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Abstract. The article describes the application of the normalization package
to the study of ODE autonomous systems with the polynomial right hand side.
Examples of approaching periodic solutions of families in the form of segments
of the Fourier/Taylor series are given, as well as examples of searching for cases
of accurate integration of such systems.

Introduction

One of the most important tools in local analysis is the normal form method. It was
introduced by Henri Poincaré to study nonresonant cases of systems of nonlinear
ordinary di�erential equations. The method is based on maximal simpli�cation
of the right-hand sides of the equations using an invertible transformation near a
stationary point.

The importance of this method for the analysis of ordinary di�erential equa-
tions has long been recognized. The history of this topic can be found, for example,
in the works [1] or [2]. The de�nitions of normal form and normalizing transforma-
tion can be formulated di�erently for general and special cases. For example, there
are highly developed approaches for Hamiltonian systems; see the works [3, 4],
as well as Chapters 1 and 2 in [5]. For resonance and Belitsky normal forms, see
papers [6, 7, 8, 9, 10, 11] and Chapter 20 in [12].

The issues of convergence of the normalizing transformation are discussed in
the articles [6, 7, 11, 13, 14].

The technique described in this article is based on the local analysis approach
proposed by Professor Bruno [6, 7, 10]. It is based on the resonance normal form
method.

A signi�cant advantage of this approach is its ability to study a wide class of
autonomous systems using a uni�ed, easily algorithmized method. Speci�cally, the
method provides a constructive way to obtain approximations of local families of
periodic and conditionally periodic solutions in the form of Fourier/power series.
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Importantly, the method provides the convergence of the transforms used. This
allows us to hope that the resulting approximations of families of periodic solutions
near �xed points using approximate formulas can be performed with acceptable
accuracy.

It is also possible to use the local analysis method to obtain the necessary
conditions for global integrability. The main hypothesis is that for a polynomial
dynamical system to be globally integrable in a region of phase space, it must be
locally integrable at every point in that region, see [15, 16, 17].

Limit Cycle in the Van der Pol's Equation

Van der Pol's equation is non-Hamilton equation originated from a problem of
vibrations in electronic circuits

d2x

dt2
+ (x2 − ε2)

dx

dt
+ x = 0.

By linear complex change of variables it can be rewritten as the diagonalized
system

dy1

dt = i y1 +
1
2 (y1 − y2) [ε

2 − (y1 + y2)
2],

dy2

dt = −i y2 − 1
2 (y1 − y2) [ε

2 − (y1 + y2)
2],

dε
dt = 0.

(1)

According to the standard recipe, we treat ε as a new variable. This trick allows us
to free the eigenvalues from dependence on this parameter. Using the package we
obtain an approximation of the periodic orbit of the system (1), which corresponds
to the well-known limit cycle in the form of a truncated Fourier/power series [18]

x = ε · [ cos(ωt)(2 + 1
64ε

4 − 23
49152ε

8 − 51619
169869312ε

12 + 948555443
19568944742400ε

16)

+ cos(3ωt)ε4(− 3
32 + 101

12288ε
4 + 24061

28311552ε
8 − 279818087

815372697600ε
12) + . . .

+sin(3ωt)ε2(− 1
4 + 15

512ε
4 − 779

1179648ε
8 − 4538017

6794772480ε
12)

+ sin(5ωt)ε6( 85
2304 −

8095
1327104ε

4 − 1252495
6115295232ε

8) + . . .],

(2)

where ω = 1− 1

16
ε4 +

17

3072
ε8 +

35

884736
ε12 − 678899

5096079360
ε16 + . . . .

The comparison of our result (2) with a numerical calculation gives the small
relative error

ferr(ε
2 = 0.5) ' 8× 10−10

ferr(ε
2 = 0.75) ' 4× 10−8

ferr(ε
2 = 1.0) ' 1× 10−5.

