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Abstract. This paper presents the extended capabilities of the PyGInv pack-
age — a lightweight version of the GInv computer algebra system tightly
integrated with SymPy. Three key directions of development are described
and illustrated with examples: numerical computation of all roots for zero-
dimensional polynomial ideals using commuting multiplication matrices; com-
putation of classical and potential symmetries for nonlinear partial differential
equations without specialized formulas; and the application of Grobner basis
algorithms to compute the first differential approximation (FDA) for numer-
ical methods for ordinary differential equations. The efficiency and flexibility
of the methods are demonstrated with substantive examples, including the
cyclic 6-roots, the Burgers equation, and the Van der Pol oscillator.

1. Introduction

The PyGInv package [1] is an open-source lightweight version of the GInv system,
written in pure Python and integrated with the SymPy computer algebra system.
Its core is an efficient implementation of algorithms for constructing involutive
Grdbner bases for polynomial and differential systems. This paper describes three
substantial extensions to PyGInv’s functionality.

The first extension is the numerical solution of polynomial systems. For zero-
dimensional ideals, PyGInv computes the Hilbert polynomial and finds all roots
with high accuracy. The method constructs multiplication matrices in the quotient
ring and solves the resulting joint spectral problem for these commuting matri-
ces [2, 3].

The second extension concerns the group analysis of differential equations.
PyGInv computes both classical Lie point and potential symmetries [4, 5]. The
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procedure generates a determining system of linear PDEs and solves it using differ-
ential Grobner bases. An example computing potential symmetries of the Burgers
equation is considered [6].

The third extension is the study of numerical methods for ODEs. By us-
ing Taylor series expansion and subsequent reduction via Grébner bases, PyGlnv
computes the first differential approximation (FDA) [7] for Runge-Kutta and mul-
tistep methods [8, 9]. The Van der Pol oscillator [10] is analyzed to show how FDA
reveals the order of a method, the sources of stiffness, and heuristics for selecting
the integration step size.

2. Numerical Solution of Polynomial Systems

Let I = (f1,..., fm) C Q[z1,...,2,] be a zero-dimensional ideal. PyGInv com-
putes its involutive Grobner basis G [11]. The quotient ring Q[z1,...,x,]/I is a
finite-dimensional vector space, with dimension d equal to the number of roots
(including multiplicities). A monomial basis B = {b1,...,bq} of this space consists
of monomials not divisible by any leading monomial lm(g) for g € G.

For each variable xy, a linear multiplication operator is defined as M., ([f]) =
[z%f]. In the basis B, this operator is represented by a matrix M,, € Q?*¢, whose
elements are found via the normal form with respect to G:

d
G
j=1

A key property is that the matrices M,, commute pairwise [2]. This guar-
antees the existence of a common set of eigenvectors, reducing the root-finding
problem to an eigenvalue problem. If v € C? is a common eigenvector, the corre-
sponding eigenvalues A\ give the k-th coordinate of a root: M,, v = Axv. To solve
this, a random linear combination Meompined = D Wi M, is formed. Its Schur
decomposition Mompined = QTQ™ yields a unitary matrix @ that simultaneously
triangularizes all M, . The diagonal elements of T, = QY M,, Q are the sought
eigenvalues. A limitation is that for eigenvalue multiplicity & > 2, the roots be-
come extremely sensitive to perturbations. In float64, an error of 107 !¢ in the
matrix turns into a root error of v/10~16. For k = 4, this is 10~%, which breaks
the clustering. In such cases, one must compute the Grébner basis of the radical
ideal.

Consider the "cyclic 6" benchmark system. Using the poly_solve.py mod-
ule, the involutive Grobner basis was computed in 11.51 sec, returning a Hilbert
polynomial value of HP = 156. The maximum monomial degree in a grevlex order-
ing is 10. Multiplication matrices M, ..., M, of size 156 x 156 were constructed
from the monomial basis. The joint spectral problem was solved via the Schur
method. The characteristic polynomial det(Al — M,,) is

A0 _ 5110A1%0 4 5733709A144 + . 4 1,
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and its factorization reveals the high symmetry of the system. The computed 156
roots match the reference ones, with substitution residuals between 10~!! and
1077.

3. Computation of Symmetries for PDEs

The classical Lie method reduces the search for symmetries to solving an overde-
termined linear system of PDEs [5]. PyGInv automates the derivation of these
determining equations and solves them using differential Grébner bases. An ex-
tension of this approach is the method of potential symmetries [4], where the
original equation is written as a conservation law and a potential w is introduced.
For the Burgers equation u; = g, — uu,, this yields:

Wy = U,
W = Uy — %uQ.

The involutive Grobner basis for this linear system was computed in 5.78
sec. Subsequent integration of the output with SymPy yields the symmetry gener-
ators. Besides the classical point symmetries ({-translation, z-translation, scaling,
Galilean boost, and projective symmetry), an additional symmetry depending on
the potential w was found:

ou 2 ow

where C(t, z) satisfies the heat equation Cy = Cy, due to the Hopf-Cole transfor-
mation [6].

e (Ca_ucwqpa)’

4. First Differential Approximation (FDA) for ODEs

For an ODE system u! = Fj(u) resolved with respect to derivatives, any numerical
method generates a functional equation u(t + h) = ®p(u(t)). Expanding this in a
Taylor series and subtracting the original system yields a differential ideal:

(oo}
w —F(u) + Y Gr(u,uy,...)h" =0. (2)
k=1
PyGInv reduces this ideal to a canonical form by eliminating higher-order deriva-
tives. The first non-zero term h?Gy(u) is the FDA, where p defines the method’s
order of accuracy and G; characterizes its dissipative /dispersive properties.
For the Van der Pol oscillator wuy — u(1 — u?)uy + u = 0, written as the
first-order system

up = ul,

uly = (1l —u?)ul — u,
the fda_ode.py module was used to compute the FDA for various methods. The
leading FDA term has the general form h? CpPtlug(u? — 1)PFL,
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The analysis shows that implicit methods have significantly smaller constants
in absolute value. The factor uP™! means that for large u (stiff regime), the ap-
proximation error grows catastrophically. This theoretical prediction is confirmed
numerically: for 4 = 100 and h = 0.01, h*;® ~ 10 for RK4 leads to divergence.
An adaptive step heuristic Ay, = min(h, (tol/(1 + [FDA|))'/P) ensures stable
computation up to p = 150.

Conclusion. The extended PyGInv package provides a unified framework for
numerical polynomial solving, symmetry analysis of PDEs, and numerical analysis
of ODEs, all built upon the universal foundation of involutive Grébner bases.
Future work will focus on expanding the classes of supported PDEs for symmetry
analysis and deeper integration with Python numerical libraries (NumPy, SciPy).
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