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Overview

Part |
@ Ramanujan
@ Modular forms, theta functions, mock theta functions
o Ramanujan’s last letter and mock theta functions
o Ramanujan’s lost notebook and more mock theta functions
Part Il
o Kac—Moody affine Lie Algebra Agl)-string functions
)

@ Quasi-periodicity of admissible-level A(l1 -string functions

@ Polar finite decomposition of an admissible-level character
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Ramanujan: Early Life and First Letter to Hardy

Born 22 December 1887 in Erode, a town near Chennai, formerly known as Madras
Grew up in Kumbakonam, a small town near Chennai, where his father was a clerk
A stellar student but was expelled from Government College.

Secured a job as a clerk at the Madras Port Trust

Encouraged by colleagues, Ramanujan wrote to mathematicians in England such as
M. J. M. Hill, H. F. Baker, E. W. Hobson, and G. H. Hardy.

Wrote his first letter to Hardy dated 16 January 1913.
Hardy invited Ramanujan to Cambridge.

Fell ill and returned to south India in 1919.

Wrote his last letter to Hardy dated 12 January 1920:

“I am extremely sorry for not writing you a single letter up to now...l discovered interesting
functions recently which | call “Mock” 9-functions. Unlike the “False” Y-functions (studied
by Prof. Rogers in his interesting paper) they enter into mathematics as beautifully as the
ordinary theta functions. | am sending you with this letter some examples.”

o Died 26 April 1920 in Madras at age 32.

False theta functions? Jacobi's triple product identity

o

joiayi= 3 (~1)7aEx" = (x)oo(a/x)0 (@)oo

n=—oo
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Ramanujan: Last Letter to Hardy

o In his last letter to Hardy, Ramanujan gave a list of seventeen functions which he called
“mock theta functions.”
2 4

= nzzo T A () R R )

:1+q72q2+3q373q4+3q5+...

@ Each mock theta function was defined by Ramanujan as a g-series convergent for |g| < 1. He
stated that they have certain asymptotic properties as g approaches a root of unity radially,
similar to the properties of ordinary theta functions, but that they are not theta functions.

o He stated several identities relating some of the mock theta functions to each other.
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Modular forms

A modular form is a holomorphic function f in the complex upper half-plane
H:={z¢€ (C‘Im(z) > 0} satisfying the transformation equation

az+b
(Z0) = (o
for all z € H and all matrices v = (i Z) € SLy(Z), where k € Z is the weight of the modular
form. Actually only need to check on generators (é i) , (2 :)1):

f(z+1)=f(2), f(-1/z) = 2"f(2).
Modular forms satisfying a given set of transformation equations live inside the same
finite-dimensional vector space. We then say f(7) € My(SL2(Z)).
There are many variants:

@ the weight k could be half-integral,

the function f(z) could be vector-valued,

the function f(z) might need a correction term to be modular,
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Modular forms

Let g := €2™'T where 7 € ), e.g.
lq| < 1, which takes the upper
half-plane to the punctured unit disc

The modular form f(7) then has a
Fourier expansion

f(r) = a(n)q” = a(0) + a(1)g" + a(2)q?
n=0

+a(3)g> + - -

M.C. Escher's “Angels and Devils.”
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Modular forms

Nontrivial example:
Eisenstein series!

For example, for k even, k > 4:

1
Gu(r):= > meMk(SLg(Z)).
(c,d)ez?
(c,d)#(0,0)

In terms of a Fourier expansion, where q := €2™'7 and 7 € {x + iy € (C‘y >0}, eg. |g| < 1:

Gi(7) = 2¢(K)Ei(r), where Ei(r) = 1 — %ﬁ S ok 1(n)g”,
n=1

with ¢(k) = >0 ,,ik ok—=1(n) = > o< min mk=1 and the By are the Bernoulli numbers, where

t Otk
=N "B, .
et — 1 kz:% K

What about k = 27

Eric Mortenson (Saint Petersburg State University) Fractional-level string functions 28 May 2026 .



Modular forms

Nontrivial example:
Eisenstein series!
For k = 2 not absolutely convergent.

