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Introduction

One of the basic tools in local analysis is the normal form method. It
was introduced by Henri Poincaré for nonresonant cases of systems of
nonlinear ordinary differential equations. This method is based on
maximal simplification of the right-hand sides of the equations using an
invertible transformation near the stationary point.

The power of this method for the analysis of ordinary differential
equations was recognized long time ago. You can find the history of
this topic, for example, in [Arnold, Anosov, 1988] or [Guckenheimer,
Holmes, 1986]. The definitions of the normal form and the normalizing
transformation could be formulated different ways for general and
special cases. For example, there are well developed approaches for
Hamiltonian systems, see [Deprit, 1969], [Hori, 1966], [Bruno, 1994].
For resonance and Belitsky normal forms, see books [Bruno, 1971,
1972, 2000], [Bibikov, 1979], [Belitsky, 1996].
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The technique described in this article is based on the local analysis
approach proposed by Professor Bruno [Bruno, 1971, 1972, 1989]. It
is based on the resonance normal form method. This method of
studying nonlinear ODEs uses a quasi-identity transformation
represented as an infinite formal power series.

An important step in the development of the method was the discovery
of the sufficient and unimprovable convergence condition for this
series. Questions of convergence of the normalizing transformation
are discussed in [Bruno, 1971, 1972, 1998], [Ito, 1989, 1992].

Significant advantage of this approach is the ability to study wide class
of autonomous systems by unified, easily algorithmized method. In
particular this method provides a constructive way to obtain
approximations of local families of periodic and conditionally periodic
solutions in the form of Fourier/power series. Import to notice, that this
method provides the convergence of the used series. It makes us a
hope that the resulting approximations of families near stationary point
could be performed with acceptable accuracy.
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Multi-index notation
To study local integrability in the neighborhood of a stationary point, we
use the absence of constant terms in the right-hand sides there, so we
can write

ẋi = 𝜆ixi +
n∑︁

j>i

ai,jxj + xi
∑︁
q∈𝒩i

fi,qxq, i = 1, . . . ,n , (1)

where we assumed an upper triangular shape of the linear part and
used multi-index notation

xq ≡
n∏︁

i=1

xi
qj

with vector power q = (q1, . . . ,qn). The i-th component of the vector q
can be negative because we have moved the factor xi out of the sum,
so

𝒩i = {q ∈ Zn : qi ≥ −1 and qj ≥ 0 , if j ̸= i , j = 1, . . . ,n} .
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Original system of equations

Let us write the system in the neighborhood of a singular point and
diagonalize its linear part by a linear transformation

ẋi = 𝜆ixi + xi
∑︁
q∈𝒩i

fi,qxq, i = 1, . . . ,n .

Note that the linear part can be non-diagonalizable only if there are
identical eigenvalues. Note also that the normalizing transformation is
also written for the general case of a triangular matrix of linear form,
see [Bruno, 1971,1972,1979,1989].
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Normalizing transformation

We define normalizing transformation as a formal invertible
quasi-identity change of variables

xi = yi + yi
∑︁
q∈𝒩i

hi,qyq, i = 1, . . . ,n, (2)

as a result of which the original system is reduced to the normal form.

Note that such a transformation does not change the linear part of the
system.
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Normal form of the system

The normal form of the system

ẏi = 𝜆iyi + yi
∑︁

⟨q, (𝜆1, . . . , 𝜆n)⟩ = 0
q ∈ 𝒩i

gi,qyq ≡ yi · gi(y1, . . . , yn), i = 1, . . . ,n, (3)

is (almost) linear when the blue condition above does not hold in the
so-called non-resonance case and is thus integrable.

Remember that all elements of the vector q are integers, so if, for
example, 𝜆1 =

√
2, 𝜆2 = 1, then the scalar product there will never be

zero.

For some eigenvalues (f.e. when 𝜆1/𝜆2 = m ∈ N, or 𝜆2/𝜆1 = m ∈ N)
however, the right-hand side may additionally contain a power term.
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Theorem (Bruno 1971)

There exists the formal change (2) reducing system (1) to its normal
form (3).
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About Resonances

We study our systems under fixed resonances in their linear parts. For
a two-dimensional problem, this is the case when the ratio
𝜆1/𝜆2 ≤ 0 ∈ Q, i.e. a non-positive rational number. Note that in higher
dimensions, fixing of the resonance could be a highly non-trivial task;
see, for example, [Batkhin, Khaidarov, 2023].
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Computing the normal form

The coefficients h and g in the normalization formulas can be
computed to a given order using the recurrence relation

gi,q + ⟨q, (𝜆1, . . . , 𝜆n)⟩ · hi,q = −
n∑︁

j=1

∑︁
p + r = q

p, r ∈
⋃︀

i 𝒩i
q ∈ 𝒩i

(pj + 𝛿ij) · hi,p · gj,r +Φi,q.

