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Ramanujan: Early Life and First Letter to Hardy

Born 22 December 1887 in Erode, a town near Chennai, formerly known as Madras

Grew up in Kumbakonam, a small town near Chennai, where his father was a clerk

A stellar student but was expelled from Government College.

Secured a job as a clerk at the Madras Port Trust

Encouraged by colleagues, Ramanujan wrote to mathematicians in England such as
M. J. M. Hill, H. F. Baker, E. W. Hobson, and G. H. Hardy.

Wrote his first letter to Hardy dated 16 January 1913.

Hardy invited Ramanujan to Cambridge.

Fell ill and returned to south India in 1919.

Wrote his last letter to Hardy dated 12 January 1920:

“I am extremely sorry for not writing you a single letter up to now...I discovered interesting
functions recently which I call “Mock” ϑ-functions. Unlike the “False” ϑ-functions (studied
by Prof. Rogers in his interesting paper) they enter into mathematics as beautifully as the
ordinary theta functions. I am sending you with this letter some examples.”

Died 26 April 1920 in Madras at age 32.

False theta functions? Jacobi’s triple product identity

j(x ; q) :=
∞∑

n=−∞
(−1)nq

(
n
2

)
xn = (x)∞(q/x)∞(q)∞.
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Ramanujan: Last Letter to Hardy

In his last letter to Hardy, Ramanujan gave a list of seventeen functions which he called
“mock theta functions.”

f (q) :=
∑
n≥0

qn
2

(−q; q)2
n

= 1 +
q

(1 + q)2
+

q4

(1 + q)2(1 + q2)2
+ . . .

= 1 + q − 2q2 + 3q3 − 3q4 + 3q5 + . . .

Each mock theta function was defined by Ramanujan as a q-series convergent for |q| < 1. He
stated that they have certain asymptotic properties as q approaches a root of unity radially,
similar to the properties of ordinary theta functions, but that they are not theta functions.

He stated several identities relating some of the mock theta functions to each other.
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Modular forms

A modular form is a holomorphic function f in the complex upper half-plane

H := {z ∈ C
∣∣∣Im(z) > 0} satisfying the transformation equation

f
( az + b

cz + d

)
= (cz + d)k f (z)

for all z ∈ H and all matrices γ =

(
a b
c d

)
∈ SL2(Z), where k ∈ Z is the weight of the modular

form. Actually only need to check on generators

(
1 1
0 1

)
,

(
0 −1
1 0

)
:

f (z + 1) = f (z), f (−1/z) = zk f (z).

Modular forms satisfying a given set of transformation equations live inside the same

finite-dimensional vector space. We then say f (τ) ∈ Mk (SL2(Z)).

There are many variants:

the weight k could be half-integral,

the function f (z) could be vector-valued,

the function f (z) might need a correction term to be modular,

. . .
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Modular forms

Let q := e2πiτ where τ ∈ h, e.g.
|q| < 1, which takes the upper
half-plane to the punctured unit disc

The modular form f (τ) then has a
Fourier expansion

f (τ) =
∞∑
n=0

a(n)qn = a(0) + a(1)q1 + a(2)q2

+ a(3)q3 + · · ·

M.C. Escher’s “Angels and Devils.”
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Modular forms

Nontrivial example:

Eisenstein series!

For example, for k even, k ≥ 4:

Gk (τ) :=
∑

(c,d)∈Z2

(c,d) 6=(0,0)

1

(cτ + d)k
∈ Mk (SL2(Z)).

In terms of a Fourier expansion, where q := e2πiτ and τ ∈ {x + iy ∈ C
∣∣∣y > 0}, e.g. |q| < 1:

Gk (τ) = 2ζ(k)Ek (τ), where Ek (τ) = 1−
2k

Bk

∞∑
n=1

σk−1(n)qn,

with ζ(k) =
∑∞

n=1
1
nk

, σk−1(n) =
∑

0<m|n m
k−1, and the Bk are the Bernoulli numbers, where

t

et − 1
=
∞∑
k=0

Bk
tk

k!
.

What about k = 2?
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Modular forms

Nontrivial example:

Eisenstein series!

For k = 2 not absolutely convergent.

Fix order of summation

G2(τ) = 2ζ(2)− 8π2
∞∑
n=1

σ(n)qn, σ(n) =
∑

d|n,d>0

d

Transformation equations under SL2(Z):

G2(τ + 1) = G2(τ)

G2(−1/τ) = τ2G2(τ)− 2πiτ

Foreshadowing: Holomorphic but not modular!