Fix order of summation

Gy(7) = 2¢(2) — 82 Z a(n)q", o(n) = Z d

d|n,d>0
Transformation equations under SL>(Z):

Ga(T+ 1) = Gy(7)
Go(—1/7) = T2 Gy(7) — 2miT

Foreshadowing: Holomorphic but not modular!
If we add a correction term, we gain SL(Z) invariance, but we lose analyticity. We have

Im(r)

Go(7)
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Theta functions

Recall variants of modular forms:
Theta functions are examples of modular forms when the weight k = 1/2.

The Jacobi theta function is defined (now we have z and 7)

Hz; ) = Z exp(win®t 4 2winz), z€C, T € H.
n€Z

We can think of this as a Fourier series for a function in z, periodic with respect to z — z + 1.
With respect to Z - 1 Z - 7, the theta function has elliptic transformation equations:

o Nz+1;7)=9(z;7),

o ¥z + 7;7) = exp(—miT — 2wiz) - ¥(z; T),

e Modular transformation properties (next slide).

(Alternate form) We write q := exp(2wiT) and x := exp(27iz) to have

Jsd) = 3 (-17alxn =TT - a1 - "/)(1 - o,
n=—o0 n=1

where the last equality follows from Jacobi's triple product identity.
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Theta functions

Recall variants of modular forms:
Jacobi theta functions are examples of vector-valued transformation properties.

Here w := ™% and q := e™'".

oo oo
2 2
doo(wiq) := Y (W)"q", da(wiq):= Y (-1)"(w?)"q",
n=—oo n=—0oo
9 e S 2ynt3 (1) 9 1)"(w? n+l (n+1)?
10(w; q) = Z(W) 2qt 27, 11(w; q) : Z( )"T2q\"2
n=—oo n=—o00
Here we have
Yoo a 0 0 O Yoo
ﬁOl E_l _ 0 0 (e} 0 '&01 .
P10 (7—’ 7—) “ 10 a 0 O P10 <Z'T)
1911 0 0 0 i ’1911

where . .
a=(—iT)2 exp <fiz2).
T
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Ramanujan’s last letter: mock theta functions

What does one mean by “like a theta function but not a theta function?”
A mock theta function is a function f(q) defined by a g-series which converges for |g| < 1 which
satisfies

(0) For every root of unity ¢, there is a theta function 6.(q) such that the difference f(q) — 6¢(q)
is bounded as g — ( radially.

(1) There is no single theta function which works for all ¢; i.e., for every theta function 6(q) there
is some root of unity ¢ for which f(gq) — 6(q) is unbounded as g — ¢ radially.

Condition (0) was proved for third and fifth order functions by Watson, and for seventh order
functions by Selberg.
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Ramanujan’s last letter: mock theta functions

The Mock Turtle from Lewis Carroll’'s
“Alice in Wonderland.”
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Ramanujan’s last letter: mock theta functions

Notation:
Let g be a complex number with 0 < |g] < 1.

Finite and infinite products:

n—1 [eS)
(Dn=0a)n =[]0 =%, (oo =(x @)oo = [[(1 = ¢*x).
i=0 k=0
The theta function
=3 (178 x" = (90(a/x)0(@)oc
where
Ja,m ::J'(qa; qm), ja,m 3:./(_‘78; qm): Im = Jm,3m = ]___[(1 - an)~
k=1
The Appell-Lerch function is defined
— (-1)" q(2) ) =3 ®)
m(x, z; q) := » J(ziq) = (=1)"z"q\>/.
J(Z q) ,_Zoo —q " xz ,,;oo
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Ramanujan’s last letter: mock theta functions

Appell functions

m(x,z;q) := .
bozd) qu)zjl—wlw

r=—oo

For generic x,z € C*
m(x, z; q) = m(x, qz; q),

m(x,z;q) = x tm(x71,z71; q),

m(qgx,z; q) = 1 —xm(x, z; q),
For generic x, zg,z1 € C*

20J3j(21/20; 9)j(x2021; q)
(205 9)i(z1; 9)i(x20; 9)i(xz1; q)

m(x, z1;q) — m(x, z0; q) =

Appell functions are the building blocks of Ramanujan’s mock theta functions:

J2
&m)fE: an@q)+j
n>0
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Classical problems: modularity

For the third order functions
2

=> (j:’)z and ws3(q) :=

n>0

2n(n+1)

n>0 (q q n+1
1 1 1 1 1
define F = (fo, fi, )T by fo(r) = g~ 2 f5(q), fi(7) = 2q3wa(q2), and fo(r) = 2q3ws(—q2).