The following programs were written for this purpose:
in STANDARD LISP [Edneral, Khrustalev, 1985, 1992];
in the upper level of the MATHEMATICA system language
[Edneral, Khanin, 2002].
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Conditions for convergence of the normalizing
transformation

Two conditions are formulated [Bruno 1971,1972]:

Condition A. The coefficients of the normal form satisfy the relation

gi(y1, . . . , yn) = 𝜆ia(y1, . . . , yn) + 𝜆̄ib(y1, . . . , yn), i = 1, . . . ,n,

where a(y1, . . . , yn) and b(y1, . . . , yn) are some formal power series
independent of the index i .

Condition 𝜔 (on small denominators). This condition is satisfied for
almost all eigenvalues of 𝜆i . In any case, it is satisfied for rational values.

Theorem (Bruno 1971,1972)

If the eigenvalue vector (𝜆1, . . . , 𝜆n) satisfies condition 𝜔 and the normal form
satisfies condition A then the normalizing transformation converges.
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Normal form under condition A
Let’s consider the case of N : M resonance, i.e. 𝜆2/𝜆1 = −N/M in a
two-dimensional system. Then the condition A there will look like this

N · g1(y1, y2) = −M · g2(y1, y2).

In this case, the normalized system
d log(y1)

d t
= g1(y1, y2),

d log(y2)

d t
= g2(y1, y2),

can be rewritten as

N ×
⃒⃒⃒⃒
d log(y1)

d t
= g1(y1, y2) , M ×

⃒⃒⃒⃒
d log(y2)

d t
= −N

M
g1(y1, y2) .

Hence
d log(yN

1 · yM
2 )

d t
= 0, or yN

1 · yM
2 = const .

Thus, this is a local first integral (formal). That is, the system is locally
integrable.

Increasing the dimension of the system increases the dimension of
the condition A and, as a consequence, the number of local first
integrals.
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So, in a neighborhood of the stationary point, the condition A:

Ensures convergence of the normalizing transformation;

Ensures local integrability at this point;

Isolates periodic orbits if the eigenvalues are purely imaginary.

Thus, the approach based on the use of formal series is correct only if
they converge. Therefore, the verification of condition A is essential.

This report examines cases where condition A is satisfied.
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Duffing Equation
Consider a simple Duffing equation

d2x
dt2 = −x + x3.

This is a second-order cubic system with Hamiltonian
H = 1

2(
dx
dt )

2 + 1
2x2 − 1

4x4. First we replace the second-order equation
with a system of first-order equations and linearize it by a change of
variables

x = y1 + y2,
dx
dt

= i (y1 − y2).

Thus we obtain a system with a diagonal linear part

dy1

dt
= iy1 −

i
2
(y1 + y2)

3,
dy2

dt
= −iy2 +

i
2
(y1 + y2)

3.

Its normal form is the system
dz1
dt = i z1 + z1 (g1,1,1 · z1 · z2 + g1,2,2 · z2

1 · z2
2 + . . .),

dz2
dt = −i z2 + z2 (g2,1,1 · z1 · z2 + g2,2,2 · z2

1 · z2
2 + . . .).
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The sum on the right-hand side of the normalized system contains
only resonance terms, which are powers of the product z1 · z2.
Condition A is g1,i,i = −g2,i,i here. One can prove (and verify using
calculations) that all coefficients of the normal form in the case of
the Duffing system identically satisfy this relations. So, condition A
is satisfied identically for this system (it is the Center Case).
Then, it follows from the integrability, that z1 · z2 is constant and
then we can represent the family of solutions as
z1 = c exp iw(t + t0).
If we are looking for real families, then we must also set z2 = z̄1.
Frequency is the sum 𝜔 = 1 + g1,1,1/i + g1,2,2/i + . . ..
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The package also calculates variables y1 and y2, and the original
variables x and dx

dt as segments of series in the variables z1 and z2.
Then we obtain a family of periodic solutions in the form of Fourier
series with coefficients and frequency in the form of power series in
the parameter c.

