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Introduction

Let’s denote by

* F - afinite field of g elements, where g = p"and p - a prime;

e F /- an n-dimensional vector space over the field F o

« Fm={F:F/— F "} -the setof all vectorial functions;

« {f, .., f,} - an ordered set of coordinate functions of the mapping £

Let F,be a primefield, F, = Z,, f € f;)’“ and F'={f;, .., f,,} € 7™

* {x,(x)=e?mra | gxeF } -the set of all characters of the additive group of the field F ,;

« () =e?™PP® | pe F \{0}} - the set of all so-called additive characters of a scalar function £

s (L(x) = ]'L 1" X/ (X = e?mpP=¥ |a=(a, .., a,),Xx=(x, .., X,) € F "} - the set of all characters of the additive
group of the space

%)(b(F) PS " )(bs(lg(x)) = e /P oI®>|'b= (b, .., b,)€ F;"\{0}} - the set of all additive characters of a vectorial
nction

Then there is a Fourier series expansion, which for the vectorial function F € f;)”'m has the form

/Yb(F) — Zae Fp" CFb(a) /Ya(x)!
where the coefficients are given by a chain of equalities

6P@) = 1/1" Sxe pyr 2o(F) A= 1/ Sy 1o (F) € 77/0 (90> - x>,



Definition of characters through projections of a field
onto its prime subfield

Let F be a non-prime field, where g = p"and r> 1. Then F = F ", and the element ae F |
corresponds to the vector (4, .., 4,) € F " in some basis.

* {Y(x) =1l )(3-].()?].) = e?m/P<2*p | a, x€ F } - the set of all characters of the additive group of the
field F ;
ql

* {(x) =l ¥, (x) = eZ/P Ze=1"<0v¥ep| a = (ay, .., a,), X = (X .., X,) € F "} - the set of all
characters of the additive group of the space F ”;

* {(F) = [lsi™ X, (£(X) ) = e2m/P Ls=1" <bslsl&)>p | b = (b, ..., b,,)€ F m\{0}} - the set of all additive
characters of a vectorial function F'={£, .., f,} € 7 ™.

Then there is a Fourier series expansion, which for this vectorial function F has the form

wb(F) — Zaqu” CAFb(a) (ﬁa(x)'

where the coefficients are given by a chain of equalities
CAFb(a) = J/qn Zx € Fg" wb(F) #yaeé_: ]/qn er Fg" e 2my/p Cs=1" <b5’f5(x)>P_Zt:1H<al’Xt>P).



Definition of characters through the absolute trace
function

Let F again be a non-prime field, where g = p”and r> 1. The absolute trace function is defined by

the formula

Tr(@=a® a® ..® "

and defines a homomorphism of the field F ,into its prime subfield F ,

* (r(x)=emPT(@) | g xeF }-thesetofall characters of the additive group of the field F ;

* {r.(x) =e?mrir(2x)|g,x eF "} - the set of all characters of the additive group of the space F *;
* (Yp(F) = e2m/p (D0 | b= (b, .., b,)e F, \{0}} - the set of all additive characters of a

vectorial function F= {f}, .., £} € 7 ™.
Then there is a Fourier series expansion, which for this vectorial function F has the form

)(b(F) — Zaqu” CFb(a) )(a(x)'

where the coefficients are given by a chain of equalities
CA@) = 1/q" Sy p p o (F) X o= 1/q" S p p €70/0 (TH(DFR2) - Tr(aic),



Properties of the Fourier coefficients of additive
characters of vectorial functions

As in the case of prime fields, for any b € F \{0} the Parseval identity
Zaqu” @] =1
and the following inequality
g7 < max, c g n @) <1
hold. If for any b € F /”\{0} and a € F " the conditions
lcP@)| = g7
and
lcp(@)| € {0 g~
we are dealing with vectorial bent functions and s - plateaued functions, respectively.
[f m <nand foranyb e F "\{0} the equality
c(0)=0
holds, the vectorial function F € fq”fm is balanced.



New estimates for the nonlinearity of vectorial
functions over non-prime fields

Here, the nonlinearity of a vectorial function F €  »™is understood as the Hamming distance to
the set of all affine mappings from " in the space F ,m 9", Let’s denote it by N.

The dependence of the parameters characterizing the nonllnearlty on the Fourier coefficients of its
additive characters is obtained, from which follows the equality

=q"- q@""(1+ max, M, ag € F il 2 b e F g\ (0} cP(bA) e 2m/p Tr(ap>) ),

where M ™" is the set of matrices of size m x n over the field F , as well as the upper and lower
bounds of nonlinearity of the form

Ne< @"-g™(1+ X & F M\ {0} c(0))
and
N2 q@"- @g"™"(1+ (@™ - Dmaxy, . Fgm\{0},a€ F lc”@)).
In particular, for a balanced vectorial function £ € 7 ™, there is an upper bound
NF < qn _ qn-m,
and for a s-plateaued vectorial function ¢ € fq”/m, there is a lower bound
> qn _ qn-m _ q(n+5)/2 + q(n+s)/2-m_



Conclusions

Two approaches to defining the characters of vectorial functions over finite fields that are
not prime are considered. The relationship between characters defined using the absolute
trace function and the nonlinearity of the vectorial function is demonstrated, allowing for
nonlinearity bounds to be obtained in general and for practically important classes of
mappings.
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