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Partitions: Basic Definitions

What is a Partition?

Definition

A partition of n is a non-increasing sequence of positive integers summing to n:
A=A, M), AL > 2> >, ZA,‘:IL

p(n) = number of partitions of n. Example: p(4) = 5.

Definition

A Young diagram has \; boxes in row i.

Conjugation (transpose) gives a bijection:

p(n | at most m parts) = p(n | parts < m).
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Partitions: Basic Definitions

Distinctness Conditions

Definition

A partition is:
1-distinct (distinct): all parts different (A\; — A1 > 1).
2-distinct (super-distinct): \; — A\jj1 > 2.
d-distinct: \; — \;;1 > d.

Example: (7,5,2) is 2-distinct; (11,7, 4) is 3-distinct.
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Rogers—Ramanujan Identities

The Rogers—Ramanujan ldentities

Two famous identities (Rogers 1894, Ramanujan 1913):

oo

> 1
Z (q; q)n =11 (1= g5 F1)(1 — go+4)’

n=0 k=0
o0
Z (G0, M a=grzya =gy

Here (3; q)n = (1 — a)(l - aq) - (]_ _ aqnfl)_

n n+1) o0 1
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Rogers—Ramanujan Identities

Combinatorial Interpretation (Schur 1917)

Theorem

The first identity: number of partitions of n with \; — \j1+1 > 2 equals number of partitions of n
into parts = +1 (mod 5).

The second identity: number of partitions of n with \; — \j11 > 2 and no 1's equals number of
partitions of n into parts = £2 (mod 5).

Note: Condition A\; — Ajy1 > 2 is exactly 2-distinct.
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Rogers—Ramanujan Identities

Kanade-Russell Identities (2014)

Combinatorial conditions:
Smallest allowable part and its multiplicity;

Difference at a distance: k distance, d difference
fix kyd, \=(A1,...,At), Ay >+ > Ay, forall §

Aj = Ak 2 d;
Congruence at a distance: (A, B, C, D), if for all j:

)\j S)\j+A+B<:>>\j+>\j+1+"'+>\j+AE C(mod D),
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Bressoud’s Original Bijection

Bressoud’s Beautiful Bijection (1990s)

Theorem
p(n | 2-distinct) = p(n | distinct and every even part > 2 - (#odd parts)).

Proof idea: Bijection using Young diagrams — subtract odd numbers, reorder by parity, add back.
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Bressoud’s Original Bijection

Motivation from Exercises

From Andrews & Eriksson, Integer Partitions:
Exercise 37: What if we put even parts on top and odd at bottom?
Exercise 38: Generalize to differences > 3.

These lead to our results.
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New Results

Symmetric Form for d =2

Theorem

p(n | 2-distinct) = p(n | distinct and every odd part > 2 - (#even parts)).

The condition on parity is swapped. Proof by modifying Bressoud's bijection (swap roles of even/odd in
step 2).
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New Results

Main Generalization

Theorem
Let w be any permutation of residues {0,1,...,d —1}. Then

p(n | d-distinct) = p(n | 1-distinct and ¢, . . ., cd_l),
where foreachs=1,...,d — 1:

cs: any part =mw(s) (modd) > d-(#parts =m(0),...,7(s—1) (mod d)).

Interpretation: residues appearing later in the permutation must be very large.
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New Results

Idea of the Bijection (Step 1)

Given a d-distinct partition ay > -+ > ayp:

Subtract staircase 1,d + 1,2d + 1,... from rows — left part staircase, right part 5.
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New Results

Idea of the Bijection (Step 2)

Given a d-distinct partition ay > -+ > ayp:
Subtract staircase 1,d + 1,2d + 1,... from rows — left part staircase, right part 5.
Group [ by residues w(d — 1) — 1,...,7m(0) — 1 (top to bottom).
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New Results

Idea of the Bijection (Step 3)

Given a d-distinct partition a; > -+ - > ap:
Subtract staircase 1,d + 1,2d + 1,... from rows — left part staircase, right part 5.
Group f by residues w(d — 1) — 1,...,7(0) — 1 (top to bottom).
Add back consecutive numbers =1 (mod d) to each group (smallest to largest).

1
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New Results

Idea of the Bijection (Step 4)

Given a d-distinct partition a; > -+ - > ap:
Subtract staircase 1,d + 1,2d + 1,... from rows — left part staircase, right part 5.
Group 3 by residues 7(d — 1) — 1,...,7(0) — 1 (top to bottom).
Add back consecutive numbers =1 (mod d) to each group (smallest to largest).

Sort all parts — distinct partition satisfying c1,..., c4_1.

u
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New Results

Reverse Algorithm (Sketch)

Given a distinct partition \ satisfying c¢1,..., cy—1:
Separate parts into residue classes according to 7(0),...,7(d — 1).

Subtract the same blocks of numbers =1 (mod d) (largest from largest, smallest from smallest).
Conditions ¢s guarantee subtractability.

Shift left by staircase and sort — d-distinct partition.
Thus we have a bijection.
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Conclusion

Summary

We generalized Bressoud's bijection to all d-distinct partitions.
The bijection works for any permutation of residues modulo d.
The right-hand side gives distinct partitions with nested modular inequalities.

The proof is elementary (Young diagrams, subtraction, sorting).

Key insight: The order of residues determines which parts are forced to be large.
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Conclusion
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Conclusion

Thank you!

Questions?
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