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Introduction

One of the basic tools in local analysis is the normal form method. It
was introduced by Henri Poincaré for nonresonant cases of systems of
nonlinear ordinary differential equations. This method is based on
maximal simplification of the right-hand sides of the equations using an
invertible transformation near the stationary point.

The power of this method for the analysis of ordinary differential
equations was recognized long time ago. You can find the history of
this topic, for example, in [Arnold, Anosov, 1988] or [Guckenheimer,
Holmes, 1986]. The definitions of the normal form and the normalizing
transformation could be formulated different ways for general and
special cases. For example, there are well developed approaches for
Hamiltonian systems, see [Deprit, 1969], [Hori, 1966], [Bruno, 1994].
For resonance and Belitsky normal forms, see books [Bruno, 1971,
1972, 2000], [Bibikov, 1979], [Belitsky, 1996].
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The technique described in this article is based on the local analysis
approach proposed by Professor Bruno [Bruno, 1971, 1972, 1989]. It
is based on the resonance normal form method. This method of
studying nonlinear ODEs uses a quasi-identity transformation
represented as an infinite formal power series.

An important step in the development of the method was the discovery
of the sufficient and unimprovable convergence condition for this
series. Questions of convergence of the normalizing transformation
are discussed in [Bruno, 1971, 1972, 1998], [Ito, 1989, 1992].

Significant advantage of this approach is the ability to study wide class
of autonomous systems by unified, easily algorithmized method. In
particular this method provides a constructive way to obtain
approximations of local families of periodic and conditionally periodic
solutions in the form of Fourier/power series. Import to notice, that this
method provides the convergence of the used series. It makes us a
hope that the resulting approximations of families near stationary point
could be performed with acceptable accuracy.
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Multi-index notation

To study local integrability in the neighborhood of a stationary point, we

use the absence of constant terms in the right-hand sides there, so we
can write

n
Xi= NXi+ Y axi+x Y figxd, i=1,....n, (1)
J>i qenN;

where we assumed an upper triangular shape of the linear part and
used multi-index notation

n
x3=][x9
i=1

with vector power q = (qy, - . ., gn)- The i-th component of the vector q

can be negative because we have moved the factor x; out of the sum,
SO

Ni={qeZ":q;>—-1andqg >0, ifj#i, j=1,....n}
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Original system of equations

Let us write the system in the neighborhood of a singular point and
diagonalize its linear part by a linear transformation

).(,':/\,'X,'—i-X,'thqu, i=1,...,n.
qeN;

Note that the linear part can be non-diagonalizable only if there are
identical eigenvalues. Note also that the normalizing transformation is
also written for the general case of a triangular matrix of linear form,
see [Bruno, 1971,1972,1979,1989].
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Normalizing transformation

We define normalizing transformation as a formal invertible
quasi-identity change of variables

Xi = Yi+Vi Zhi,qu7 i:1a"'7na (2)
qEN;

as a result of which the original system is reduced to the normal form.

Note that such a transformation does not change the linear part of the
system.
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Normal form of the system

The normal form of the system

}.’i:)\i}’i‘i'}’i Z Qi,quE}’i'gi(}’h---aYn)a i:1a"'7na (3)

<q7()\17--'7)\n)>:0
qeN

is (almost) linear when the blue condition above does not hold in the
so-called non-resonance case and is thus integrable.

Remember that all elements of the vector q are integers, so if, for
example, Ay = v/2, A, = 1, then the scalar product there will never be
zero.

For some eigenvalues (f.e. when \i{/Ao = me N, or \o/\; = meN)
however, the right-hand side may additionally contain a power term.
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Theorem (Bruno 1971)

There exists the formal change (2) reducing system (1) to its normal
form (3).
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About Resonances

We study our systems under fixed resonances in their linear parts. For
a two-dimensional problem, this is the case when the ratio

M/A2 <0 € Q, i.e. a non-positive rational number. Note that in higher
dimensions, fixing of the resonance could be a highly non-trivial task;
see, for example, [Batkhin, Khaidarov, 2023].
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Computing the normal form

The coefficients h and g in the normalization formulas can be
computed to a given order using the recurrence relation

9iq+(d, (M, ,An)) - hig= Z Z (o + ) - hip - Gjr + Pig-
= p+r=q
perUIM
qeN

The following programs were written for this purpose:

@ in STANDARD LISP [Edneral, Khrustalev, 1985, 1992];

@ in the upper level of the MATHEMATICA system language
[Edneral, Khanin, 2002].
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Conditions for convergence of the normalizing
transformation

Two conditions are formulated [Bruno 1971,1972]:

@ Condition A. The coefficients of the normal form satisfy the relation
gi(y1;-~-7}/n) = )\,-a(y1,...,yn) +5\ib(}/1,-~-,}/n)7 i= 1,...,n,

where a(y1,...,¥n) and b(yi, ..., yn) are some formal power series
independent of the index i.

