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Abstract. Various approaches to de�ning the characters of vectorial functions
over �nite �elds that are not prime are considered. The relationship between
characters de�ned using the absolute trace function and the nonlinearity of
the vectorial function is demonstrated, allowing for nonlinearity estimates to
be obtained in general and for speci�c classes of mappings.

Introduction

Let Fq denote a �nite �eld of q elements, where q = pr and p is a prime number,
and let Fn

q denote an n-dimensional space over this �eld. Denote by Fn,m
q the set

of all mappings from Fn
q to Fm

q . In what follows, the mapping F ∈ Fn,m
q will be

called a vectorial function, and in the casem = 1, it will be called a scalar function.
Every vectorial function is de�ned by a set of its scalar coordinate functions.

In the mathematical literature, the discrete Fourier transform is often used to
study the properties of scalar and, less commonly, vectorial functions over prime
�elds (in the most studied case of Boolean functions, its analogue, the Walsh-
Hadamard transform, is also used). It is applied not to the function itself, but
to its complex-valued image, de�ned by the composition of a nontrivial character
of the additive group containing the function values and the function itself, and
called here the additive character of the function. In the scalar case, the latter is
given as follows. Since the �eld Fp is isomorphic to the �eld Zp, all characters of

its additive group have the form χa(x) = e
2πi
p ax for a, x ∈ {0, 1, . . . , p− 1}. For a

nonzero element b ∈ Fp, the additive character of the scalar function f ∈ Fn,1
p is

determined by the formula χb(f) = e
2πi
p bf(x).

In turn, for the additive group of the space Fn
p the characters will take the

form χa(x) =
∏n

t=1 χat(xt) = e
2πi
p

∑n
s=1 atxt = e

2πi
p 〈a,x〉, where a = (a1, . . . , an), x =

(x1, . . . , xn) ∈ Fn
q and 〈a, x〉 is their scalar product. Then, for a nonzero vector b =
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(b1, . . . , bm) ∈ Fm
p the additive character of the vectorial function F ∈ Fn,m

p with a

set of coordinates (f1, . . . , fm) is found as χb(F ) =
∏m

s=1 χbs(fs(x)) = e
2πi
p 〈b,F (x)〉.

Since the set {χa(x) | a ∈ Fn
p} forms an orthonormal basis of the unitary

space of all complex-valued mappings Fn
p , the characters of scalar and vectorial

functions can be expanded in a Fourier series with respect to this basis. In the case
of a vectorial function, we have χb(F ) =

∑
a∈Fnp

cbF (a)χa(x), where the coe�cients

are of the form cbF (a) =
1
pn

∑
x∈Fnp

χb(F )χa(x) =
1
pn

∑
x∈Fnp

e
2πi
p

(
〈b,F (x)〉	〈a,x〉

)
.

The Fourier coe�cients presented above and their analogs have found wide
application in cryptography, sequence theory, coding theory, other areas of discrete
mathematics and cybernetics (see, for example, the monograph [1]). In particular,
mappings from Fn,1

p and from Fn,m
p , for which, for any character, all Fourier

coe�cients are equal in absolute value to p−
n
2 , form well-known classes of scalar

and vectorial bent functions. In addition, a signi�cant number of works are devoted
to algorithms for �nding these coe�cients and their computer implementation.

However, until recently, the characters of vectorial functions over �nite �elds
that are not prime had been little studied. The articles [2, 3] provided the basis
for de�ning such characters and studying their properties. Building on this, the
author attempted to de�ne these characters and derive a relationship between their
Fourier coe�cients and the nonlinearity of the original vectorial function in [4]. It
turned out that another approach to such a de�nition is possible. The goal of this
paper is to rede�ne characters and derive their relationship to the nonlinearity of
a vectorial function over an arbitrary �nite �eld.

1. Two approaches to de�ning characters of vectorial functions over

non-prime �nite �elds

In [4], to determine the characters of the additive group of a non-prime �eld Fq,
where q = pr and r > 1, it was proposed to consider the �eld as a r�dimensional
vector space Fr

p over its prime sub�eld Fp. Then, the elements of Fq corresponds
to the vectors of Fr

p in some chosen basis, and the characters of the additive group
of such a �eld can be represented through the characters of the additive group of
the space

ψa(x) =

r∏
j=1

χãj (x̃j) = e
2πi
p

∑r
j=1 ãj x̃j = e

2πi
p 〈a,x〉p , (1)

where elements a, x ∈ Fq correspond to vectors (ã1, . . . , ãr), (x̃1, . . . , x̃r) ∈ Fr
p and

〈a, x〉p is the scalar product of the corresponding vectors from Fr
p. The speci�city

of the �rst approach to de�ning the characters of an additive group of a non-prime
�eld is that, by enumerating the bases, one can obtain multiplicative groups of its
characters that are isomorphic to the original additive group. Furthermore, it is
independent of the de�nition of multiplication in the �eld.
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The characters of the additive group of the space Fn
q , using (1), are given by

