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Abstract. This paper presents the fundamental definitions of sub-Riemannian
geometry and Carnot–Carathéodory metrics. Estimates of Carnot–Carathéodory
metrics are studied in the context of the Ball–Box theorem.New formulas for
finding privileged coordinates are introduced.

Introduction
Sub-Riemannian manifolds are a natural generalization of Riemannian manifolds.
Unlike the Riemannian case, the inner product on a sub-Riemannian manifold is
defined not on the entire tangent space, but only on a distinguished subspace —
the distribution. Such a structure gives rise to the Carnot–Carathéodory metric,
which plays a key role in the mechanics of systems with nonholonomic constraints,
robotics, and control theory.

We are interested in geodesic spheres in sub-Riemannian manifolds and their
behavior as the radius tends to zero. Studying the asymptotics of spheres requires
the construction of privileged coordinates, in which the Carnot–Carathéodory met-
ric takes its simplest form.

1. Main definitions
Definition 1 A distribution ∆ on a manifold M is said to be given if a linear
subspace ∆x of the tangent space TxM is chosen at each point x ∈ M , and this
subspace depends smoothly on x.

A distribution can be defined as the linear span of some vector fields X1, . . . , Xm;
in this case, we say that the distribution is generated by the vector fields X1, . . . , Xm.

Definition 2 A piecewise smooth, naturally parametrized curve on M is called
admissible if it is tangent to the distribution ∆ at every point where the tangent
vector is defined.

Henceforth, we will omit the stipulation that the admissibility of a curve is
a property that is not spoiled if the curve lacks a tangent at some points.
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Definition 3 A distribution ∆ is called completely nonholonomic if at every
point x ∈ M any vector of the tangent space TxM can be represented as a linear
combination of vectors of the form

A, [A,B], [A, [B,C]], [A, [B, [C,D]]], . . .

for some A,B,C,D, · · · ∈ ∆x. Here [A,B] denotes the Lie bracket of vector
fields.

Definition 4 A manifold M with a completely nonholonomic distribution ∆
defined on it is called sub–Riemannian if each horizontal subspace ∆x ⊂ TxM is
equipped with an inner product g — a metric tensor that depends smoothly on
the point. In other words, a Sub–Riemannian manifold is a triple (M,∆, g).

Definition 5 By analogy with Riemannian manifolds, a metric called the
Carnot–Carathéodory metric can be introduced on a sub-Riemannian manifold.

The metric is given by the formula

d(x, y) = inf

∫ 1

0

√
g(γ̇(t), γ̇(t)) dt,

where the infimum is taken over all piecewise smooth admissible curves con-
necting the points x and y.

Theorem (Rashevsky–Chow). Let a completely nonholonomic distribution ∆
on a connected manifold M be generated by C∞ smooth vector fields X1, . . . , Xm.
Then any two points x, y ∈ M of the manifold can be connected by a piecewise
smooth admissible curve.

This theorem guarantees that the Carnot–Carathéodory metric will be de-
fined for any points of the manifold.

2. Main theorems
Let Ls(p) denote the subspace of TpM spanned by the values at the point p of Lie
brackets of length s of the vector fields X1, . . . , Xm. Since we are considering com-
pletely nonholonomic distributions, for each point p ∈ M there exists a smallest
integer r = r(p) such that

Lr(p)(p) = TpM.

This integer is called the degree of nonholonomy at the point p. For each
point p ∈ M , there exists, in fact, an increasing sequence of vector subspaces, or
a flag:

{0} = L0(p) ⊂ L1(p) ⊂ · · · ⊂ Ls(p) ⊂ · · · ⊂ Lr(p)(p) = TpM.

We will denote this flag by F (p).
The following theorem describes the shape of a small nonholonomic ball
Bε

D(x) = {y : ρD(x, y) ≤ ε}. Here ρD(x, y) -Carnot-Caratheodoty metric.
We define a function φ : {1, . . . , n} → {1, . . . , r} by setting φ(j) = i if
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dim(Li−1) < j ≤ dim(Li)

or, equivalently, ni−1 < j ≤ ni, where ni denotes the dimension of the corre-
sponding subspaces.