If we add a correction term, we gain SL2(Z) invariance, but we lose analyticity. We have

G2(τ)−
π

Im(τ)
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Theta functions

Recall variants of modular forms:
Theta functions are examples of modular forms when the weight k = 1/2.

The Jacobi theta function is defined (now we have z and τ)

ϑ(z; τ) :=
∑
n∈Z

exp(πin2τ + 2πinz), z ∈ C, τ ∈ H.

We can think of this as a Fourier series for a function in z, periodic with respect to z → z + 1.

With respect to Z · 1
⊕

Z · τ , the theta function has elliptic transformation equations:

• ϑ(z + 1; τ) = ϑ(z; τ),

• ϑ(z + τ ; τ) = exp(−πiτ − 2πiz) · ϑ(z; τ),

• Modular transformation properties (next slide).

(Alternate form) We write q := exp(2πiτ) and x := exp(2πiz) to have

j(x ; q) :=
∞∑

n=−∞
(−1)nq

(
n
2

)
xn =

∞∏
n=1

(1− qn−1x)(1− qn/x)(1− qn),

where the last equality follows from Jacobi’s triple product identity.
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Theta functions

Recall variants of modular forms:
Jacobi theta functions are examples of vector-valued transformation properties.

Here w := eπiz and q := eπiτ .

ϑ00(w ; q) :=
∞∑

n=−∞
(w2)nqn

2
, ϑ01(w ; q) :=

∞∑
n=−∞

(−1)n(w2)nqn
2
,

ϑ10(w ; q) :=
∞∑

n=−∞
(w2)n+ 1

2 q(n+ 1
2

)2
, ϑ11(w ; q) := i

∞∑
n=−∞

(−1)n(w2)n+ 1
2 q(n+ 1

2
)2

Here we have 
ϑ00

ϑ01

ϑ10

ϑ11

( zτ ;−
1

τ

)
=


α 0 0 0
0 0 α 0
0 α 0 0
0 0 0 iα



ϑ00

ϑ01

ϑ10

ϑ11

(z; τ
)

where
α = (−iτ)

1
2 exp

(π
τ
iz2
)
.
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Ramanujan’s last letter: mock theta functions

What does one mean by “like a theta function but not a theta function?”

A mock theta function is a function f (q) defined by a q-series which converges for |q| < 1 which
satisfies

(0) For every root of unity ζ, there is a theta function θζ(q) such that the difference f (q)− θζ(q)
is bounded as q → ζ radially.

(1) There is no single theta function which works for all ζ; i.e., for every theta function θ(q) there
is some root of unity ζ for which f (q)− θ(q) is unbounded as q → ζ radially.

Condition (0) was proved for third and fifth order functions by Watson, and for seventh order
functions by Selberg.
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Ramanujan’s last letter: mock theta functions

The Mock Turtle from Lewis Carroll’s
“Alice in Wonderland.”
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Ramanujan’s last letter: mock theta functions

Notation:

Let q be a complex number with 0 < |q| < 1.

Finite and infinite products:

(x)n = (x ; q)n :=

n−1∏
i=0

(1− qix), (x)∞ = (x ; q)∞ :=
∞∏
k=0

(1− qkx).

The theta function

j(x , q) :=
∞∑

n=−∞
(−1)nq

(
n
2

)
xn = (x)∞(q/x)∞(q)∞,

where

Ja,m := j(qa; qm), Ja,m := j(−qa; qm), Jm := Jm,3m =
∞∏
k=1

(1− qnk ).

The Appell-Lerch function is defined

m(x , z; q) :=
1

j(z; q)

∞∑
r=−∞

(−1)rq

(
r
2

)
z r

1− qr−1xz
, j(z; q) :=

∞∑
n=−∞

(−1)nznq

(
n
2

)
.
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Ramanujan’s last letter: mock theta functions

Appell functions

m(x , z; q) :=
1

j(z; q)

∞∑
r=−∞

(−1)rq

(
r
2

)
z r

1− qr−1xz
.

For generic x , z ∈ C∗
m(x , z; q) = m(x , qz; q),

m(x , z; q) = x−1m(x−1, z−1; q),

m(qx , z; q) = 1− xm(x , z; q),

For generic x , z0, z1 ∈ C∗

m(x , z1; q)−m(x , z0; q) =
z0J3

1 j(z1/z0; q)j(xz0z1; q)

j(z0; q)j(z1; q)j(xz0; q)j(xz1; q)
.