If we now substitute the variables into the Hamiltonian H by our
solutions, then we can express the constant c2 through it by the implicit
function theorem. As a result, we get [Edneral, 2005]

𝜔 = 1 − 3
4 H − 69

64 H2 − 633
256 H3 − 110421

16384 H4 − 1318329
65536 H5 + . . . ,

x =
√

2H×
[ cos(𝜔t)(1 + 9

16 H + 271
256 H2 + 10779

4096 H3 + 243613
32768 H4 + 2963587

131072 H5)

− cos(3𝜔t)H( 1
16 + 3

16 H + 1209
2048 H2 + 127233

65536 H3 + 6907221
1048576 H4)

+ cos(5𝜔t)H2( 1
256 + 11

512 H + 3107
32768 H2 + 25567

65536 H3)

− cos(7𝜔t)H3( 1
4096 + 1

512 H + 5805
524288 H2)

+ cos(9𝜔t)H4( 1
65536 + 21

131072 H)

− cos(11𝜔t)H5( 1
1048576 ) + . . . ].
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Accuracy Assessment

The maximum relative deviations calculated at different values of the
hamiltonian H with these formulas relative to numerical integration
over the period ferr are

ferr (H = 0.1) ≃ 1.8 × 10−8,
ferr (H = 0.125) ≃ 7.4 × 10−7,
ferr (H = 0.163) ≃ 7.4 × 10−5.

Note that if we use the Duffing model to approximate the mathematical
pendulum then the state with a pendulum deflection of 𝜋/2 and with
zero initial velocity corresponds to a Hamiltonian value of H ≃ 0.163.
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Van der Pol Equation
This non-Hamiltonian equation reflects the problem of oscillations in
electronic circuits [van der Pol, 1902]

d2x
dt2 = −x + (𝜀2 − x2)

dx
dt

.

Using a linear complex change of variables as for the Duffing
equation, it can performed in diagonal form

dy1
dt = i y1 +

1
2 (y1 − y2) [𝜀

2 − (y1 + y2)
2],

dy2
dt = −i y2 +

1
2 (y2 − y1) [𝜀

2 − (y1 + y2)
2],

d𝜀
dt = 0.

Here we consider the parameter 𝜀 as a new variable. This technique
allows us to make the eigenvalues independent upon this parameter.
The zero eigenvalue means that the resonance terms in the normal
form can include any powers of 𝜀

dz1
dt = i z1 + z1

∞∑︀
l,k=0

g1,l,l,2k · (z1 · z2)
l𝜀2k ,

dz2
dt = −i z2 + z2

∞∑︀
l,k=0

g2,l,l,2k · (z1 · z2)
l𝜀2k , d𝜀

dt = 0.
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Now we can write

(z1 · z2)
∞∑︁

l,k=0

(g1,l,l,2k − g2,l,l,2k ) · (z1 · z2)
l 𝜀2k =

d(z1 · z2)

dt
.

If we assume that the condition A is satisfied, then, as the same as for
the Duffing equation, we can represent the variables z1,2 by conjugate
imaginary exponents z1 · z2 = c2 and obtain

∞∑︀
l,k=0

(g1,l,l,2k − g2,l,l,2k ) · c2l 𝜀2k = 0,

g1,0,0,0 = g2,0,0,0 = 0,
g1,1,1,0 ̸= g2,1,1,0, g1,0,0,2 ̸= g2,0,0,2.

In fact, we obtained here the condition A for the van der Pol system.
Note that the sum contains terms c2 and 𝜀2 separately. This allows us
to solve this equation using the implicit function theorem, so we can
write the constant c2 as a series in 𝜀2.
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Thus, the convergence and integrability condition A is not always
satisfied in the entire phase space, but only in a certain region of the
phase space. This region is the limit cycle, which here is the central
limit manifold, f.e. see [Edneral, Mahdi, Romanovski, Shafer, 2012].
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While we substitute the expression for the constant c2 into the series
for the frequency and variables, we then obtain an approximation
describing the limit cycle as a series in the parameter 𝜀 [Edneral,
Khrustalev, 1985, 1992]