Watson showed (1936)

(CMI x >
F(r+1) 0 0 (3 F(7)
0 G 0
and
L rCym=(1 0 0 |Fem+re)
—F(—1/7) = 7)+ R(7),
Y= 0 0 -1

with ¢, = €2™/" and R(7) = 4V3v/—iT(j2(7), —j1 (1), 3(7)) T, where

©9 . 2sinh 27
jl(T) — / e3‘rrl‘rx %dx,
0 sinh 377x

and jo(7) and j3(7) are defined similarly.
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Classical problems: modularity

Zwegers's pathbreaking result (2002)!
Recall that F(7) = (fo, fi, 2) T, where the f;'s are in terms of f3(q) and ws(q).

pefine > (e0(2), 81(2),82(2))
6(r)=2iv3 [ &2halz)ai) .
(7) 7 v —i(z+T)

where

go(2) == S (=1)"(n+ 1/3)e> 3%

neZ

and gi1(z) and gz(z) are defined similarly. Letting H(7) := F(7) — G(7), Zwegers showed

w 0 0
Hr+1)=[ 0 0 ¢ |H(x
0 G 0

1 (0 1 0 >
_H(-1/r)=[ 1 0 0 |H().
T 0 0 -1
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Ramanujan’s lost notebook

o For nearly 60 years, the only information on Ramanujan’s mock theta functions was
contained in the surviving portions of his last letter to Hardy.

o In 1976, George Andrews discovered the “lost notebook” in an old box of papers at Trinity
College Library while on a visit to Cambridge University.

@ The notebook contained over 100 pages of mathematical scrawl.

@ Somehow survived a circuitous journey from India in 1920 to lie forgotten in the Trinity
College Library Archives.

@ In 1968, Rankin saved them from Watson's random papers just before they were about to be
burned.

o Andrews:
“...the fact that its existence was never mentioned by anyone for over 55 years leads me to
call it “lost”..."
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Ramanujan’s lost notebook
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Ramanujan’s lost notebook

Notation:

Let g be a complex number with 0 < |g| < 1.

Finite and infinite products:

n—1 &S]
()= (x5 q)n = [[(1 = a'%), (X0 = (xi @)oo := [ [(1 = *x).
i=0 k=0
The theta function
jeca) =32 (-17al)x = (e (@/x)o0)ecr
and -
Jom = (% @™), Jam :=i(—=q%q™), Jm = Jmam = [[(1 = ¢™).
k=1
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Ramanujan’s lost notebook

Classical problems for mock theta functions:

e Identities between the mock theta functions (mock theta conjectures)

10n2

& 9" (4% %)(d% a1
folq) = Z( q:9)n  (9:9%)(q*; q5) Z(" qm) +1(4% ¢')n

o Modular transformation properties
Classical techniques (changing forms):
e Basic hypergeometric series

o Appell functions

e Bailey's Lemma and Bailey Pairs

o Hecke-type double-sums

H(l—q")— S (~1)q2" +an=F (1 g2
n>0
lii<n

Js5,10)2,5

— 2m(q14?q4; q30) +2q—2m(q47q4; q30) 4 i
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A heuristic and Hecke-type double-sum formulas

Expand Hecke-type double-sums in terms of Appell functions (Hickerson, M. 2014)! An example:
(5 - 5 )ty
r,s>0 r,s<0
1 yBi(—x/yiq)i(a’xy: ¢°)
Jos J(—ay?/x:q®)i(—ax?/y: q®)

=i Im(%,~1:¢) 0 )m( T, 1 ¢%) -

In general

f:a,b,C(X7y;q) = ( Z Z )( 1 rts, rys a( )+brs+c()

r,s>0 r,s<0

Consider the Hecke-type sum identity:

1 1 1 1 i
DD ) 1ymingzm™ r2mrta iy mian _ TT(1 — g")2,
n=1

m>0,n>0 m<0,n<0
which in our notation is equivalent to f121(q,q; q) = J12.