@ Condition w (on small denominators). This condition is satisfied for
almost all eigenvalues of A;. In any case, it is satisfied for rational values.

Theorem (Bruno 1971,1972)

If the eigenvalue vector (\1, ..., \n) satisfies condition w and the normal form
satisfies condition A then the normalizing transformation converges.
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Normal form under condition A
Let’s consider the case of N : M resonance, i.e. \o/A1 = —N/Min a
two-dimensional system. Then the condition A there will look like this

N-gi(y1,¥2) = =M - ga(y1, y2).
In this case, the normalized system

dl dlo
ZEEM) = 91(¥1,¥e), 55}/2) = 02(¥1,¥e),

can be rewritten as

N x d Iog(y1)

dlo N
dt :g1(}’1a}’2), M x g(y2)

=——01(y1,)2) -

dt

d log(yy - y3')
dt
Thus, this is a local first integral (formal). That is, the system is locally

integrable.

Increasing the dimension of the system increases the dimension of
the condition A and, as a consequence, the number of local first
integrals.

Hence =0, or yN.yM— const.
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So, in a neighborhood of the stationary point, the condition A:
@ Ensures convergence of the normalizing transformation;
@ Ensures local integrability at this point;

@ Isolates periodic orbits if the eigenvalues are purely imaginary.

Thus, the approach based on the use of formal series is correct only if
they converge. Therefore, the verification of condition A is essential.

This report examines cases where condition A is satisfied.
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Duffing Equation

Consider a simple Duffing equation
a’x
dr?

This is a second-order cubic system with Hamiltonian

H= %(%)2 + %xz — %x”'. First we replace the second-order equation

with a system of first-order equations and linearize it by a change of
variables

= x4+ x5

ax .
X=yi+ye, =10 -y)
Thus we obtain a system with a diagonal linear part

d . i d . i
% =iy —5 n +2)’, % =—iya+5 1+ )’

Its normal form is the system
dZ1

— i 2 52
aF I Zy + Z4 (g17171 "2y 2o+ Q122 2y - 25 + ),
az, ; 2 52
G = 22+ 2(91121 22+ Qoo 27 25+ .. ).
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@ The sum on the right-hand side of the normalized system contains
only resonance terms, which are powers of the product z; - z».

@ Condition Ais g1 ;; = —go ;i here. One can prove (and verify using
calculations) that all coefficients of the normal form in the case of
the Duffing system identically satisfy this relations. So, condition A
is satisfied identically for this system (it is the Center Case).

@ Then, it follows from the integrability, that z; - z» is constant and
then we can represent the family of solutions as
zy = cexpiw(t + ).

If we are looking for real families, then we must also set z, = z;.

@ Frequencyisthesumw =14+ g1 11/i+ Gi22/i+ .. ..
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The package also calculates variables y; and y», and the original
variables x and % as segments of series in the variables z; and 2.
Then we obtain a family of periodic solutions in the form of Fourier
series with coefficients and frequency in the form of power series in
the parameter c.

If we now substitute the variables into the Hamiltonian H by our
solutions, then we can express the constant ¢? through it by the implicit
function theorem. As a result, we get [Edneral, 2005]

. 34y 69,42 633,43 110421 .4 1318329 ;5
w= 1 H H® — 556 H” — Soaea H' — g3 H + -
X= +2Hx
271 2 | 10779 3 |, 243613 ;44 , 2963587 15
[ cos(wt)(1 + 16H+ 256H H 32768 H* + 131072 H*)
B 1209 2 127233 1 ;3 , 6907221 ;44
cos(3wt)H (16 + 16H + 2048H es536 H + Toass7s H')
2 2 | 25567 13
+-cos t)H (256 + 512H+ 32768H + 65536H )

(Sw

— cos(7wt)H ( 4096 + 512H+ 523228 H?)
+ cos(9uwt)H (65536 + 131072 H)
— cos(11wt) 5(1048576) )
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Accuracy Assessment