Note that in the paper [19] the power series for the limit cycle frequency in
the Van der Pol equation was computed to the 164th order in ε.
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Periodic orbits in the Henon�Heiles' system

Henon�Heiles' system was originally appeared in the theory of particle motion
in an axial symmetric gravitation �eld, from the problem of a star's motion in
the Galactic �eld. This is a Hamiltonian system of two second order di�erential
equations [20]

d2x(t)

dt2
= −x(t)− 2x(t)y(t) ,

d2y(t)

dt2)
= −y(t)− x(t)2 + y(t)2,

with the Hamiltonian

H =
1

2
[(
dx(t)

dt
)2 + (

dy(t)

dt)
)2 + x(t)2 + y(t)2] + x(t)2y(t)− 1

3
y(t)3.

This system exhibits dynamic chaos. Our method allows us to �nd approxi-
mations to all families of periodic solutions immersed in this chaos. We obtained 7
families with frequencies as truncated power series in the total energy H, see the
paper [21]

ω1,4 = 1− 5
6H + 17

48H
2 + 127517

38880 H3 + 51952319
3732480 H4 + 1675438657

111974400 H5 ,

ω2,5 = 1− 5
6H −

95
48H

2 − 54935
7776 H3 − 22030445

746496 H4 − 200207485
1492992 H5 ,

ω3 = 1 + 1
3H −

2
3H

2 + 5389
2430H

3 − 52393
5832 H4 + 29471957

729000 H5 ,

ω6,7 = 1. These two families are complex ones.

Comparisons of the corresponding trajectory approximations with numerical solu-
tions along each of the orbits have relative errors

H = 1
24 : H = 1

12 :

for the solution with ω1 : ferr = 1.3× 10−5 ferr = 7.6× 10−4 ,
for the solution with ω2 : ferr = 4.7× 10−5 ferr = 4.4× 10−3 ,
for the solution with ω3 : ferr = 1.1× 10−5 ferr = 5.0× 10−4 ,
for the solution with ω4 : ferr = 1.3× 10−5 ferr = 7.6× 10−4 ,
for the solution with ω5 : ferr = 2.9× 10−5 ferr = 1.8× 10−3 .

For H ≥ 1
6 the system (??) exhibits a purely chaotic regime [20], so the values 1

24

and 1
12 are not physically small energy values.

The New First Integral in the Modi�ed Liénard System

To demonstrate the possibility of studying the integrability of ODEs using the
package, a dynamic system constructed on the basis of the Liénard's equation [22]
was chosen

d2 x(t)

d x2
+ P (x(t))

d x(t)

(d x
+Q(x(t)) = 0. (3)

In the original notation, this equation assumes that P is even and Q is odd. We
will treat these functions as polynomials without de�ned parity properties and
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write equation (3) as a parameterized polynomial system

d x(t)

d t
= y(t),

d y(t)

d t
= P2(x(t)) y(t) +Q4(x(t)). (4)

Here P2(x) and Q4(x) are arbitrary polynomials of the second and fourth order,
respectively. Our task is to determine for which coe�cients of these polynomials
the system (4) has a �rst integral and is thus integrable. In the work [15] we
considered this problem for lower orders of polynomials.

By usage the package and knowing the special case of integrability with pure
numerical parameters , we found the more general integrable case of system (4)
with two arbitrary parameters a and b

d x(t)
d t = y(t),

d y(t)
d t = a

4 [1 + bx(t)] {3 a x(t) [1 + b x(t)]2 + 2 [2− 3 b x(t)] y(t)},
with the �rst integral

I(x(t), y(t)) = 3
√

ax(t)(bx(t) + 1)2 + 2y(t)×a(bx(t)+1)2 2F1

(
1,1; 53 ;−

a(bx(t)+1)3

2by(t)−a(bx(t)+1)2

)
a(bx(t)+1)2−2by(t) + 2

 .

Here 2F1 is the Gauss hypergeometric function.

Conclusion

This report describes a technique for obtaining approximations for families of
periodic solutions of dynamical ODE systems and studying the integrability of such
systems using the resonant normal form method. The study of the integrability
of dynamic systems with parameters made it possible to obtain many new �rst
integrals.
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