(Ball-Box Theorem). There exist local coordinates (x1, . . . , xn) in a neigh-
borhood of the point x and constants c, C > 0 such that for sufficiently small ε
the following inclusions hold:

Πc,ε(x) ⊂ Bε
D(x) ⊂ ΠC,ε(x),

where the box ΠC,ε(x) is defined by the conditions:

|xj | ≤ Cεφ(j), j = 1, . . . , n.

Definition The coordinates arising from the Ball–Box theorem are called priv-
ileged coordinates.

3. New formulas for priviliged coordinates
Thus, we assume that the basis of the distribution has the following form

ek = ∂k −
n∑

α=m+1

Aα
k∂α, k = 1, . . . ,m. (1)

Suppose that a cyclicity condition holds for the distribution. The cyclicity
conditions with respect to the vertical coordinates hold for the distribution if
the metric tensor gij of the distribution and the potentials Aα

k do not depend
on the coordinates xα, α = m + 1, . . . , n. Then the geodesic equations simplify:
all λα = const. We assume that in some neighborhood of a given point there
exists a basis of the form (10). Note that in this basis cαij =

∂Aα
j

∂xi − ∂Aα
i

∂xj are the
components of the commutator of the basis vector fields of the distribution A:
[ei, ej ] = −

∑n
α=m+1 c

α
ij∂α. The components of the second commutator [ek, [ei, ej ]]

of the distribution A have the form ∂Aα
j

∂xk , and so on.
Choose a point a ∈ N and assume that it has coordinates (0, . . . , 0). We

construct a system of privileged coordinates. Suppose the distribution has dimen-
sion m = n − 1. We denote the unique "vertical" coordinate by xα (α = n). The
index α of the potentials Aα

i and of the commutator components will be omitted.
Coordinates of order ≥ 2 have the form (x1, . . . , xm, x̃α), where

x̃α = xα +

m∑
k=1

Ak(0)x
k. (2)

Indeed, by (1) ekx̃
α = −Ak + Ak(0). At the point x = 0 this expression

vanishes for k = 1, . . . ,m.
Coordinates of order ≥ 3 have the form (x1, . . . , xm, x̃α), where
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x̃α = xα +

m∑
k=1

Ak(0)x
k +

1

2

m∑
i,j=1

∂Ai

∂xj
(0)xixj . (3)

Coordinates of order ≥ 4 have the form (x1, . . . , xm, x̃α), where

x̃α = xα +

m∑
k=1

Ak(0)x
k +

1

2

m∑
i,j=1

∂Ai

∂xj
(0)xixj +

1

6

m∑
i,j,k=1

∂2Ai

∂xj∂xk
(0)xixjxk. (4)

Example Consider a distribution given by the form w = xy dx+ dy + dz. As
a basis, take e1 = (1, 0,−xy), e2 = (0, 1,−1); the Lie bracket is [e1, e2] = (0, 0, x);
taking another bracket, [e2, [e1, e2]] = (0, 0, 1).

Consequently, at the point 0 we obtain the following flag of the distribution:
n1 = 2, n2 = 2, n3 = 3 ⇒ φ(1) = φ(2) = 1, φ(3) = 3.

Solving the Euler–Lagrange equation, we find the geodesics in the form of
Taylor series, in particular, the vertical coordinate x3 .

x3(t) = −tv20 +
1

6
t3(−2v210v20 − v210λ)−

1

30
t5v210λ(v

2
10 − 4v220 − v20λ) +O(t7)

The degree of nonholonomy is 3; using formula (3), we pass to privileged
coordinates and obtain x̃3 = x3 + x2. In our case, for privileged coordinates the
displacement along the vertical coordinate has the form x̃3(t) = − t3

6 (u1)
2u2 +

O(t4).
Hence we get the correct order of displacement in ”vertical” direction in priv-

ileged coordinates of third order.
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