ψa(x) =

n∏
t=1

ψat(xt) =

n∏
t=1

e
2πi
p 〈at,xt〉p = e

2πi
p Σnt=1〈at,xt〉p , (2)

where a = (a1, . . . , an), x = (x1, . . . , xn) ∈ Fn
q . With this approach, for a nonzero

vector b = (b1, . . . , bm) ∈ Fm
q , the additive characters of the vectorial function F ∈

Fn,m
q with a set of coordinates (f1, . . . , fm) are determined by the equalities

ψb(F ) =

m∏
s=1

ψbs(fs(x)) = e
2πi
p Σms=1〈bs,fs(x)〉p , (3)

and its Fourier coe�cients when expanded in basis (2) have the form

c̃bF (a) =
1

qn

∑
x∈Fnq

ψb(F )ψa(x) =
1

qn

∑
x∈Fnq

e
2πi
p

(
Σms=1〈bs,fs(x)〉p	Σnt=1〈at,xt〉p

)
. (4)

The second approach is based on the de�nition of the characters of the ad-
ditive group of a non-prime �eld in terms of the absolute trace function, widely
used in the literature on �nite �elds. This function is de�ned by the formula

Tr(a) = a ⊕ ap ⊕ · · · ⊕ ap
r−1

and is a homomorphism of the additive group of
a �eld Fq, where q = pr and r > 1, into its prime sub�eld Fp. In this case,
the characters of the additive group of the �eld Fq are de�ned by the formula

χa(x) = e
2πi
p Tr(ax) and are called additive characters of the �eld [5]. This charac-

ter group may coincide with one of the character groups from the �rst approach in
some basis. However, it is independent of the basis, allows for simpler expressions
(2), (3), (4), and is more understandable to readers.

Indeed, in this case, the characters of the additive group of the space Fn
q are

given by the expression

χa(x) = e
2πi
p Tr(〈a,x〉), (5)

where 〈a, x〉 is the scalar product in the space Fn
q . For a nonzero vector b ∈ Fm

q

the additive characters of the mapping F ∈ Fn,m
q are determined by the formula

χb(F ) = e
2πi
p Tr(〈b,F (x)〉), (6)

where 〈b, F (x)〉) is the scalar product in the space Fm
q , and the Fourier coe�cients

in their expansion over the basis (5) take the form

cbF (a) =
1

qn

∑
x∈Fnq

e
2πi
p

(
Tr(〈b,F (x)〉)	Tr(〈a,x〉)

)
(7)

As in the case of prime �elds, for any b ∈ Fm
q \ {0} the Parseval identity∑

a∈Fnq
|cbF (a)|2 = 1 and the inequalities q−

n
2 ≤ maxa∈Fnq |c

b

F (a)| ≤ 1 hold. If for any

b ∈ Fm
q \{0} and a ∈ Fn

q the conditions |cbF (a)| = q−
n
2 or |cbF (a)| ∈ {0, q−

n−s
2 } are

satis�ed, we are dealing with vectorial bent functions and s-plateaued functions,
respectively. If m ≤ n and for any b ∈ Fm

q \{0} the equality cbF (0) = 0 holds, the
vectorial function F ∈ Fn,m

q is balanced.
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2. Application of the Fourier transform to the study of nonlinearity

of vectorial functions

Here, the nonlinearity of a vectorial function F ∈ Fn,m
q is understood as the

Hamming distance to the set of all a�ne mappings from Fn,m
q in the space Fqn

qm .
Denote it by NF .The de�nition of characters (6) allowed the author, by analogy
with Theorem 1 from [4], to obtain a relationship between the nonlinearity param-
eters of a vectorial function and the Fourier coe�cients (7) of its characters for an
arbitrary �nite �eld. A consequence of this connection for an arbitrary vectorial
function F ∈ Fn,m

q is the equality

NF = qn − qn−m
(
1 + max

A∈Mm,n
q ,

a0∈Fmq

∑
b∈Fmq \{0}

cbF (bA) e−
2πi
p Tr(〈b,a0〉)

)
,

where Mm,n
q is the set of matrices of size m × n over the �eld Fq, as well as the

upper and lower bounds of nonlinearity of the form

NF ≤ qn − qn−m
(
1 +

∑
b∈Fmq \{0}

cbF (0)
)

(8)

and

NF ≥ qn − qn−m
(
1 + (qm − 1) max

b∈Fmq \{0},
a∈Fnq

|cbF (a)|
)
, (9)

which in some cases make it possible to obtain new and re�ne known estimates.
In particular, in accordance with (8), for a balanced vectorial function F ∈

Fn,m
q , there is an upper bound NF ≤ qn − qn−m, and in accordance with (9),

for a s�plateaued vectorial function G ∈ Fn,m
q , there is a lower bound NG ≥

qn − qn−m − q n+s
2 + q

n+s
2 −m.

Conclusion

The characters of vectorial functions over �nite non-prime �elds are rede�ned in
terms of the absolute trace function. For an arbitrary �nite �eld, by analogy with
[4], a relationship is found between the nonlinearity of a vectorial function and the
Fourier coe�cients of the characters thus de�ned, allowing one to obtain new and
improve existing nonlinearity bounds for practically important classes of mappings.
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