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Abstract. This document presents the main contributions of the paper “Higher
Specht Polynomials and Modules over the Weyl Algebra” by Nonkane and
Todjihounde (2021). The central question addressed is: given the polynomial
ring Clz1,...,zn] viewed as a Z-module over the Weyl algebra Zx, how
does its structure decompose when pushed forward through a finite quotient
map 7 : C" — C"/(Sn; X -+ X Sp,.)? The authors prove that the direct
image 74 (Ocn) splits into a finite direct sum of explicitly described simple
Z-modules, whose generators are identified with higher Specht polynomials. A
2-module decomposition of the polynomial ring localized at the discriminant
of 7 is also established. The results constitute a concrete algebraic realisation
of Kashiwara’s abstract decomposition theorem for direct images of simple
holonomic modules, while simultaneously giving a new differential-algebraic
interpretation of classical combinatorial objects in representation theory.

1. Introduction

The Weyl algebra Zx = C(z1,...,%n, 04y, ..,04,) the ring of polynomial differ-
ential operators lies at the heart of the algebraic theory of linear partial differen-
tial equations. One of its most fundamental properties is that the polynomial ring
Ox := Clxy,...,x,] is a simple Px-module: no non-trivial Zx-stable subspace
exists. This simplicity is the starting point of the present paper.

A classical result in Z-module theory the Kashiwara decomposition theo-
rem states that, for a proper polynomial map w : X — Y, the direct image of a
simple holonomic Zx-module is semisimple: it decomposes as a direct sum of irre-
ducible Zy-modules. While this is a powerful existence result, it gives no explicit
description of the simple components, their generators, or their multiplicities.
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This paper fills that gap for a specific but important family of maps: the
quotient maps

T:C" — C"/(Sny x -+ X Sp,),

where S,,, denotes the symmetric group on n,; letters and n = n; + .-+ + n,.
The key insight of the authors is that the irreducible Z-submodules of the direct
image 74 (Oc¢n) are in bijection with the irreducible representations of S,,; x - -+ X
S, which are in turn indexed by 7-tuples of Young diagrams (partitions). The
generators of each simple component are precisely the higher Specht polynomials
associated with the corresponding tableau.

The paper therefore unifies three areas: the algebraic theory of Z-modules
and the Weyl algebra, the combinatorial representation theory of symmetric groups
(Young tableaux, Specht modules), and the geometry of polynomial quotient maps.

2. Algebraic Framework and Key Definitions

Definition 2.1 (Weyl Algebra and 2-modules). Let K be a field of characteristic
zero and X = K™. The Weyl algebra Zx is the associative K -algebra generated
by x1,...,Ty and O, ..., 0y subject to the canonical commutation relations

[0, ;] = i, [z, 5] = [0;,04] = 0.

A Px-module is a left module over Px. The polynomial ring K[X] is a simple
Dx -module.

Definition 2.2 (Direct Image). Let m : X — Y be a polynomial map. For a left
Px-module M, its direct image under 7 is defined by

T (M) = Dy x Qo M,

where Dy x = (Dx_y)t is a (Dy, Dx)-bimodule constructed via the standard
transposition T(hd®) = (=1)1*d%h. The Px-action on the transfer bimodule is

0 0

h "\ or;  Ou
50 " 2w, By

Theorem 2.3 (Kashiwara Decomposition Theorem). Let 7 : X — Y be a poly-
nomial map and let M be a simple holonomic Px-module. Then the direct image
w1 (M) is a semisimple Py -module:

7T+(M) - @Mi@aia

where the M; are pairwise non-isomorphic irreducible Py -submodules and c; € N
are their multiplicities.



Irreducible Decomposition of Polynomial Rings via D-Module Direct Images and Combinatorial Differential Structure3

3. Higher Specht Polynomials and the Main Decomposition

Let n = n1+---+n, and let G = S, X+ - - XS, act on Clzy, . .., z,] by permutation
of variables within each block. The ring of invariants is Oy = Clxy,...,7,]¢ and
the quotient map 7 : C* — C™/@G is finite.