Appell functions are the building blocks of Ramanujan’s mock theta functions:

f3(q) :=
∑
n≥0

qn
2

(−q)2
n

= 4m(−q, q; q3) +
J2

3,6

J1
.
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Classical problems: modularity

For the third order functions

f3(q) :=
∑
n≥0

qn
2

(−q)2
n

and ω3(q) :=
∑
n≥0

q2n(n+1)

(q; q2)2
n+1

,

define F = (f0, f1, f2)T by f0(τ) = q−
1

24 f3(q), f1(τ) = 2q
1
3 ω3(q

1
2 ), and f2(τ) = 2q

1
3 ω3(−q

1
2 ).

Watson showed (1936)

F (τ + 1) =

 ζ−1
24 0 0
0 0 ζ3

0 ζ3 0

F (τ)

and

1
√
−iτ

F (−1/τ) =

 0 1 0
1 0 0
0 0 −1

F (τ) + R(τ),

with ζn = e2πi/n and R(τ) = 4
√

3
√
−iτ(j2(τ),−j1(τ), j3(τ))T , where

j1(τ) =

∫ ∞
0

e3πiτx2 sinh 2πτx

sinh 3πτx
dx ,

and j2(τ) and j3(τ) are defined similarly.
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Classical problems: modularity

Zwegers’s pathbreaking result (2002)!

Recall that F (τ) = (f0, f1, f2)T , where the fi ’s are in terms of f3(q) and ω3(q).

Define

G(τ) := 2i
√

3

∫ i∞

−τ

(g0(z), g1(z), g2(z))T√
−i(z + τ)

dz

where

g0(z) :=
∑
n∈Z

(−1)n(n + 1/3)e3πi(n+
1
3

)2z

and g1(z) and g2(z) are defined similarly. Letting H(τ) := F (τ)− G(τ), Zwegers showed

H(τ + 1) =

 ζ−1
24 0 0
0 0 ζ3

0 ζ3 0

H(τ)

and

1
√
−iτ

H(−1/τ) =

 0 1 0
1 0 0
0 0 −1

H(τ).
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Ramanujan’s lost notebook

For nearly 60 years, the only information on Ramanujan’s mock theta functions was
contained in the surviving portions of his last letter to Hardy.

In 1976, George Andrews discovered the “lost notebook” in an old box of papers at Trinity
College Library while on a visit to Cambridge University.

The notebook contained over 100 pages of mathematical scrawl.

Somehow survived a circuitous journey from India in 1920 to lie forgotten in the Trinity
College Library Archives.

In 1968, Rankin saved them from Watson’s random papers just before they were about to be
burned.

Andrews:
“...the fact that its existence was never mentioned by anyone for over 55 years leads me to
call it “lost”...”
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Ramanujan’s lost notebook
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Ramanujan’s lost notebook

Notation:

Let q be a complex number with 0 < |q| < 1.

Finite and infinite products:

(x)n = (x ; q)n :=

n−1∏
i=0

(1− qix), (x)∞ = (x ; q)∞ :=
∞∏
k=0

(1− qkx).

The theta function

j(x ; q) :=
∞∑

n=−∞
(−1)nq

(
n
2

)
xn = (x)∞(q/x)∞(q)∞,

and

Ja,m := j(qa; qm), Ja,m := j(−qa; qm), Jm := Jm,3m =
∞∏
k=1

(1− qnk ).
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Ramanujan’s lost notebook

Classical problems for mock theta functions:

• Identities between the mock theta functions (mock theta conjectures)

f0(q) :=
∞∑
n=0

qn
2

(−q; q)n
=

(q5; q5)∞(q5; q10)∞

(q; q5)∞(q4; q5)∞
+ 2− 2

∞∑
n=0

q10n2

(q2; q10)n+1(q8; q10)n

• Modular transformation properties

Classical techniques (changing forms):

• Basic hypergeometric series

Appell functions

• Bailey’s Lemma and Bailey Pairs

Hecke-type double-sums

f0(q) ·
∞∏
n=1

(1− qn) =
∑
n≥0
|j|≤n

(−1)jq
5
2
n2+

1
2
n−j2 (1− q4n+2)

= 2m(q14, q4; q30) + 2q−2m(q4, q4; q30) +
J5,10J2,5

J1
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A heuristic and Hecke-type double-sum formulas

Expand Hecke-type double-sums in terms of Appell functions (Hickerson, M. 2014)! An example:( ∑
r,s≥0

−
∑
r,s<0

)
(−1)r+sx ry sq

(
r
2

)
+2rs+

(
s
2

)

= j(y ; q)m
( q2x

y2 ,−1; q3
)

+ j(x ; q)m
( q2y

x2 ,−1; q3
)
−

1

J0,3

·
yJ3

3 j(−x/y ; q)j(q2xy ; q3)

j(−qy2/x ; q3)j(−qx2/y ; q3)
.

