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Abstract. Kahan’s method allows approximating a dynamical system with a
quadratic right-hand side using a difference scheme whose step is described by
a quadratic Cremona transformation. To study such transformations, it has
been proposed to use the notation of Rosanes (1870), which provides a bridge
between matrix theory, which is well developed, and the theory of quadratic
Cremona transformations written in projective coordinates.

Introduction

Consider the xy-plane, two equations

flz,y;2,9) =0, g(z,y;2,9) =0, (1)

connect two pairs of variables, (z,y) and (Z,¢) and, in the non-degenerate case,
define an algebraic correspondence on the plane: given a point (z, y) in this system,
one can find several corresponding points (Z, §), and vice versa.

We encountered quadratic Cremona transformations while studying differ-
ence schemes for dynamical systems obtained using Kahan’s method [1, 2]. In
such schemes, each time step is described by a quadratic Cremona transformation.
Obviously, there is no convenient notation for Cremona transformations. It is dou-
bly surprising that matrix notation for quadratic Cremona transformations was
proposed as early as the 1870s by J. Rosanes [3]. Unfortunately, this work went
unnoticed. It is mentioned in thick reviews spanning half a century [4, 5], but no
attention to Rosanes’s notation is paid.

Although the construction itself appears quite classical, the few known re-
sults prove of little use. The point is that the coefficients of difference schemes
typically belong to algebraically non-closed fields, for example, the field of frac-
tions of the ring Q[At], where At is the time step (symbolic variable), or even to
the field Q. Therefore, for these studies, it would be desirable to have a theory
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of quadratic Cremona transformations over algebraically open fields. However, re-
search on Cremona transformations, both new and classical, is usually conducted
over an algebraically closed field.

1. Rosanes notation

In addition to the Cartesian coordinates of a point (z,y), we will use homogeneous
coordinated (u : v : w), setting x = w/w and y = v = w. When multiplying
matrices, we will consider homogeneous coordinates as a column u = (u,v,w)”.
Two matrices A and B of dimension 3 x 3 define a quadratic transformation

1" Au=0, @'Bu=0. (2)

since these equations are linear in both u and u. It is only important that any
value of u corresponds to a unique value of 1, and vice versa.

First of all, if nonzero matrices A and B of dimension 3 x 3 differ by more
than a multiplicative constant, then Eqgs. (2) define a quadratic transformation.
Further, quadratic transformation (2) is not unique only at those points u that are
eigenvectors of the eigenvalue problem

pwAu = ABu. (3)

The quadratic transformation (2) is not uniquely invertible only at those points u
that are eigenvectors of the eigenvalue problem

pATu = AB"u. (4)

Of course, the eigenvalues of the problems (3) and (4) coincide and are the zeros
of the determinant

det(uA — AB) = 0. (5)

This is an algebraic equation of degree 3 with respect to p/A, so it has, generally
speaking, three complex roots.

2. Fano plane transformations

In the case of algebraically non-closed fields, there is one case that can be studied
completely and without much effort. This is the case of finite fields. Cremona
transformations of the projective plane over a Galois field of size 2, i.e., the Fano
plane, are considered. The notation proposed by J. Rosanes is used to describe
quadratic Cremona transformations.

Quadratic transformations without singular points are called regular. We use
the Sage system to implement procedures that convert a quadratic transformation
into a permutation of 7 points of the Fano plane (an element of the symmetric
group S7) and a permutation of 7 points of the plane into a quadratic transforma-
tion. By enumerating all quadratic transformations, it is proved that:
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e Regular quadratic transformations generate the entire permutation group of
the Fano plane. This theorem is analogous to Noether’s theorem over an
algebraically non-closed field.

e A permutation always corresponds to some quadratic Cremona transforma-
tion, but this transformation is not always regular. Regular quadratic Cre-
mona transformations have even order. Non-regular transformations can be
supplemented by a rule that resolves ambiguities at fundamental points.

This leads to a natural classification of quadratic transformations of the Fano plane
described in [6].

