p̂′ − p′ = +q̂r̂∆t,

q̂′ − q′ = −p̂r̂∆t,

r̂′ − r′ = − 1

k2
p̂q̂∆t.
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System dobling on Jacobi oscillator

• p(t)

• p′(t)

• p(t) using
Runge-Kutta 4
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Phase portrait. Conservation of integrals

lower solution
"spirals inward".

upper solution
"spirals outward".

The exact solution is a circle:

p2 + q2 = 1, p′
2
+ q′

2
= 1

The approximate solution is not a circle; moreover, the curve is
open.
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Geometric mean of the doubled system for Jacobi oscillator

p(t), p′(t) Arithmetic mean Geometric mean

Comparison of solutions: p(t) and p′(t),
1

2
(p+ p′)(t),

√
p(t)p′(t).
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Geometric mean

The geometric mean reflects the amplitude trend of the motion.
However, due to the nature of the square root, it lacks sign
changes. As a result, it loses phase information and cannot
accurately represent the full behavior of the variable.
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Geometric mean. Conservation of integrals

Doubling method
(geometric mean)

The solution exhibits
behavior close to the exact
solution. Limitation: first
quadrant.

Kahan scheme
The solution exhibits
behavior close to the exact
solution.
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Next step

The graphs show that the doubling method preserves
the bijectivity, but violates the t-symmetry and does
not hold classical integrals of motion.
It seems to be need to identify a new algebraic
language capable of describing invariant sets of
complex structure.
Darboux’s ideals become such a language.
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Why Study Darboux Ideals?

Hamiltonian systems are fundamental in classical mechanics,
celestial dynamics, and molecular modeling.
Numerical challenge: Standard discretization methods often
destroy geometric structures (symplecticity, conservation laws).
Geometric integrators preserve symplectic structure but may
fail to preserve polynomial invariants.
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Hamiltonian system and polynomial ring

Consider a Hamiltonian system

dqi
dt

=
∂H

∂pi
,

dpi
dt

= −∂H

∂qi
, i = 1, . . . , n.

Assumptions

The Hamiltonian H(p, q, t) is a polynomial in
q1, . . . , qn, p1, . . . , pn.
Coefficients are meromorphic functions of t.

Denote by K the ring of such polynomials, and by k the coefficient
field.
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The Hamiltonian derivation D

Introduce the differentiation operator on K:

D =
∂

∂t
+

n∑
i=1

(
∂H

∂pi

∂

∂qi
− ∂H

∂qi

∂

∂pi

)
.

This is the Lie derivative along the Hamiltonian vector field.

For any polynomial f ∈ K, Df is again a polynomial (possibly with
meromorphic coefficients).
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Darboux ideal: definition

Definition
An ideal J ⊆ K is called a Darboux ideal of K with respect to
the derivation D if

f ∈ J =⇒ Df ∈ J.

Motivation
If J = ⟨g⟩ is principal, then Dg = h · g – classical Darboux
polynomial (partial integral).
Non-principal ideals describe invariant algebraic sets of
codimension > 1.

Key property

The set Z(J) = {(p, q) | f(p, q) = 0 ∀f ∈ J} is invariant under the
Hamiltonian flow.
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What we expect to gain

Mostly, we hope to get Invariant preservation.
If a polynomial f generates a principal Darboux ideal in the
continuous system (Df = hf), and if f ∈ J∆, then the difference
scheme will preserve the zero set {f = 0} up to O(∆t2).
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Next step

We have introduced a strict definition. Now let’s test
it on a specific physical system. Let’s take a separable
cross-linked Hamiltonian doubled in a variable and
check whether the subspace of the variables q = q′;
p = p′ forms a Darboux ideal.
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Original Hamiltonian system

Consider the following Hamiltonian:

H0(p, q) = T0(p) + U0(q),

with
T0(p) = p4, U0(q) = q4 + q2.

The canonical equations read
ṗ = −∂U0

∂q
= −(4q3 + 2q),

q̇ =
∂T0

∂p
= 4p3.

Initial conditions: p(0) = 0, q(0) = 1.