The maximum relative deviations calculated at different values of the

hamiltonian H with these formulas relative to numerical integration
over the period fg, are

for(H=0.1) ~1.8x1078,
ferr(H - 0125) ~ 74 X 10_77

Note that if we use the Duffing model to approximate the mathematical
pendulum then the state with a pendulum deflection of = /2 and with
zero initial velocity corresponds to a Hamiltonian value of H ~ 0.163.
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Van der Pol Equation
This non-Hamiltonian equation reflects the problem of oscillations in
electronic circuits [van der Pol, 1902]

ad?x dx

g - XrE g

Using a linear complex change of variables as for the Duffing
equation, it can performed in diagonal form

B~ o+ —y) [ -+ )
Yoo — iyt (e—y)[E2— (1 + )2
de

£ = 0.

at

Here we consider the parameter ¢ as a new variable. This technique
allows us to make the eigenvalues independent upon this parameter.
The zero eigenvalue means that the resonance terms in the normal
form can include any powers of ¢

o0
az i | -2k
G= Tzt z Y Gk (210 22) e,
I k=0
oo
az, ; | -2k d
G=—l2+2 3 Qe (21-2)e™, F=0.
1 k=0
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Now we can write

2k _ (21 - 2)

o
(z1-22) > (G1i2x — Goizk) - (21 - 22) i
k=0

If we assume that the condition A is satisfied, then, as the same as for
the Duffing equation, we can represent the variables z; » by conjugate
imaginary exponents z; - z, = ¢ and obtain

oo
S (91102 — G2 s2) - €2 2K =0,
1k=0

91,0,0,0 = 92,000 =0,
91110 7 92110, 91,002 7 92,0,0,2-

In fact, we obtained here the condition A for the van der Pol system.
Note that the sum contains terms ¢ and <2 separately. This allows us
to solve this equation using the implicit function theorem, so we can
write the constant ¢? as a series in £2.
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Thus, the convergence and integrability condition A is not always
satisfied in the entire phase space, but only in a certain region of the
phase space. This region is the limit cycle, which here is the central
limit manifold, f.e. see [Edneral, Mahdi, Romanovski, Shafer, 2012].
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While we substitute the expression for the constant ¢? into the series
for the frequency and variables, we then obtain an approximation
describing the limit cycle as a series in the parameter ¢ [Edneral,
Khrustalev, 1985, 1992]

_ 14, 17 35 12 678899 16
w= 11— 15 + 572° * ggarze© 5096079360 ¢ T ¢
X = e-(
23 g 51619 12 048555443 16
cos(wt)(2 + 645 ~ a9752° — 169869312° T T0568044742400° )
4 101 4 24061 g 279818087 12
+ cos(3wt)e™ (— 2 + To288° T 28371552° — Bi5372697600° )
4 1865 4 328835 8 111998015 12
+ cos(Swi)e (_1?;39"' 710592 © » - 254803968154 _13255135341711366 )
8 10923199 4 21049213549 g
+ cos(Twt)e (110592 ~ 3185049600 © T83458856060000 ° )
+ cos(ut)e ( _ 1769369 4 161113663733 _ g
e 20430 589824000 237817036800000
+ cos(11wt)e12(— 209871 1350220760383 __4)
331776000 T 1872809164800000
+ cos(13wt)e12(— 115247 2076533440769 _ 4.
w 3775891200 5243865661440000 &
+ cos(15wt)e"®( g5grav5021280 )
392636471
+ cos(17at)e®( 29964946636800 )
) 2 15 4 779 8 4538017 12
+sin(3wt)e (_’ + 5128095_ 7179648 ‘2524_9 6704772480 )
. 4 1 8
+sin(5wi)e (2304 ~ T327104° ~ B1152952382° )
) 99967 4 415949513 g
+sin(7wh)e (575 ~ 13271040° T 382205952000 )
. 9791 117258703 _4
+sin(9uwt)e'(— 2457600 T 70776880000 )
) 1 5533 1657839733 4
+sin(1wh)e™(— 7575800 + 7286356480000 ° )

+sin(13w)e ™ (57552752000 )

) 0
)614 21731177
) 14

138697
)

+sin(18wt)e ™ (5772532085 ) +
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Accuracy Assessment

The value of the relative accuracy fg(<2) of the result tabulated by the

given formula and compared with the result of numerical solutions is as
follows

forr(€2 =05) ~8x 10710
forr(€2 = 0.75) ~4 x 1078
ferr(€2 = 10) ~1x 10_5
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Estimation of computing time

According to the figure, the computation time for each step grows
linearly, while the total time grows exponentially. The normalization
transformation contains here a total of 23,937 terms for each variable
of two. The normal form of each equation contains 1,058 terms.

e of the step 1]

100
Number of steps

Figure: Normalization step calculation time dependence on the step number
up to 128 order in double-logarithmic format.