. . 1 gf3Joidas
fi21(q,q: q) = j(a: 9)m(q, —1; ¢°) + j(q; @)m(q, —1; ¢°) — =— - 5=
Jo,3 o3
oo
=0+0+f=[](1-q"
n=1
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A heuristic and Hecke-type double-sum formulas

Theorem (Hickerson, Mortenson 2014)

Let n and p be positive integers with (n, p) = 1. For generic x,y € C*

(5 - S )o@t

r,s>0 r,s<0

_”—1 (" ")m( n(np+(P+1)) rP(2n+P)& 1 ,,,,(2,,+p))
_quPr2 rjq y:q (y)n+p g
n—1
7 n(np+(P5))=re(2ntp) (=y)" . 4np(2n+p)
+Z pr2 r_/(qpx q )m( ( ) er,qm’ 5 p)
PR S S pzlq (=02 2) t(r0) (r—(n=1)/2) (s+(n+1)/2) 4 (375 D72)

n+)

Jo,np(2ntp) 05 0
(_X)f*("%l( )5+ J32(2n+p)'j( _ qnp(s r)x" e qnp )J (qp 2n+p)(r+s)+p(n+p)xpyp qp 2n+p))

Jj(qp@ntp)rtp(ntp)/2 ()P, ( y>")+" qPi(2n+p)) j(qp(2n+P)5+p(n+P)/27(_:();;;‘7 ; qPA2n+p))

";1 }osi=s*+ {"gl }, with 0 < {a} < 1 denoting the fractional part of c.

where r := r* + {
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Kac—Moody affine Lie algebra Agl): results

@ Kac and Wakimoto introduced the admissible highest weight representations in order to
classify all modular invariant representations of the Kac—Moody algebras.

o For the Kac—Moody algebra Agl) the string functions of admissible representations are
allowed to have certain rational levels

@ Realized by Ahn, Chung, and Tye as the characters of the generalized
Fateev—Zamolodchikov parafermionic theories.

@ Our results:

o For the 1/2-level string functions, we present their mock modular transformation properties.
o We give examples of a polar finite decomposition of an admissible-level character

o For the 1/2-level string functions, we express the string functions in terms of two second-order mock
theta functions found in Ramanujan’s Lost Notebook.

o For the 1/3-level 2/3-level string functions, we express the string functions in terms of two
third-order mock theta functions found in Ramanujan's last letter.

o For the 1/5-level 2/5-level string functions, we express the string functions in terms of four
tenth-order mock theta functions found in Ramanujan’s lost notebook.

o and more!
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Kac—Moody affine Lie algebra Agl): string functions

We let p’ > 2, p > 1 be coprime integers and define the admissible-level to be N := % —2.
(1)

Using the Weyl-Kac formula, one can express an admissible A;
and spin £ as

character x(z; q) of level N

> ot19O90(e41),p (2 9P)
Za:;ﬂ 0@072(2, q)
We will temporarily redefine the theta function as

2 .
Onm(z;q) = E q™ z=™,
JEZ+n/2m

x¢(z:q) = (2)

For an admissible Agl) character X?’(z; q) of level N and spin ¢, we define the string function for
level N, quantum number m, and spin £ with m+ ¢ =0 (mod 2), through

mj _1
Pza= S ¢ Wz, (3)

me27Z+¢
Integer-level string functions enjoy many classic symmetry and periodicity properties such as
N N
Cm,e(Q) = Cm+2N,£(q)'
A hence from (3) the theta-expansion
N(. N .
Xi(za)= Y Cy(@)Omn(zia). )

0<m<2N
me2Z+4¢
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A(ll)—string functions: admissible and integral level

Building blocks: we define Hecke-type double-sums. Let x, y be non-zero complex numbers, then
f;,b,c(X,y; q) - Z _ Z (_1)r+sxrysqa(£)+brs+c(;) )
r,s>0 r,s<0

One way to express admissible-level string functions in terms of Hecke-type double-sums is by
using the classical partial fraction expansion for the reciprocal of Jacobi's theta product

yrg(%)

1—q"z

S >

i(z:q) (qq =

and the Weyl-Kac formula (2): for p’ > 2, p > 1 coprime integers, 0 < £ < p’ — 2 and
m € 2Z + ¢, then (N = p'/p — 2)

m+e =0

1 ’ m ’
N il B £41). m=t —(e+1)).
Cela) = T3 (Aot oo (47755, =P D, ) — £ s 0 (775, PP (41 ))
(oo}
In the case of positive integer-level N > 0, we have the compact form

1.
Cg,e(q) (q )3 f1,14n, NG (m+£),q172(m [);q).
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A(ll)—string functions: integral level

Several possibilities for N:
@ positive integral,
@ positive fractional,
@ negative fractional.