This system is then extended via the doubling method to obtain the
Hamiltonian H(p, p′, q, q′) = T (p, p′) + U(q, q′) shown on the next
slide.
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Separable modified Hamiltonian

Consider a Hamiltonian of separable form

H(p, p′, q, q′) = T (p, p′) + U(q, q′),

with

T (p, p′) = p4 + p′ 4, U(q, q′) = (q4 + q2) + (q′ 4 + q′ 2).

The canonical equations read
ṗ = −∂U

∂q′ = −(4q′ 3 + 2q′),

ṗ′ = −∂U
∂q = −(4q3 + 2q),

q̇ = ∂T
∂p′ = 4p′ 3,

q̇′ = ∂T
∂p = 4p3.
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Cross-coupling and initial data

Cross-coupling
Notice the special pairing:
p is conjugate to coordinate q′,
p′ is conjugate to coordinate q.
This is different from the usual (p, q) and (p′, q′) pairing.

Initial conditions

p(0) = 0, p′(0) = 0, q(0) = 1, q′(0) = 1.
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Darboux Ideal

Main property
Consider the ideal generated by the differences of variables:

J = ⟨q − q′, p− p′⟩

Invariance condition
For J to be a Darboux ideal, it is sufficient to require:

D(q − q′) ∈ J, D(p− p′) ∈ J.

Then for any f ∈ J we automatically have

f ∈ J =⇒ Df ∈ J.
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Darboux Ideal

Geometric meaning
The ideal J defines an invariant algebraic set:

q = q′, p = p′.

If the conditions on D are satisfied, this set is invariant under the
Hamiltonian flow.
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Schemes used

Runge-Kutta 4 scheme
Semi-implicit Euler scheme
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Runge-Kutta 4 scheme for our system

Let ∆t = T/N be the time step, and denote by (̂·) the value at the
next time level.
The scheme is defined as:

p̂− p = ∆t
6

(
F1p + 2F2p + 2F3p + F4p

)
,

p̂′ − p′ = ∆t
6

(
F1p′ + 2F2p′ + 2F3p′ + F4p′

)
,

q̂ − q = ∆t
6

(
F1q + 2F2q + 2F3q + F4q

)
,

q̂′ − q′ = ∆t
6

(
F1q′ + 2F2q′ + 2F3q′ + F4q′

)
,

where

F1, F2, F3, F4 are the increment vectors for (p, p′, q, q′).
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Semi-implicit Euler scheme for our system

Let ∆t = T/N be the time step, and denote by (̂·) the value at the
next time level.
The scheme is defined as:

p̂− p =
(
−dU(q′)

dq′

)
∆t,

p̂′ − p′ =
(
−dU(q)

dq

)
∆t,

q̂ − q =
(
dT (p̂′)
dp′

)
∆t,

q̂′ − q′ =
(
dT (p̂)
dp

)
∆t.
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Semi-implicit Euler scheme for our system

Using the explicit expressions:
p̂− p = −(4q′ 3 + 2q′)∆t,

p̂′ − p′ = −(4q3 + 2q)∆t,

q̂ − q = 4p̂′ 3∆t,

q̂′ − q′ = 4p̂3∆t.
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Results

We’ve tested both schemes on the system with modified
Hamiltonian.
Tests were produced using Sage.

1 D=lambda u: -u.diff(p)*H.diff(q_prime)-u.diff(p_prime)
*H.diff(q)+u.diff(q)*H.diff(p_prime)+u.diff(
q_prime)*H.diff(p)

2 J=QQ[p,p_prime ,q,q_prime ]*[q-q_prime ,p - p_prime]
3 D(p-p_prime) in J
4 D(q-q_prime) in J

As a result, we got True !
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Results
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Last things last...

To sum up, we want you to imagine the phase space as a
mountain landscape, and solutions of a Hamiltonian system as
water streams.
Sometimes the landscape contains invisible rails (surfaces or
curves) that force the flow to stay on them.
If a leaf (a trajectory) lands on a rail at t0, it never leaves the rail
for any t
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Conclusion & Perspectives

Darboux ideals generalize partial integrals to invariant
algebraic sets of codimension > 1.
The condition Df ∈ J is equivalent to invariance of Z(J)
under the Hamiltonian flow.
Symbolic verification (Sage) confirms J = ⟨q − q′, p− p′⟩ is a
Darboux ideal for the doubled system.