𝜔 = 1 − 1
16 𝜀

4 +
17

3072 𝜀
8 +

35
884736 𝜀

12 − 678899
5096079360 𝜀

16 + . . . ,

x = 𝜀 · (
cos(𝜔t)(2 +

1
64 𝜀

4 − 23
49152 𝜀

8 − 51619
169869312 𝜀

12 +
948555443

19568944742400 𝜀
16)

+ cos(3𝜔t)𝜀4(− 3
32 +

101
12288 𝜀

4 +
24061

28311552 𝜀
8 − 279818087

815372697600 𝜀
12)

+ cos(5𝜔t)𝜀4(− 5
96 +

1865
110592 𝜀

4 − 328835
254803968 𝜀

8 − 111998015
293534171136 𝜀

12)

+ cos(7𝜔t)𝜀8(
1379

110592 − 10923199
3185049600 𝜀

4 +
21049213549

183458856960000 𝜀
8)

+ cos(9𝜔t)𝜀8(
61

20480 − 1769369
589824000 𝜀

4 +
161113663733

237817036800000 𝜀
8)

+ cos(11𝜔t)𝜀12(− 409871
331776000 +

1359229760383
1872809164800000 𝜀

4)

+ cos(13𝜔t)𝜀12(− 715247
3715891200 +

2076538440769
5243865661440000 𝜀

4)

+ cos(15𝜔t)𝜀16(
526426361

4661213921280 )

+ cos(17𝜔t)𝜀16(
392636471

29964946636800 )

+ sin(3𝜔t)𝜀2(− 1
4 +

15
512 𝜀

4 − 779
1179648 𝜀

8 − 4538017
6794772480 𝜀

12)

+ sin(5𝜔t)𝜀6(
85

2304 − 8095
1327104 𝜀

4 − 1252495
6115295232 𝜀

8)

+ sin(7𝜔t)𝜀6(
7

576 − 99967
13271040 𝜀

4 +
415949513

382205952000 𝜀
8)

+ sin(9𝜔t)𝜀10(− 9791
2457600 +

117258703
70778880000 𝜀

4)

+ sin(11𝜔t)𝜀10(− 5533
7372800 +

1657839733
1486356480000 𝜀

4)

+ sin(13𝜔t)𝜀14(
21731177

57802752000 )

+ sin(15𝜔t)𝜀14(
138697

2774532096 ) + . . .).
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Accuracy Assessment

The value of the relative accuracy ferr (𝜀
2) of the result tabulated by the

given formula and compared with the result of numerical solutions is as
follows

ferr (𝜀
2 = 0.5) ≃ 8 × 10−10

ferr (𝜀
2 = 0.75) ≃ 4 × 10−8

ferr (𝜀
2 = 1.0) ≃ 1 × 10−5.
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Estimation of computing time
According to the figure, the computation time for each step grows
linearly, while the total time grows exponentially. The normalization
transformation contains here a total of 23,937 terms for each variable
of two. The normal form of each equation contains 1,058 terms.
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Figure: Normalization step calculation time dependence on the step number
up to 128 order in double-logarithmic format.

The earliest description of the limit cycle approximation of this system
was presented in the paper [Andersen, Geer, 1983].
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Henon-Heiles System
This is a Hamiltonian system with two degrees of freedom [Henon,
Heiles, 1964]

d2x
dt

= −x − 2xy ,
d2y
dt

= −y − x2 + y2. (4)

Four eigenvalues of its linear part are (i ,−i , i ,−i). This is the case of
deep resonance, where all pairs of variables are interconnected.

After the normal form calculatoin we get the condition A as the equality
to zero of some series in the system variables. Calculated segment of
this series can be factorized, i.e. it can be represented as the couple of
equations with product of certain polynomials by a shorter series
segment

(z2
1z2

4 − z2
2z2

3) · [1 + 85
18z1z3 − 59

18z2z4 + O(z4)] = 0,
(z2

1z2
4 − z2

2z2
3) · [1 + O(z2)] = 0.

Thus, condition A has several exact solutions z1z4 = ±z2z3, and each
of them corresponds to a family of periodic solutions [Edneral, 1998].
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How to Understand the Search for Periodic Families

The concept of "identifying a periodic family," assumes the discovering
of those initial conditions in the sense of the Cauchy problem from that
the solution obtains a periodic orbit. In the Henon-Heiles system, for
example, almost all initial conditions lead to chaotic or quasiperiodic
orbits, and only sometimes to periodic ones.