The earliest description of the limit cycle approximation of this system
was presented in the paper [Andersen, Geer, 1983].
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Henon-Heiles System

This is a Hamiltonian system with two degrees of freedom [Henon,
Heiles, 1964]
a?x d?y
Z 2 _x_2 bl
a ~ X g
Four eigenvalues of its linear part are (i, —i, i, —i). This is the case of
deep resonance, where all pairs of variables are interconnected.

=y - Xty (4)

After the normal form calculatoin we get the condition A as the equality
to zero of some series in the system variables. Calculated segment of
this series can be factorized, i.e. it can be represented as the couple of
equations with product of certain polynomials by a shorter series
segment

(2825 — 2228) - [1 + $32128 — 332024 + O(2*)] = O,
(2825 — z528) - [1 + O(2%)] = 0.

Thus, condition A has several exact solutions z;z4 = +2,23, and each
of them corresponds to a family of periodic solutions [Edneral, 1998].
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How to Understand the Search for Periodic Families

The concept of "identifying a periodic family," assumes the discovering
of those initial conditions in the sense of the Cauchy problem from that
the solution obtains a periodic orbit. In the Henon-Heiles system, for
example, almost all initial conditions lead to chaotic or quasiperiodic
orbits, and only sometimes to periodic ones.

Thus, the condition A can be fulfilled only on some (periodic)
trajectories in the phase space of the system. The same was the case
for the van der Pol equation.
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Other Examples of the Fourth Order Systems

Note that if a system with two degrees of freedom has two pairs of
purely imaginary but non comparable eigenvalues (ic, —ic, i3, —if)
and o/ ¢ Q, then its normal form will formally split to two
independent systems. This approach looks perspective and can
sometimes give good results [Edneral, Khanin, 2004]. Anyway it
generates problems when the situation is close to the a/5 € Q case. A
positive way is to represent « as a perturbation o = & + ¢ such that the
ratio &/5 € Q should be as close to an integer as possible. For
example, see papers [Edneral, 2003, 2005].

The other example of searching for periodic families in the system with
two degrees of freedom described in the work [Edneral, Petrov, 2020].
Single-frequency periodic family of solutions for a double pendulum
was calculated there.
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Application of the NORT Package to the Search for
Integrable Cases of Polynomial Dynamical Systems

We can notice as we mentioned above that when condition A is
satisfied, the dynamical ODE system exhibits important auxilary
properties. If the system depends on parameters, it is possible to
require A to be satisfied by demanding additional conditions to these
parameters. In the paper [Edneral, 2026], a system was studied that
was first suggested in general form by Prof. Bautin [Bautin, 1952]. This

is a dynamical system with one degree of freedom and quadratic
nonlinearity

G = xtoy+aix®+axy+ay?
&= A2y + bix% + by x y + bsy?.

Next, we assume that the system is diagonalizable, i.e., ¢ = 0.
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The normal form was calculated and the corresponding condition A
was constructed up to order 4 for the resonance cases of this system,
the first A » = £/ and three others A\ = M, Ao = —1 with M =1,2,3.
In each case, it represents a system of 4 algebraic (polynomial)
equations with the system parameters ay, ao, as, by, bo, bs.

In total, for the three resonances considered in the Bautin system, we

found 29 solutions to condition A. All cases correspond to integrable

systems except one
ax 4

dy

1
bx2+§cxy, Ey:—y+bxy+cy2. (5)
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In common the condition A generates an infinite system of equations,
but any infinite polynomial system (its ideal) has a finite basis [Hilbert,
1890].

Moreover, the supplementary materials to the paper [Edneral, 2026]
demonstrate in particular that the Grobner bases for the system A
consisting of the first three equations (LL[[3]]) and the bases consisting
of four equation (LL[[4]]) are coincide

GroebnerBasis[LL3, {a1, a2, a3, b1, b2, b3}]==
GroebnerBasis[LL4, {a1, a2, a3, b1, b2, b3}]

True
We will call this phenomenon saturation of the basis.
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The hypothesis of Saturation of the Basis

We have observed the phenomenon of saturation of the basis in

several papers on second-order systems [Edneral, 1997, 2023, 2024,
2026]

Hypothesis

Some lower equations of condition A of a polynomial dynamical
system form a polynomial basis for this condition.
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Integrability of General (Nonresonance) Form

So, we constructed a system of equations for condition A at 3
resonances. Thus, we obtained three systems of algebraic equations
with the same variables. Then we combined all these three systems.
11 independent solutions were found. All cases correspond to an
integrable systems of the general (non-resonant) form.