An important example of a theta functions is the Dedekind eta-function. We define the Dedekind
eta-function as follows
n(q) == q"/* [ -q").
n>1

Among more general results, Kac and Peterson showed

Gola) =n(a)~"
C21(q) = n(q)*n(q?),
C13,1(q) =1(q) 2q** s 15,
Co(a) = n(a) *n(a®) " 'n(q").

Eric Mortenson (Saint Petersburg State University) Fractional-level string functions



A(ll)—string functions: quasi-periodicity

We recall the definition of the string function

rﬁ 1
X (Z q) Z qiNz 2
me27+4
For integral-level N
Z(Q) m+2N (@) = x7(z: q) Z Cm 1(9)®m,n(z; q).
0<m<2N
me2Z+£

For fractional-level N = p’/p — 2, we have quasi-periodicity:

Theorem (Borozenets, M., 2025)

For (p, p') = (p,2p + j), we have the quasi-periodic relation for even-spin

(D% G50 — (%€ 2(;’*3,*’*”( )

(2r+1)
= (_1)Pq*%+’l<erj)q(§

y Z (1) Y)+m(r—p) <qm(ji+s—j) _ q—m(ﬁ+5))

x (j(_qm(2p+j)+p(2r+1); q2p(2p+j)) _ qrn(2p+j)—m(2r+1)j(_q—m(2p+j)+p(2r+1); q2p(2p+j))) )
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A(ll)—string functions: polar finite decompositions

o Extending results of Zwegers, Zagier introduced a canonical decomposition of meromorphic
Jacobi form into a “finite” part and “polar” part.
@ The finite part is a finite linear combination of theta functions with mock theta functions as

coefficients,
@ The polar part is an elementary expression that is determined completely by the poles of

meromorphic Jacobi form.
o We calculate Zagier—Zwegers' polar-finite decomposition for certain Agl)
string functions being mock modular coefficients of the finite part.

-characters with

Theorem (Borozenets, M., 2025)
For (p, p’) = (p,2p + j), we have the polar-finite decomposition for even spin

;o (za)
j-1 22 (p2pi)) o .
_ szsqjs ng,’zf J (q)j(_zjqp(/fZS); q2PJ)
s=0
j—1 p(2r+1)
e Sy B A ) S g ()
X s=0

% (j( q" m(2p+j)+p(2r+1). L g2 (2p+j)) _ qm(2p+j)—m(2r+1)j(_q—m 2p+j)+p(2r+1);q2p(2p+j)))

x (qm572ps,.n(_qjm72ps7 _qp(j+2$)zfj; q2jp) 4 qusm(_qjm+2ps’ _qp(jf2s)zj; q2jp)> .
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A(ll)—string functions: polar finite decompositions

Recall the definitions for theta functions and Appell functions:

J(z;q) = 2:(—1)"2"q(;)7 m(x,z;q) =

= i(za) sz 1—q"

From the Weyl-Kac formula, the level N := % — 2,

, (2+1 p(+1)+pp’ ,—p". g2pP") _ 041 —p(&+1)+pp’ ,—p' . o2pp

Xgp,p)(z;q)zz_%qp i(=q z7P;q*PP ) — 2" j(—q z7P;q )
2 2q3j(z;q)
We the following polar-finite decomposition (set j = 1):

2p+1

Xgp p )(2' q)
2p+1)/
= &P @iz q2")
+ (~-1)Pq é+i((2p+1) +(2)—rP Z( H)m +m(r p)
(J( q" m(2p+1)+p(2r+1). q2p(29+1)),q2 p— rJ( q- m(2p+1)+p(2r+1). q2p(2p+1)))

mi(—qPz; q%P)

(9)? (m(—=q™, —qPz; ¢*P) + m(—q™, —q"z"%; g*P))
oo

X q
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A(ll)—string functions: level 1/2

For (p,p’) = (2,5), i.e. N=p'/p—2=1/2, (m,¢) = (0,2r), r € {0,1}, we have

X5, (2 q)

1/2 o
= Cola(q) - i(~zd )

2r41)2 i 1+2r. /5
7§+%q7,1(q iq°)

—q j(=2zq%: q*) (m(—q,—2z%: ¢*) + m(—q, -z '¢*: q*)) .