3. Kahan method

Consider a dynamical system with a quadratic right-hand side.
dz

L ey, L=y (0

We assume that
f(@,y) = fuiz® + 2fiezy + fooy® + 2f132 + 2fo3y + f3,

denote the symmetric matrix (f;;) as F, and adopt a similar relation for the qua-
dratic function g. According to Kahan’s method [1], this system can be approxi-
mated by a difference scheme defining a birational transformation of the plane:

T —x = (fued + fi2(xg + 92) + fooyg + frz(x + &) + faz(y + 9) + faz) At,
J—y= (9112 +...) At.

To write this transformation in Rosanes notation, we rewrite these relations in
homogeneous coordinates

wi — uw = (friud + frz(ud + du) + - - - + fazw) At,
wd —vw = (grut +...) At.

We introduce

0 0 1 0 0 O
Ei=10 0 0|, E,={(0 0 1],
-1 0 0 0 -1 0
then in Rosanes’s notation, the transformation (7) is defined by two matrices

A=FE, +FAt, B=E,+GAt.

We emphasize that F' and G are symmetric matrices of the quadratic functions f
and ¢ in the generally accepted notation.

The elements of matrices A and B belong to the ring Q[A¢]. The difference
scheme (7) is invariant with respect to the permutation

((E,y) - (‘%ag)v (i’,@) - (xvy)a At — *Ata
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i.e. t-symmetric. Therefore, the matrices defining the Kahan transform are self-
adjoint in the following sense. Conjugate to the polynomial f of the ring Q[At] we
will consider the polynomial B
f=fla=—at
Conjugate to the matrix A we will consider the matrix
A=A

Applying general theory to standard examples of dynamical systems with a
quadratic right-hand side revealed a surprising observation: a common feature of
the Volterra-Lotka system and the p-oscillator is that in both cases, the funda-

mental points have coordinates in the polynomial ring Q[A¢].
For Ex., the Volterra-Lotka system is defined by the system of equations

dx dy
Y ma-tyr, Y= (etany (5)
The Kahan scheme for this system is given by two matrices
0 —-b a 0 d 0
At At
A:E1—|—7 -6 0 0], B:Eg—i—? d 0 —c]. (9)
a 0 O 0 — O

Since det A = det B = 0, there are two eigenvalues (1 : A) = (0 : 1) and (1 : 0).
The third eigenvalue is calculated directly from (5); it is (d : —b). Although all
three eigenvalues are independent of At, the eigenvectors depend on the step:

1. The eigenvalue (p: A) = (1 : 0) corresponds to the fundamental points
up = (0: aAt +2:bAt), 1y =(0:alt—2:bAt).
2. The eigenvalue (p: A) = (0: 1) corresponds to the fundamental points
up = (cAt —2:0:dAt), Uy = (cAt+2:0:dAt).
3. The eigenvalue (u: A) = (d : —b) corresponds to the fundamental points
ug = (beAt +2b: adAt —2d : 0), 1z = (bcAt —2b: adAt + 2d : 0).

So, the eigenvalues are self-adjoint and eigenvectors are conjugate to each other.

4. New difference schemes for Volterra-Lotka system

Rosanes notation provides an easy way to construct difference schemes similar to
Kahan schemes. Let the time step be described by an quadratic transformation
with matrices

A=FE + A At+ A;At? ..., B=Fy,+ BAt+ ByAt? .. ..
For ex., the transformation scheme with
A=F; 4+ A At + AsAt?, B = Ey + Bi At + BoAt?,

were 1.) A; and B are the same as in Eq. (9) and 2.) As and B, are any anti-
symmetric matrices, approximate the Volterra-Lotka system with 2nd order and
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has t-symmetric. However, you can choose these matrices so that the closed tra-
jectory found by this scheme turns into a spiral. This means that the well-known
conservative properties of the Kahan method are not related to either reversibility
or t-symmetry.

Conclusion

We believe that the Rosanes notation provides a convenient algebraic tools for
investigating difference schemes similar to Kahan schemes. It is very easy to build
new schemes, the step of which is also a quadratic transformation of Cremona. We
are currently comparing the properties of these schemes.
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