? = MX +ax2 + ax Xy + agy?,
&= —y+bix®+byxy+ by

These simultaneous solutions for resonances 1:1, 2:1, 3:1 are shown
in the table

Numb. Cond.1 Cond.2 Cond.3 Cond.4

1 ap = az = b, =0

2 a = az = b3 =0

3 a; =0 by = b, =0

4 ag=2b, | a= by =0 | by3=0
5 a; =0 a3 =0 | by=0 | bg=0
6 a; =0 by =0 | bpb=0 | bg=0
7 a; =0 by = by=0 | by=-%2
8 ay = by az = by =0 by = a
9 a; =0 by = by, =0 by = a
10 a; =0 az = by, =0 by = 2a,
11 a; =0 by = b, =0 by = 2a»
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Integrability in Other Systems
A similar technique was applied to study the polynomial generalization
of the Liénard equation [Liénard, 2028]

a?x adx f(x) = ap + ay x,

e X = 1) g 7o), where X + box® + bax®,

14 integrable cases were found for low-lying resonances. Each
solution of the condition A correponds to the integrable case [Edneral,
2023]. One more integrable case was found for the case

f(x)=ap+ ayx+ 82X2,Q(X) =bix+ ng2 + ng3 + b4X4.

In [Algaba, Gamero, Garcia, 2009] was suggested the degenerate
nonlinear ODE system

dx/dt = —y® — bx3y + ay x° + ay X2y,

dy/dt = (1/b) x?y? + x5 + by x*y + by x y°.
We found 7 integrable cases here [Bruno, Edneral, 2010, 2024]. The
27th order resonance was detected during the processing of the
system. The normalizing transformation has about 8 - 108 terms. The

calculations were performed on a notebook with 16 GB RAM.
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Relationship between Local and Global Integrability

We call global integrability the case, when the sufficient number of first
integrals exist in some domain of the phase space of the dynamical
system. Then we call local integrability the case when the system has
a sufficient number of local first integrals (formal integrals) in a small
neighborhood of this point.

The dynamical system is topologically equivalent to a linear system
and, thus, local integrable in the neighborhood of a simple
(non-singular) point. The system is also local integrable in
non-resonant singular points.

While we investigated several two- and three-dimensional systems we
found out that if a system is locally integrable in all resonant points of
the domain, then it is possible to find the global first integral in most
cases. Thus, local integrability in resonant cases of singular points to
be critical. In this situation, we cannot say anything about sufficient
conditions for integrability, but we can put forward the following
hypothesis about necessary conditions.
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Hypothesis about Relationship Local and Global
Integrability

Hypothesis

Polynomial dynamical system requires local integrability in every point
of the phase space of some domain to be globally integrable there.

We have supporting examples for the 3-dimensional case as well
[Edneral, 2025].

But the exhample of the non-integrable case (5) does not make us to
assume that condition A is to be sufficient.
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Other Approaches

There are other approaches to the integrability of dynamical systems with
parameters in the literature. They are based on the criteria for the existence
of the Darboux integral. The works should be noted:

@ Fercec B., Giné J., Romanovski V. G., Edneral V. F,,
Integrability of complex planar systems with homogeneous
nonlinearities.
Journal of Mathematical Analysis and Applications, 2016. vol. 434, no.
1, 894-914. https://doi.org/10.1016/j.jmaa.2015.09.037

@ Fercec, B., Zulj, M., Matej Mencinger, M.,
On the Integrability of Persistent Quadratic Three-Dimensional Systems.
Mathematics vol 12, no. 9: 1338 (2024).
https://doi.org/10.3390/math12091338.

@ Mastey, |.,, Romanovski V.G.,
Integrability of a Family of Four-Dimensional Quadratic Lotka—Volterra
Complex Systems
Axioms 2026, 15(4), 297; https://doi.org/10.3390/axioms 15040297

But all these works consider only systems with a homogeneous quadratic
right-hand side and a single resonance in the linear part.

V.F. Edneral SINP MSU Polynomial Computer Algebra 2026 May 26, 2026 35/45



Conclusions

@ This paper describes a technique for obtaining approximations in
families of polynomial periodic solutions of dynamical ODE
systems and studying the integrability of such systems with the
use of the resonance normal form method. The study of the
integrability of parametric dynamical systems has allowed to
obtain many unknown cases of first integrals.

@ Often, condition A is satisfied on manifolds of lower dimension
than the phase space of the system. In these cases, it seems that
we can consider the first (partial?) integrals and integrability
directly on the corresponding orbits.

The periodic families considered in the report for the van der Pol
and Henon-Heiles systems have one-dimensional A-manifolds,
while the Duffing system has two-dimensional one.
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