Combinatorial data: r-diagrams and tableaux

An r-diagram of type (ny,...,n,) is an r-tuple A = (A,..., \") of partitions with
A n;. The irreducible representations of G are indexed by such r-diagrams.
To each standard r-tableau 7' = (T",...,T") of shape ), one associates a higher
Specht polynomial defined by

1 ,
F% = ]:%1 (Z‘l, . ,xnl) s .7:%: (xn1+---+n,,,,1+la . ,J}n>,

where each factor ]:%i is the classical Specht polynomial associated with the i-th
component tableau.

Main decomposition theorem

Theorem 3.1 (Main Result). Let 7 : C* — C"/G be the finite quotient map
above, and let V* denote the irreducible G-representation indexed by the r-diagram
A. Then the direct image 7 (Ocn) decomposes as a semisimple PDcn jg-module:

. N

74+(Ocn) = @, (M’\)@dlm v , where the direct sum runs over all r-diagrams A of
type (n1,...,n.), and each simple component M? is generated by the higher Specht
polynomials of shape \. The multiplicity of M?* equals dim V>, the dimension of
the corresponding irreducible G-representation.

Theorem 3.2 (Localized Decomposition). Let A = A(zy,...,x,) be the discrim-
inant of the map w. The localized polynomial ring Ox[A~1], viewed as a Dx-
module, admits a P-module decomposition whose simple components are explicitly
described in terms of the higher Specht polynomials and the primitive idempotents
of the group algebra C[G].

Action of invariant differential operators

Theorem 3.3 (Differential Action on Higher Specht Polynomials). Let P € @g
be a differential operator invariant under the action of G. Then P preserves each
isotypic component M* of m, (Ocn). More precisely, therestriction of P to M* is
a scalar multiple of the identity on each M*: P - F3 = x*(P) Fp, where x(P) is
a scalar that depends only on A and P, not on the choice of standard tableau T

4. Iustrative Calculation and Conclusion

Example: the case r =1, n =2, G =38,



4 Fatma zohra daoud

Let n =2, r =1, G = & = {e,(12)} acting on C[zy,z3] by swapping
x1 <> T2. The quotient map is 7 : C? — C2/S, with invariant ring Oy = Cleq, ea),
where e; = x1 + 22 and es = x1x5 are the elementary symmetric polynomials.

The two irreducible representations of Ss correspond to the partitions A = (2)
(trivial) and g = (1,1) (sign). Their Specht polynomials are:

F® =1 (trivial representation), FOOU — 21 — 2y (sign representation).
By Theorem B, the decomposition reads:
74 (Oc2) =2 M@ g MOY,

where M) = Oy is generated by 1 and MV is generated by z; — x5 as a
Py-module. The discriminant of 7 is A = (21 — 29)? = €2 — 4ey. The localized
ring C[x1, 22][A™1] carries the decomposition of Theorem B2, with the generator
(z1 — x9)~1 - FI playing a key role.

Conclusion: This paper achieves three main theoretical contributions.

(i) Explicit realisation of Kashiwara’s theorem. While Theorem P23 guaran-
tees semisimplicity abstractly, the present work provides explicit generators and
multiplicities for each simple component of 74 (O¢r) in terms of higher Specht
polynomials, bridging abstract Z-module theory with concrete combinatorics.

(ii) A new differential structure on Specht polynomials. Higher Specht poly-
nomials, classically defined as combinatorial objects adapted to Young tableaux,
are here shown to carry a natural Z-module structure. Invariant differential op-
erators act diagonally on them (Theorem B33), revealing a previously unexplored
algebraic rigidity.

(iii) Generalisation and unification. The paper generalises prior results for
the symmetric group S,, to arbitrary products S,, x --- X &, with the case
r = 2 recovering results on the rational quantum Calogero—Moser system. This
unification suggests further generalisations to complex reflection groups and other
classes of algebraic Z-modules.
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