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Abstract. Let k ≥ 0 be an integer and Fk be the kth Fibonacci number. Our
aim in this talk is to show the uniqueness of the positive integer d such that
F2k+1d+1, F2k+5d+1 and 5F2k+3d+1 are all perfect squares. Moreover, we
study the integer points on the attached elliptic curve

Ek : y2 = (F2k+1x+ 1)(F2k+5x+ 1)(5F2k+3x+ 1)

under the assumption rank of Ek over Q is equal to one.

Introduction

Let n be a nonzero integer, a set of m pairwise distinct nonzero integers {a1, . . . , am}
is called Diophantine m-tuple with the property D(n) (or D(n)-m-tuples), if for a
fixed integer n, the product of each two distinct elements from the set increased by
n is equal to a perfect square. Diophantus (200-208)A.D. the first found the ratio-
nal quadruple { 1

16 ,
33
16 ,

17
4 , 105

16 } satisfies the algebraic property that the product of
two distinct elements increased by one is equal to a rational square, consequently,
it named after Diophantine rational quadruple. Later, Fermat discovered the first
integer quadruple {1, 3, 8, 120} which satisfies the Diophantine property.

A key problem in this field is to determine the maximal size of such sets.
For example, He, Togbé, and Ziegler in 2016 [1] proved the nonexistence of any
integer D(1)-quintuple that means that a Diophantine D(1)-quadruple cannot be
extended to a quintuple of integers. The nonexistence of D(−1)-quadruple was
shown by Bonciocat, Cipu, and Mignotte [2].

Although a Diophantine D(−1)-triple {a, b, c} with a < b < c cannot be
extended to a quadruple of the same type, there always exists a positive integer d
such that each of ad+ 1, bd+ 1, and cd+ 1 is a perfect square. In particular, the
value

d+ = 2abc− (a+ b+ c) + 2
√
(ab− 1)(ac− 1)(bc− 1)
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fulfills this condition. A triple {a, b, c} satisfying this property is said to have the
D(−1; 1) property.

Let (Fn) be the Fibonacci sequence defined by F0 = 0, F1 = 1, and for all
n ≥ 2, Fn = Fn−1 + Fn−2. It is straightforward to verify that, for every integer
k ≥ 0, {F2k+1, F2k+5, 5F2k+3} forms a D(−1)-triple, for all positive integer k ≥ 2.
Indeed, we have

F2k+1F2k+5−1 = F 2
2k+3, 5F2k+1F2k+3−1 = L2

2k+2, and 5F2k+3F2k+5−1 = L2
2k+4,

where Lk denotes the kth Lucas number.

Main Results
We have established the following results.

Theorem 1. Let k ≥ 0 be an integer. If the set {F2k+1, F2k+5, 5F2k+3; d} has
the property D(−1; 1), then d must be equal to 4F2k+3(5F

2
2k+3 + 1).

As an application of this result, we show that

Theorem 2. Let k ≥ 2 be an integer and Ek the elliptic curve given by

Ek : y2 = (F2k+1x+ 1)(F2k+5x+ 1)(5F2k+3x+ 1). (1)

If the rank of Ek over Q equals to one, then the integer points on Ek are given by

(0,±1),
(
4F2k+3(5F

2
2k+3+1),±(2F2k+3L2k+2+1)(2F2k+5L2k+2+1)(10F 2

2k+3+1)
)

Conclusion
We close by offering the following two conjectures:

conjecture 1. There are no positive integers p, q, r and s such that {Fp, Fq, Fr;Fs}
is a Diophantine quadruple with the property D(−1; 1).

conjecture 2. If there exist positive integers p < q < r such that {Fp, Fq, Fr}
is a D(−1)-Diophantine triple, then (p, q, r) = (2n + 1, 2n + 3, 2n + 5) for some
nonnegative integer n with the additional exception (p, q, r) = (2, 3, 5).
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