In general

fa,b,c (x , y ; q) :=
( ∑

r,s≥0

−
∑
r,s<0

)
(−1)r+sx ry sq

a
(
r
2

)
+brs+c

(
s
2

)
.

Consider the Hecke-type sum identity:( ∑
m≥0,n≥0

−
∑

m<0,n<0

)
(−1)m+nq

1
2
m2+2mn+

1
2
n2+

1
2
m+

1
2
n =

∞∏
n=1

(1− qn)2,

which in our notation is equivalent to f1,2,1(q, q; q) = J2
1 .

f1,2,1(q, q; q) = j(q; q)m(q,−1; q3) + j(q; q)m(q,−1; q3)−
1

J0,3

·
qJ3

3J0,1J4,3

J
2
2,3

= 0 + 0 + J2
1 =

∞∏
n=1

(1− qn)2.
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A heuristic and Hecke-type double-sum formulas

Theorem (Hickerson, Mortenson 2014)

Let n and p be positive integers with (n, p) = 1. For generic x , y ∈ C×( ∑
r,s≥0

−
∑
r,s<0

)
(−x)r (−y)sq

n
(
r
2

)
+(n+p)rs+n

(
s
2

)

=

n−1∑
r=0

x r

qpr2y r
j(qpry ; qn)m

(
− q

n(np+
(
p+1

2

)
)−rp(2n+p) (−x)n

(−y)n+p
,−1; qnp(2n+p)

)

+

n−1∑
r=0

y r

qpr2x r
j(qprx ; qn)m

(
− q

n(np+
(
p+1

2

)
)−rp(2n+p) (−y)n

(−x)n+p
,−1; qnp(2n+p)

)

+
1

J0,np(2n+p)

·
p−1∑
r∗=0

p−1∑
s∗=0

q
n
(
r−(n−1)/2

2

)
+(n+p)

(
r−(n−1)/2

)(
s+(n+1)/2

)
+n

(
s+(n+1)/2

2

)

·
(−x)r−

(n−1)
2 (−y)s+

(n+1)
2 J3

p2(2n+p)
j
(
− qnp(s−r) xn

yn
; qnp

2)
j
(
qp(2n+p)(r+s)+p(n+p)xpyp ; qp

2(2n+p)
)

j
(
qp(2n+p)r+p(n+p)/2 (−y)n+p

(−x)n
; qp

2(2n+p)
)
j
(
qp(2n+p)s+p(n+p)/2 (−x)n+p

(−y)n
; qp

2(2n+p)
) .

where r := r∗ + { n−1
2
}, s := s∗ + { n−1

2
}, with 0 ≤ {α} < 1 denoting the fractional part of α.
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Kac–Moody affine Lie algebra A
(1)
1 : results

Kac and Wakimoto introduced the admissible highest weight representations in order to
classify all modular invariant representations of the Kac–Moody algebras.

For the Kac–Moody algebra A
(1)
1 the string functions of admissible representations are

allowed to have certain rational levels

Realized by Ahn, Chung, and Tye as the characters of the generalized
Fateev–Zamolodchikov parafermionic theories.

Our results:
For the 1/2-level string functions, we present their mock modular transformation properties.

We give examples of a polar finite decomposition of an admissible-level character

For the 1/2-level string functions, we express the string functions in terms of two second-order mock
theta functions found in Ramanujan’s Lost Notebook.

For the 1/3-level 2/3-level string functions, we express the string functions in terms of two
third-order mock theta functions found in Ramanujan’s last letter.

For the 1/5-level 2/5-level string functions, we express the string functions in terms of four
tenth-order mock theta functions found in Ramanujan’s lost notebook.

and more!
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Kac–Moody affine Lie algebra A
(1)
1 : string functions

We let p′ ≥ 2, p ≥ 1 be coprime integers and define the admissible-level to be N := p′

p
− 2.

Using the Weyl–Kac formula, one can express an admissible A
(1)
1 character χN

` (z; q) of level N
and spin ` as

χN
` (z; q) =

∑
σ=±1 σΘσ(`+1),p′ (z; qp)∑

σ=±1 σΘσ,2(z; q)
. (2)

We will temporarily redefine the theta function as

Θn,m(z; q) :=
∑

j∈Z+n/2m

qmj2z−mj .