Thus, the condition A can be fulfilled only on some (periodic)
trajectories in the phase space of the system. The same was the case
for the van der Pol equation.
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Other Examples of the Fourth Order Systems

Note that if a system with two degrees of freedom has two pairs of
purely imaginary but non comparable eigenvalues (i𝛼,−i𝛼, i𝛽,−i𝛽)
and 𝛼/𝛽 ̸∈ Q, then its normal form will formally split to two
independent systems. This approach looks perspective and can
sometimes give good results [Edneral, Khanin, 2004]. Anyway it
generates problems when the situation is close to the 𝛼/𝛽 ∈ Q case. A
positive way is to represent 𝛼 as a perturbation 𝛼 = 𝛼̃+ 𝜀 such that the
ratio 𝛼̃/𝛽 ∈ Q should be as close to an integer as possible. For
example, see papers [Edneral, 2003, 2005].

The other example of searching for periodic families in the system with
two degrees of freedom described in the work [Edneral, Petrov, 2020].
Single-frequency periodic family of solutions for a double pendulum
was calculated there.
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Application of the NORT Package to the Search for
Integrable Cases of Polynomial Dynamical Systems

We can notice as we mentioned above that when condition A is
satisfied, the dynamical ODE system exhibits important auxilary
properties. If the system depends on parameters, it is possible to
require A to be satisfied by demanding additional conditions to these
parameters. In the paper [Edneral, 2026], a system was studied that
was first suggested in general form by Prof. Bautin [Bautin, 1952]. This
is a dynamical system with one degree of freedom and quadratic
nonlinearity

dx
dt = 𝜆1x + 𝜎 y + a1x2 + a2 x y + a3y2,
dy
dt = 𝜆2 y + b1x2 + b2 x y + b3y2.

Next, we assume that the system is diagonalizable, i.e., 𝜎 = 0.
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The normal form was calculated and the corresponding condition A
was constructed up to order 4 for the resonance cases of this system,
the first 𝜆1,2 = ±i and three others 𝜆1 = M, 𝜆2 = −1 with M = 1,2,3.
In each case, it represents a system of 4 algebraic (polynomial)
equations with the system parameters a1,a2,a3,b1,b2,b3.

In total, for the three resonances considered in the Bautin system, we
found 29 solutions to condition A. All cases correspond to integrable
systems except one

dx
dt

= 2x +
4
3

bx2 +
1
2

cxy ,
dy
dt

y = −y + bxy + cy2. (5)
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In common the condition A generates an infinite system of equations,
but any infinite polynomial system (its ideal) has a finite basis [Hilbert,
1890].

Moreover, the supplementary materials to the paper [Edneral, 2026]
demonstrate in particular that the Gröbner bases for the system A
consisting of the first three equations (LL[[3]]) and the bases consisting
of four equation (LL[[4]]) are coincide

GroebnerBasis[LL3, {a1, a2, a3, b1, b2, b3}]==
GroebnerBasis[LL4, {a1, a2, a3, b1, b2, b3}]

True

We will call this phenomenon saturation of the basis.
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The hypothesis of Saturation of the Basis

We have observed the phenomenon of saturation of the basis in
several papers on second-order systems [Edneral, 1997, 2023, 2024,
2026]

Hypothesis

Some lower equations of condition A of a polynomial dynamical
system form a polynomial basis for this condition.
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Integrability of General (Nonresonance) Form
So, we constructed a system of equations for condition A at 3
resonances. Thus, we obtained three systems of algebraic equations
with the same variables. Then we combined all these three systems.
11 independent solutions were found. All cases correspond to an
integrable systems of the general (non-resonant) form.

dx
dt = 𝜆1x + a1x2 + a2 x y + a3y2,
dy
dt = −y + b1x2 + b2 x y + b3y2.