(9%
From Weyl-Kac:
1/2 L, 1, @ra1)? j(—grt12775; g20) _ S2rlj(_ g—4rt8,—5, 520)
X2{ (zig)=z""q7 3" 10 ,

j(z:q)

Let u2(q) be Ramanujan'’s classical second-order mock theta function:

—_1)" n? ; 2 n
pala) = 3 % = 2m(=a,~1: o) + 2m(—a, a: *).

Taking z = —q gives

143 i
(9)%Co/2(a) = (=a) "5 (=" =) + a7 50" 6P ua(a).
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A(ll)—string functions: level 1/2
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We recall Ramanujan’s second-order
mock theta function

_1\n n2 2
2(0) = Tpzo et

For (m,£) = (0,2r) we have

(@)3.Coln(a)
—r 2 2r+1, _ 5
=(—q) 2_,_, J(= i —q°)
1
+q7" 2J(q“”,q Yu2(q)-

The function pa(—g?) is found on
pages 8 and 29 of the Ramanujan’s
Lost Notebook!

ional-level string functions



A(ll)—string functions: level 1/2

n_n? .q2
In terms of Ramanujan’s second-order mock theta function p2(q) := 3", <, %,

—r1 J r rl r
(9)2.Co'5(q) = (—q) 2 Bl @ =q") + a7 S %) 2 (q)-

Gl (c-l o) Colo

1) = 40 B
(3/2 (r+1) 0 <40 3/22 ()
and

Cl/z 2 sin (2—") —sin (%) Co%z 1
<C0,2 ) Y=V V5 (75“‘ (5%) - (%)) <C37/22> (_;>

We have

3w Ao [ A
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A(ll)—string functions: level 1/3

Two mock theta functions from Ramanujan’s last letter to Hardy...

f(q) = =2m(-q,q:q°) + 2m(—q, 9% q°)
4 9
q q q
=1+ + + +
A+a2 T T aPO+ 7 0+ 21+ PR+ )
- 2"("+1 1 2 6 1 4 6
ws(q) = Z =—q 'm(q,4% %) — g 'm(q, q*; ¢°)
2 (4:9%)2 4
1 q2 q6

B R O ) A S L PO LR

Specializing the polar-finite decomposition with z = —gq yields: For (p, p’) = (3,7),
(m,2) =(0,2r), r € {0,1,2} we have
3 i(_4l42r. J14Y;( 416+4r. 28
(q)f;océ/;‘r(q):(iq)fr(q)oo./( q .vq )J(q v q )
’ v i(=1;q)Js
A 2,J(q6 2 14)j(q26 4 g2 )
Jog

1+2r; q14 16-+4r

q " j(q )i(q
2 Jog

-q w3(—q) + i )fa(qZ)-
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A(ll)—string functions: level 2/3

Two mock theta functions from Ramanujan’s last letter to Hardy...

4 9

B q q q

Bl = Z( T T e AT AR
o 2n(n+1) _ 1 CI2 q6

A= i, G- T Ao T e e

For (p,p') = (3,8), (m,£) = (0,2r), r € {0,1,2,3}, we have

2/3 7 r 2 . ,
(@)2.C3/a(q) = (~1)Lr+D/2) 2 Tk J(=q"7%; ¢)j(g* %" ¢®)
i T—2r. 16Y:(430—4r. 132 142r, g16) i( gl8+4r, 32
20" ")j(q iq _,i(q (g8 ¢%2) 1
_q3 2r ( ) ( )W3(_q2)+q r ( ) ( )7f23(q4)
J32 J32 2

For (p,p’) = (3,8), (m, ) = (2,2r), r € {0, 1,2,3}, we have

3 -2/3 1)/2 J b
(Q)ooc2,2r(q) (= 1)L(f+ W2 2 J2J

3_2.0(a" 7" 4)j(*~*"; ¢*) 1. 4
1—- =f(q")
I 2
1-r0(@ 275 919)j(g" 4 ¢%2)