For an admissible A
(1)
1 character χN

` (z; q) of level N and spin `, we define the string function for
level N, quantum number m, and spin ` with m + ` ≡ 0 (mod 2), through

χN
` (z; q) =

∑
m∈2Z+`

CN
m,`(q)q

m2

4N z−
1
2
m. (3)

Integer-level string functions enjoy many classic symmetry and periodicity properties such as

CN
m,`(q) = CN

m+2N,`(q).

A hence from (3) the theta-expansion

χN
` (z; q) =

∑
0≤m<2N
m∈2Z+`

CN
m,l (q)Θm,N(z; q). (4)
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A
(1)
1 -string functions: admissible and integral level

Building blocks: we define Hecke-type double-sums. Let x , y be non-zero complex numbers, then

fa,b,c (x , y ; q) :=

∑
r,s≥0

−
∑
r,s<0

 (−1)r+sx ry sq
a
(
r
2

)
+brs+c

(
s
2

)
.

One way to express admissible-level string functions in terms of Hecke-type double-sums is by
using the classical partial fraction expansion for the reciprocal of Jacobi’s theta product

1

j(z; q)
=

1

(q; q)3
∞

∑
n∈Z

(−1)nq

(
n+1

2

)
1− qnz

and the Weyl–Kac formula (2): for p′ ≥ 2, p ≥ 1 coprime integers, 0 ≤ ` ≤ p′ − 2 and
m ∈ 2Z + `, then (N = p′/p − 2)

CNm,`(q) =
1

(q)3
∞

(
f1,p′,2pp′ (q

1+ m+`
2 ,−qp(p′+`+1); q)− f1,p′,2pp′ (q

m−`
2 ,−qp(p′−(`+1)); q)

)
.

In the case of positive integer-level N > 0, we have the compact form

CNm,`(q) =
1

(q)3
∞

f1,1+N,1(q1+
1
2

(m+`), q1− 1
2

(m−`); q).
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A
(1)
1 -string functions: integral level

Several possibilities for N:

positive integral,

positive fractional,

negative fractional.

An important example of a theta functions is the Dedekind eta-function. We define the Dedekind
eta-function as follows

η(q) := q1/24
∏
n≥1

(1− qn).

Among more general results, Kac and Peterson showed

C1
0,0(q) = η(q)−1,

C2
1,1(q) = η(q)−2η(q2),

C3
1,1(q) = η(q)−2q3/40J6,15,

C4
2,0(q) = η(q)−2η(q6)−1η(q12)2.
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A
(1)
1 -string functions: quasi-periodicity

We recall the definition of the string function

χN
` (z; q) =

∑
m∈2Z+`

CN
m,`(q)q

m2

4N z−
1
2
m.

For integral-level N

CN
m,`(q) = CN

m+2N,`(q)→ χN
` (z; q) =

∑
0≤m<2N
m∈2Z+`

CN
m,l (q)Θm,N(z; q).

For fractional-level N = p′/p − 2, we have quasi-periodicity:

Theorem (Borozenets, M., 2025)

For (p, p′) = (p, 2p + j), we have the quasi-periodic relation for even-spin

(q)3
∞C

(p,2p+j)
2jt+2s,2r (q)− (q)3

∞C
(p,2p+j)
2s,2r (q)

= (−1)pq
− 1

8
+

p(2r+1)2

4(2p+j) q

(
p
2

)
−p(r−s)− p

j
s2

t∑
i=1

q
−2pj

(
i
2

)
−2psi

×
p−1∑
m=1

(−1)mq

(
m+1

2

)
+m(r−p)

(
qm(ji+s−j) − q−m(ji+s)

)
×
(
j(−qm(2p+j)+p(2r+1); q2p(2p+j))− qm(2p+j)−m(2r+1)j(−q−m(2p+j)+p(2r+1); q2p(2p+j))

)
.
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A
(1)
1 -string functions: polar finite decompositions

Extending results of Zwegers, Zagier introduced a canonical decomposition of meromorphic
Jacobi form into a “finite” part and “polar” part.
The finite part is a finite linear combination of theta functions with mock theta functions as
coefficients,
The polar part is an elementary expression that is determined completely by the poles of
meromorphic Jacobi form.

We calculate Zagier–Zwegers’ polar-finite decomposition for certain A
(1)
1 -characters with

string functions being mock modular coefficients of the finite part.

