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Introduction

Let’s denote by

• 𝑭q - a finite field of q elements, where q = pr and p - a prime;

• 𝑭q
n - an n-dimensional vector space over the field 𝑭q ;

• ℱq
n,m = {F : 𝑭q

n → 𝑭q
m} - the set of all vectorial functions;

• {f1, …, fm} - an ordered set of coordinate functions of the mapping F.

Let 𝑭p be a prime field, 𝑭p ≅ Zp , f ∊ ℱp
n,1 and F = {f1, …, fm} ∊ ℱp

n,m.

• {χa(x) = e 2πi/p ax | a,x ∊ 𝑭p } - the set of all characters of the additive group of the field 𝑭p ;

• {χb(f ) = e 2πi/p bf (x) | b ∊ 𝑭p∖{0 }} - the set of all so-called additive characters of a scalar function f.

• {χa(x) = ∏t=1
n χat(xt) = e 2πi/p ˂a,x˃ | a = (a1, …, an), x = (x1, …, xn) ∊ 𝑭p

n} - the set of all characters of the additive 
group of the space 𝑭p

n .

• {χb(F ) = ∏s=1
n χbs(fs(x)) = e 2πi/p ˂b,F(x)˃ | b = (b1, …, bm)∊ 𝑭p

m ∖{0}} - the set of all additive characters of a vectorial 
function F.

Then there is a Fourier series expansion, which for the vectorial function F ∊ ℱp
n,m has the form

χb(F ) = ∑a ∊ 𝑭pn cF
b(a) χa(x),

where the coefficients are given by a chain of equalities

cF
b(a) = 1/pn ∑x ∊ 𝑭pn χb(F ) χa(x) = 1/pn ∑x ∊ 𝑭pn χb(F ) e 2πi/p  (˂b,F(x)˃ - ˂a,x˃ ).



Definition of characters through projections of a field 
onto its prime subfield

Let 𝑭q be a non-prime field, where q = pr and r > 1. Then 𝑭q ≅ 𝑭p
r , and the element a ∊ 𝑭q

corresponds to the vector (ä1, …, är) ∊ 𝑭p
r in some basis.

• {ψa(x ) = ∏j=1
r χäj(ẍj) = e 2πi/p ˂a,x˃p | a, x ∊ 𝑭q} - the set of all characters of the additive group of the 

field 𝑭q ;

• {ψa(x ) = ∏t=1
n ψat(xt) = e 2πi/p ∑t=1

n˂at,xt˃p | a = (a1, …, an), x = (x1, …, xn) ∊ 𝑭q
n} - the set of all 

characters of the additive group of the space 𝑭q
n ;

• {ψb(F ) = ∏s=1
m χbs(fs(x)) = e 2πi/p ∑s=1

m ˂bs,fs(x)˃p | b = (b1, …, bm)∊ 𝑭q
m ∖{0}} - the set of all additive 

characters of a vectorial function F = {f1, …, fm} ∊ ℱq
n,m.

Then there is a Fourier series expansion, which for this vectorial function F has the form

ψb(F ) = ∑a ∊ 𝑭qn  ĉF
b(a) ψa(x),

where the coefficients are given by a chain of equalities

ĉF
b(a) = 1/qn ∑x ∊ 𝑭qn ψb(F ) ψa(x) = 1/qn ∑x ∊ 𝑭qn e 2πi/p  (∑s=1

m ˂bs,fs(x)˃p- ∑t=1
n˂at,xt˃p ).



Definition of characters through the absolute trace 
function

Let 𝑭q again be a non-prime field, where q = pr and r > 1. The absolute trace function is defined by 
the formula

Tr (a) = a ⊕ ap ⊕ … ⊕ apn-1,

and defines a homomorphism of the field 𝑭q into its prime subfield 𝑭p.

• {χa(x ) = e 2πi/p Tr (ax) | a, x ∊ 𝑭q} - the set of all characters of the additive group of the field 𝑭q ;

• {χ a(x ) = e 2πi/p Tr (˂a,x˃) | a, x ∊ 𝑭q
n} - the set of all characters of the additive group of the space 𝑭q

n ;

• {χ b(F ) = e 2πi/p Tr (˂b,F(x)˃) | b = (b1, …, bm)∊ 𝑭q
m ∖{0}} - the set of all additive characters of a 

vectorial function F = {f1, …, fm} ∊ ℱq
n,m.

Then there is a Fourier series expansion, which for this vectorial function F has the form

χ b(F ) = ∑a ∊ 𝑭qn  cF
b(a) χ a(x),

where the coefficients are given by a chain of equalities

cF
b(a) = 1/qn ∑x ∊ 𝑭qn χ b(F ) χ a(x) = 1/qn ∑x ∊ 𝑭qn e 2πi/p  (Tr (˂b,F(x)˃) - Tr (˂a,x˃).



Properties of the Fourier coefficients of additive 
characters of vectorial functions

As in the case of prime fields, for any b ∊ 𝑭q
m ∖{0} the Parseval identity 

∑a ∊ 𝑭qn  |cF
b(a)|2 = 1

and the following inequality

q -n/2 ≤ max a ∊ 𝑭qn |cF
b(a)| ≤ 1

hold. If for any b ∊ 𝑭q
m ∖{0} and a ∊ 𝑭q

n the conditions

|cF
b(a)| = q -n/2

and

|cF
b(a)| ∊ {0, q – (n-s)/2}

we are dealing with vectorial bent functions and s – plateaued functions, respectively.

If m ≤ n and for any b ∊ 𝑭q
m ∖{0} the equality

cF
b(0) = 0

holds, the vectorial function F ∊ ℱq
n,m is balanced.



New estimates for the nonlinearity of vectorial 
functions over non-prime fields
Here, the nonlinearity of a vectorial function F ∊ ℱq

n,m is understood as the Hamming distance to 
the set of all affine mappings from ℱq

n,m in the space 𝑭qm
qn. Let’s denote it by NF .

The dependence of the parameters characterizing the nonlinearity on the Fourier coefficients of its 
additive characters is obtained, from which follows the equality

NF = qn – qn-m(1 + max A ∊ Mqm,n, a0 ∊ 𝑭qm ∑ b ∊ 𝑭qm ∖{0} cF
b(bA) e -2πi/p Tr (˂b,a0˃) ),

where Mq
m,n is the set of matrices of size m x n over the field 𝑭q , as well as the upper and lower 

bounds of nonlinearity of the form

NF ≤ qn – qn-m(1 + ∑ b ∊ 𝑭qm ∖{0} cF
b(0))

and

NF ≥ qn – qn-m(1 + (qm – 1)max b ∊ 𝑭qm ∖{0}, a ∊ 𝑭qn |cF
b(a)|).

In particular, for a balanced vectorial function F ∊ ℱq
n,m, there is an upper bound

NF  ≤ qn – qn-m, 

and for a s-plateaued vectorial function G ∊ ℱq
n,m , there is a lower bound

NF ≥ qn – qn-m – q(n+s)/2 + q(n+s)/2 - m. 



Conclusions

Two approaches to defining the characters of vectorial functions over finite fields that are 
not prime are considered. The relationship between characters defined using the absolute 
trace function and the nonlinearity of the vectorial function is demonstrated, allowing for 
nonlinearity bounds to be obtained in general and for practically important classes of 
mappings.
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