+q y (1 - Pws(—q?)).
32

( 2+4r 7= 2r’

a*)i(q q'°)

—q
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A(ll)—string functions: level 1/5

Also in the lost notebook, we find the four tenth-order mock theta functions and their six
identities. We recall the four tenth-order mock theta functions

(n+l) (n;Z)
¢10(q) == Z ;@)=Y 1

= (@:.9%) = (@a%)n’

—1)ng(nt1)?
XlO(q) _Z( 1)q , XlO(q)::Z( 1)q il

o (=g q)2n <o (=g @201

We state four of the identities. Let w be a primitive third root of unity. We have

P10(wq) — Y1o(wiq J1,2 J3,15J;

Pl - LoD V0RD) __ i av
> oy | woio(wq) — wdio(w?q) J1,2 J6,15J6
9" “Y10(q”) + o =T b

with two other analogous identities for Xi0(q) and x10(g). We also have
J12i(=94% —q"°)
)= v
2,8

5 J1,2i(—¢% —¢'°)
g ’

o(q) — g ' (—q*) + g *x(d®

¥(q) + 9p(—q*) + X(q
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A(ll)—string functions: level 1/5

We recall Ramanujan's four tenth-order
mock theta functions

L5
#10(q) == 2550 CTAPEL
n;—Z)
Y10(q) = E"ZO (t;’qZ)n+1
X10(q) == ZnZO (( {7)‘7)2/1 !
1\ n+1)2
x10(q) :=>",>0 ((—1)q;+)2,,+1'

The four tenth-order functions are
found on page 9 of the Ramanujan’s
Lost Notebook!
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A(ll)—string functions: level 1/5

We recall the four tenth-order mock theta functions

(n+1) (nJZrQ)
$10(q) == Z , Y0(q) = ( .

=0 (9;: 92) > (@ )ni1’
2 2
—1)g" —1)nqg(nt+1)
X10(q) == Z %, x10(q) := Z L
w0 (=@ @)2n S0 (Fgi@)enn

For (p, p’) = (5,11), (m,£€) = (0,2r), r € {0,1,2,3,4}, we have

(q)gocé!/;;(q) =g 3r+1J1 2J( 4+8rvq )

674r (J( q16+10r'q110) 4+8rJ 6— 10r 110)) X q¢10(_q)

s (=g
i q3 3 % (j(— g0, gM10) — gBHr(— gl =10, g110)) ¢ 5 10(g?)
P (g0 gl10) _ g2HArj(_ 2810, g110)) o (L)
1 x (j(—qtoHI0r; gl10) _ glHarj(_g30-10r, q110)) x Xi0(q°)-
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A(ll)—string functions: level 2/5

For (p, p’) = (5,12), (m,£) = (0,2r), r € {0,1,2,3,4,5}, we have

—5r r r. A
(0)3Com(q) = —q2" ~271j(q**4; g12)j(—qHF?"; )5,

g4 x <J _giTor, 120) _ q4+8rJ( q’- 10r'q120)) S q2¢1o(7q2)
3 x ( (—q20+10r, g120) _ 346 g19-10r, q120)) x x10(q%)
<J grior. 120) _ q2+4rj(_q31710r; q120)> 52 (—1/110(—q2))

" x
r % (J( q53+10r 120) 1+2rj(7q43—10r;q120)) % XlO(q4)-

‘\

For (p, p’) = (5,12), (m,£) = (2,2r), r € {0,1,2,3,4,5}, we have

2/5 _3 S
(@3C22(q) = q27 3H3(PH; q12)i(~qP+": ¢¥) - 7
_ q1074r x (J( q17+10r'q120) _ q4+8rJ( q7 10r'q 20)) % (1 7X10(q4))
4 q6 3r (J( 29+10r; q120) _ q3+6rJ( q19 10r' q120)) x (1 4 ¢10(_q2))
3 2r ( ( 41+10r;q120) _ q2+4rJ( q31 10r'q120)) X (1 _ X10(<74))
4 C] —r % (J(_q53+10r; q120) _ ql+2rj(_q43710r 120 ) (1 _ q2¢10(_q2)) .
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