Theorem (Borozenets, M., 2025)

For (p, p′) = (p, 2p + j), we have the polar-finite decomposition for even spin

χ
(p,2p+j)
2r (z; q)

=

j−1∑
s=0

z−sq
p
j
s2

C
(p,2p+j)
2s,2r (q)j(−z jqp(j−2s); q2pj )

+
1

(q)3
∞

j−1∑
s=0

(−1)pq
− 1

8
+

p(2r+1)2

4(2p+j) q

(
p
2

)
−p(r−s)

z−s j(−qp(j−2s)z j ; q2jp)

p−1∑
m=1

(−1)mq

(
m+1

2

)
+m(r−p)

×
(
j(−qm(2p+j)+p(2r+1); q2p(2p+j))− qm(2p+j)−m(2r+1)j(−q−m(2p+j)+p(2r+1); q2p(2p+j))

)
×
(
qms−2psm(−qjm−2ps ,−qp(j+2s)z−j ; q2jp) + q−msm(−qjm+2ps ,−qp(j−2s)z j ; q2jp)

)
.
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A
(1)
1 -string functions: polar finite decompositions

Recall the definitions for theta functions and Appell functions:

j(z; q) :=
∑
n∈Z

(−1)nznq

(
n
2

)
, m(x , z; q) :=

1

j(z; q)

∑
n∈Z

(−1)nq

(
n
2

)
zn

1− qn−1xz
.

From the Weyl–Kac formula, the level N := p′

p
− 2,

χ
(p,p′)
` (z; q) = z−

`+1
2 q

p
(`+1)2

4p′
j(−qp(`+1)+pp′z−p′ ; q2pp′ )− z`+1j(−q−p(`+1)+pp′z−p′ ; q2pp′ )

z−
1
2 q

1
8 j(z; q)

.

We the following polar-finite decomposition (set j = 1):

χ
(p,2p+1)
2r (z; q)

= C
(p,2p+1)
0,2r (q)j(−qpz; q2p)

+ (−1)pq
− 1

8
+

p(2r+1)2

4(2p+1)
+
(
p
2

)
−rp

p−1∑
m=1

(−1)mq

(
m
2

)
+m(r−p)

×
(
j(−qm(2p+1)+p(2r+1); q2p(2p+1))− q2m(p−r)j(−q−m(2p+1)+p(2r+1); q2p(2p+1))

)
× qm

j(−qpz; q2p)

(q)3
∞

(
m(−qm,−qpz; q2p) + m(−qm,−qpz−1; q2p)

)
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A
(1)
1 -string functions: level 1/2

For (p, p′) = (2, 5), i.e. N = p′/p − 2 = 1/2, (m, `) = (0, 2r), r ∈ {0, 1}, we have

χ
1/2
2r (z; q)

= C
1/2
0,2r (q) · j(−zq2; q4)

− q−
1
8

+
(2r+1)2

10 q−r j(q
1+2r ; q5)

(q)3
∞

· j(−zq2; q4)
(
m(−q,−zq2; q4) + m(−q,−z−1q2; q4)

)
.

From Weyl–Kac:

χ
1/2
2r (z; q) = z−rq−

1
8

+
(2r+1)2

10
j(−q4r+12z−5; q20)− z2r+1j(−q−4r+8z−5; q20)

j(z; q)
,

Let µ2(q) be Ramanujan’s classical second-order mock theta function:

µ2(q) :=
∑
n≥0

(−1)nqn
2
(q; q2)n

(−q2; q2)2
n

= 2m(−q,−1; q4) + 2m(−q, q; q4).

Taking z = −q gives

(q)3
∞C

1/2
0,2r (q) = (−q)−r 1

2

J3
1

J2J4
j(−q2r+1;−q5) + q−r 1

2
j(q1+2r ; q5)µ2(q).
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A
(1)
1 -string functions: level 1/2

We recall Ramanujan’s second-order
mock theta function

µ2(q) :=
∑

n≥0
(−1)nqn

2
(q;q2)n

(−q2;q2)2
n

.

For (m, `) = (0, 2r) we have

(q)3
∞C

1/2
0,2r (q)

= (−q)−r 1

2

J3
1

J2J4
j(−q2r+1;−q5)

+ q−r 1

2
j(q1+2r ; q5)µ2(q).

The function µ2(−q2) is found on
pages 8 and 29 of the Ramanujan’s
Lost Notebook!

Eric Mortenson (Saint Petersburg State University) Fractional-level string functions 28 May 2026 31 / 40



A
(1)
1 -string functions: level 1/2

In terms of Ramanujan’s second-order mock theta function µ2(q) :=
∑

n≥0
(−1)nqn

2
(q;q2)n

(−q2;q2)2
n

,

(q)3
∞C

1/2
0,2r (q) = (−q)−r 1

2

J3
1

J2J4
j(−q2r+1;−q5) + q−r 1

2
j(q1+2r ; q5)µ2(q).