These simultaneous solutions for resonances 1:1, 2:1, 3:1 are shown
in the table

t

Numb. Cond.1 Cond.2 Cond.3 Cond.4
1 a2 = 0 a3 = 0 b2 = 0
2 a2 = 0 a3 = 0 b3 = 0
3 a1 = 0 b1 = 0 b2 = 0
4 a1 = 2b2 a2 = 0 b1 = 0 b3 = 0
5 a1 = 0 a3 = 0 b1 = 0 b3 = 0
6 a1 = 0 b1 = 0 b2 = 0 b3 = 0
7 a1 = 0 b1 = 0 b2 = 0 b3 = − a2

2
8 a1 = b2 a3 = 0 b1 = 0 b3 = a2
9 a1 = 0 b1 = 0 b2 = 0 b3 = a2
10 a1 = 0 a3 = 0 b2 = 0 b3 = 2a2
11 a1 = 0 b1 = 0 b2 = 0 b3 = 2a2
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Integrability in Other Systems
A similar technique was applied to study the polynomial generalization
of the Liénard equation [Liénard, 2028]

d2x
dt2 x = f (x)

dx
dt

+ g(x), where
f (x) = a0 + a1x ,
g(x) = b1x + b2x2 + b3x3.

14 integrable cases were found for low-lying resonances. Each
solution of the condition A correponds to the integrable case [Edneral,
2023]. One more integrable case was found for the case
f (x) = a0 + a1x + a2x2,g(x) = b1x + b2x2 + b3x3 + b4x4.
In [Algaba, Gamero, Garcia, 2009] was suggested the degenerate
nonlinear ODE system

dx/dt = −y3 − b x3y + a0 x5 + a1 x2y2,

dy/dt = (1/b) x2y2 + x5 + b0 x4y + b1 x y3.

We found 7 integrable cases here [Bruno, Edneral, 2010, 2024]. The
27th order resonance was detected during the processing of the
system. The normalizing transformation has about 8 · 106 terms. The
calculations were performed on a notebook with 16 GB RAM.
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Relationship between Local and Global Integrability
We call global integrability the case, when the sufficient number of first
integrals exist in some domain of the phase space of the dynamical
system. Then we call local integrability the case when the system has
a sufficient number of local first integrals (formal integrals) in a small
neighborhood of this point.

The dynamical system is topologically equivalent to a linear system
and, thus, local integrable in the neighborhood of a simple
(non-singular) point. The system is also local integrable in
non-resonant singular points.

While we investigated several two- and three-dimensional systems we
found out that if a system is locally integrable in all resonant points of
the domain, then it is possible to find the global first integral in most
cases. Thus, local integrability in resonant cases of singular points to
be critical. In this situation, we cannot say anything about sufficient
conditions for integrability, but we can put forward the following
hypothesis about necessary conditions.
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Hypothesis about Relationship Local and Global
Integrability

Hypothesis

Polynomial dynamical system requires local integrability in every point
of the phase space of some domain to be globally integrable there.

We have supporting examples for the 3-dimensional case as well
[Edneral, 2025].

But the exhample of the non-integrable case (5) does not make us to
assume that condition A is to be sufficient.
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Other Approaches
There are other approaches to the integrability of dynamical systems with
parameters in the literature. They are based on the criteria for the existence
of the Darboux integral. The works should be noted:

Ferčec B., Giné J., Romanovski V. G., Edneral V. F.,
Integrability of complex planar systems with homogeneous
nonlinearities.
Journal of Mathematical Analysis and Applications, 2016. vol. 434, no.
1, 894–914. https://doi.org/10.1016/j.jmaa.2015.09.037

Ferčec, B., Žulj, M., Matej Mencinger, M.,
On the Integrability of Persistent Quadratic Three-Dimensional Systems.
Mathematics vol 12, no. 9: 1338 (2024).
https://doi.org/10.3390/math12091338.

Mastev, I., Romanovski V.G.,
Integrability of a Family of Four-Dimensional Quadratic Lotka–Volterra
Complex Systems
Axioms 2026, 15(4), 297; https://doi.org/10.3390/axioms15040297

But all these works consider only systems with a homogeneous quadratic
right-hand side and a single resonance in the linear part.
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Conclusions

This paper describes a technique for obtaining approximations in
families of polynomial periodic solutions of dynamical ODE
systems and studying the integrability of such systems with the
use of the resonance normal form method. The study of the
integrability of parametric dynamical systems has allowed to
obtain many unknown cases of first integrals.
Often, condition A is satisfied on manifolds of lower dimension
than the phase space of the system. In these cases, it seems that
we can consider the first (partial?) integrals and integrability
directly on the corresponding orbits.

The periodic families considered in the report for the van der Pol
and Henon-Heiles systems have one-dimensional A-manifolds,
while the Duffing system has two-dimensional one.
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