We have (
C

1/2
0,0

C
1/2
0,2

)
(τ + 1) =

(
ζ−1

40 0

0 ζ−9
40

)(
C

1/2
0,0

C
1/2
0,2

)
(τ)

and(
C

1/2
0,0

C
1/2
0,2

)
(τ) =

√
−iτ ·

2
√

5

(
sin
(

2π
5

)
− sin

(
π
5

)
− sin

(
π
5

)
− sin

(
2π
5

))(C
1/2
0,0

C
1/2
0,2

)(
−

1

τ

)

−
i

2
·

1

η(τ)3
·
(
J1,5

J2,5

)
(τ) ·

∫ i∞

0

η(z)3√
−i(z + τ)

dz.
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A
(1)
1 -string functions: level 1/3

Two mock theta functions from Ramanujan’s last letter to Hardy...

f3(q) =
∞∑
n=0

qn
2

(−q)2
n

= 2m(−q, q; q3) + 2m(−q, q2; q3)

= 1 +
q

(1 + q)2
+

q4

(1 + q)2(1 + q2)2
+

q9

(1 + q)2(1 + q2)2(1 + q3)2
+ . . .

ω3(q) =
∞∑
n=0

q2n(n+1)

(q; q2)2
n+1

= −q−1m(q, q2; q6)− q−1m(q, q4; q6)

=
1

(1− q)2
+

q2

(1− q)2(1− q3)2
+

q6

(1− q)2(1− q3)2(1− q5)2
+ . . .

Specializing the polar-finite decomposition with z = −q yields: For (p, p′) = (3, 7),
(m, `) = (0, 2r), r ∈ {0, 1, 2} we have

(q)3
∞C

1/3
0,2r (q) = (−q)−r (q)3

∞
J2

j(−q1+2r ; q14)j(q16+4r ; q28)

j(−1; q)J28

− q2−2r j(q
6−2r ; q14)j(q26−4r ; q28)

J28
ω3(−q) +

q−r

2

j(q1+2r ; q14)j(q16+4r ; q28)

J28
f3(q2).
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A
(1)
1 -string functions: level 2/3

Two mock theta functions from Ramanujan’s last letter to Hardy...

f3(q) =
∞∑
n=0

qn
2

(−q)2
n

= 1 +
q

(1 + q)2
+

q4

(1 + q)2(1 + q2)2
+

q9

(1 + q)2(1 + q2)2(1 + q3)2
+ . . .

ω3(q) =
∞∑
n=0

q2n(n+1)

(q; q2)2
n+1

=
1

(1− q)2
+

q2

(1− q)2(1− q3)2
+

q6

(1− q)2(1− q3)2(1− q5)2
+ . . .

For (p, p′) = (3, 8), (m, `) = (0, 2r), r ∈ {0, 1, 2, 3}, we have

(q)3
∞C

2/3
0,2r (q) = (−1)b(r+1)/2c ·

q−r

2

J2
1J2

J2
4J8

j(−q7−2r ; q16)j(q1+2r ; q8)

− q3−2r j(q
7−2r ; q16)j(q30−4r ; q32)

J32
ω3(−q2) + q−r j(q

1+2r ; q16)j(q18+4r ; q32)

J32

1

2
f3(q4).

For (p, p′) = (3, 8), (m, `) = (2, 2r), r ∈ {0, 1, 2, 3}, we have

(q)3
∞C

2/3
2,2r (q) = (−1)b(r+1)/2c ·

q3−2r

2

J2
1J2

J2
4J32

j(q2+4r ; q32)j(q7−2r ; q16)

− q3−2r j(q
7−2r ; q16)j(q30−4r ; q32)

J32

(
1−

1

2
f3(q4)

)
+ q1−r j(q

1+2r ; q16)j(q18+4r ; q32)

J32

(
1− q2ω3(−q2)

)
.
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A
(1)
1 -string functions: level 1/5

Also in the lost notebook, we find the four tenth-order mock theta functions and their six
identities. We recall the four tenth-order mock theta functions

φ10(q) :=
∑
n≥0

q

(
n+1

2

)
(q; q2)n+1

, ψ10(q) :=
∑
n≥0

q

(
n+2

2

)
(q; q2)n+1

,

X10(q) :=
∑
n≥0

(−1)nqn
2

(−q; q)2n
, χ10(q) :=

∑
n≥0

(−1)nq(n+1)2

(−q; q)2n+1
.

We state four of the identities. Let ω be a primitive third root of unity. We have

q2φ10(q9)−
ψ10(ωq)− ψ10(ω2q)

ω − ω2
= −q

J1,2

J3,6

J3,15J6

J3
,

q−2ψ10(q9) +
ωφ10(ωq)− ω2φ10(ω2q)

ω − ω2
=

J1,2

J3,6

J6,15J6

J3
,

with two other analogous identities for X10(q) and χ10(q). We also have

φ(q)− q−1ψ(−q4) + q−2χ(q8) =
J1,2j(−q2;−q10)

J2,8
,

ψ(q) + qφ(−q4) + X (q8) =
J1,2j(−q6;−q10)

J2,8
.
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A
(1)
1 -string functions: level 1/5

Digitized by Arya Samaj Foundation Chennai and eGangotri

CC-0. Gurukul Kangri Collection, Haridwar

We recall Ramanujan’s four tenth-order
mock theta functions

φ10(q) :=
∑

n≥0
q(n+1

2 )
(q;q2)n+1

,

ψ10(q) :=
∑

n≥0
q(n+2

2 )
(q;q2)n+1

,

X10(q) :=
∑

n≥0
(−1)nqn

2

(−q;q)2n
,

χ10(q) :=
∑

n≥0
(−1)nq(n+1)2

(−q;q)2n+1
.

The four tenth-order functions are
found on page 9 of the Ramanujan’s
Lost Notebook!
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A
(1)
1 -string functions: level 1/5

We recall the four tenth-order mock theta functions

φ10(q) :=
∑
n≥0

q

(
n+1

2

)
(q; q2)n+1

, ψ10(q) :=
∑
n≥0

q

(
n+2

2

)
(q; q2)n+1

,

X10(q) :=
∑
n≥0

(−1)nqn
2

(−q; q)2n
, χ10(q) :=

∑
n≥0

(−1)nq(n+1)2

(−q; q)2n+1
.

For (p, p′) = (5, 11), (m, `) = (0, 2r), r ∈ {0, 1, 2, 3, 4}, we have

(q)3
∞C

1/5
0,2r (q) = −qr

2−3r+1J1,2j(q
4+8r ; q22)

− q6−4r ×
(
j(−q16+10r ; q110)− q4+8r j(−q6−10r ; q110)

)
× qφ10(−q)

+ q3−3r ×
(
j(−q27+10r ; q110)− q3+6r j(−q17−10r ; q110)

)
× χ10(q2)

− q1−2r ×
(
j(−q38+10r ; q110)− q2+4r j(−q28−10r ; q110)

)
× (−ψ10(−q))

+ q−r ×
(
j(−q49+10r ; q110)− q1+2r j(−q39−10r ; q110)

)
× X10(q2).
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A
(1)
1 -string functions: level 2/5

For (p, p′) = (5, 12), (m, `) = (0, 2r), r ∈ {0, 1, 2, 3, 4, 5}, we have

(q)3
∞C

2/5
0,2r (q) = −q

1
2
r2− 5

2
r+1j(q2+4r ; q12)j(−q1+2r ; q8)

J1

J4

− q6−4r ×
(
j(−q17+10r ; q120)− q4+8r j(−q7−10r ; q120)

)
× q2φ10(−q2)

+ q3−3r ×
(
j(−q29+10r ; q120)− q3+6r j(−q19−10r ; q120)

)
× χ10(q4)

− q1−2r ×
(
j(−q41+10r ; q120)− q2+4r j(−q31−10r ; q120)

)
×
(
−ψ10(−q2)

)
+ q−r ×

(
j(−q53+10r ; q120)− q1+2r j(−q43−10r ; q120)

)
× X10(q4).

For (p, p′) = (5, 12), (m, `) = (2, 2r), r ∈ {0, 1, 2, 3, 4, 5}, we have

(q)3
∞C

2/5
2,2r (q) = q

1
2
r2− 3

2
r+3j(q2+4r ; q12)j(−q5+2r ; q8)

J1

J4

− q10−4r ×
(
j(−q17+10r ; q120)− q4+8r j(−q7−10r ; q120)

)
×
(
1− X10(q4)

)
+ q6−3r ×

(
j(−q29+10r ; q120)− q3+6r j(−q19−10r ; q120)

)
×
(
1 + ψ10(−q2)

)
− q3−2r ×

(
j(−q41+10r ; q120)− q2+4r j(−q31−10r ; q120)

)
×
(
1− χ10(q4)

)
+ q1−r ×

(
j(−q53+10r ; q120)− q1+2r j(−q43−10r ; q120)

)
×
(
1− q2φ10(−q2)

)
.
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