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“Faute d’avoir ce qu’on aime, il faut aimer ce qu’on a.”

Essais Michel Montaigne

«. . . не достигнув желаемого, они сделали вид, будто желали достигнутого.»

Опыты. Книга II, Глава XIX
Мишель Монтень
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Abstract

We consider a perturbed statically unstable mechanical system of two coupled Lagrange tops. Earlier,
the set of stability Σ in linear approximation for the simplified system was described by the first author.
Here, we show that, in the case of the full problem, the set of stability can be considered as a regular
perturbation of the limit problem by investigating singular points of the boundary 𝜕Σ.
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Introduction

Statically unstable gyroscope system

We consider a mechanical system in the gravita-
tional field that consists of a massive thin disk
rigidly connected to the vertically positioned ro-
tor of an engine by two elastic rods. These rods
are pivotally connected to each other and with
the uniformly rotating rotor by a Cardan-Hooke
joints. Each Cardan-Hooke joint provides 3 de-
grees of freedom. The system is vertically un-
stable.

Compute in the parameter space the domain of
stability Σ in linear approximation statically un-
stable vertical equilibrium point
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Introduction

Review of the problem

Initially, the problem was considered in [Майлыбаев, Сейранян, 2009] by Mailybaev, Seiranyan
under the assumption that the rods and joints have no mass, the elastic coefficients for bend-
ing and torsion in the joints are different, and the linear dimensions are fixed: 𝑙1 = 2𝑙, 𝑙2 = 𝑙,
𝑑 = 4𝑙. Two singular points on the border 𝜕Σ were studied numerically

The complete analytical description of Σ was provided by B., Bruno, Varin in [Batkhin (et
al.), 2012]
In [Batkhin, 2014] for arbitrary sizes of the tops B. showed that applying a linear transfor-
mation border 𝜕Σ can be reduced to the most simple form
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Introduction

Two variants of the problem (1)

Limit problem:
Consider a mechanical system in a uniform gravity field consisting of axisymmetric bodies (La-
grange tops) coupled by universal Cardan–Hooke joints. The centers of each joint lie on the
symmetry axes of the corresponding bodies. The lower body is a massless rod of length 𝑙1 = 2ℓ
attached to the rotor axis of a vertically oriented engine, while the upper rod of length 𝑙2 = ℓ is
rigidly attached, perpendicular to its plane, to the center of a flat disk of mass 𝑀 and diameter
𝑑 = 4ℓ. The engine rotor rotates at a constant angular velocity Ω. During rotation, elastic
bending and torsional deformations occur in the joints.

Full problem:
Consider that the rods are cylinders with radius 𝑟 and the disk is a cylinder of height 𝑟. The
densities of material are equal and therefore 𝑚1 = 2𝑚2 = 𝜀𝑀/8, where 𝜀 = 𝑟/ℓ.
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Introduction

Two variants of the problem (2)

The aim of the study:
Take into account the influence of additional geometric and mechanical parameters on the
structure of the Lagrangian ℒ of the limit problem, on the corresponding linear Hamilton
system, and on their effect on the boundary of the stability domain Σ in the linear
approximation for the full problem.

A.Batkhin, A.Azimzoda (KIAM, SamSU) Regular Perturbation of Algebraic Singularities 27-05-2026 9 / 30



Set of stability of the limit problem

1. Introduction
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3. Full problem as a perturbation
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Set of stability of the limit problem

Deriving equations of motion

All computations were provided in Maplesoft Maple using the following packages:

PDEtools: with procedures declare, D_Dx, ToJet, FromJet
Groebner: for polynomial ideal manipulations

LinearAlgebra: for computations with vectors and matrices
algcurves: for getting rational parametrization of algebraic curves

PGlib written by B. package with implementation of Power Geometry algorithms
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Set of stability of the limit problem

Linearized problem

Generalized coordinates are Krylov angles 𝛼1,2, 𝛽1,2, 𝛾1,2. The Lagrangian of the system up to
terms of second order is

𝐿
(︁
Y, Ẏ

)︁
=

𝐴

2

(︁
(𝛼̇2 − Ω𝛽2)

2
+ (𝛽̇2 +Ω𝛼2)

2
)︁
+

+
𝐶

2

(︀
Ω2

(︀
1− 𝛼2

2 − 𝛽2
2

)︀
+Ω(𝛼̇2𝛽2 − 𝛼2𝛽2) + 𝛾̇2

2

)︀
−

+
𝑚

2

(︁
(𝑙1(𝛼̇1 − Ω𝛽1) + 𝑙2(𝛼̇2 − Ω𝛽2))

2 + (𝑙1(𝛽̇1 +Ω𝛼1) + 𝑙2(𝛽̇2 +Ω𝛼2))
2
)︁
+

−𝑚𝑔
(︀
𝑙2
(︀
1− 𝛼2

2/2− 𝛽2
2/2

)︀
+ 𝑙1

(︀
1− 𝛼2

1/2− 𝛽2
1/2

)︀)︀
−

− 𝜒1

2

(︀
𝛼2
1 + 𝛽2

1

)︀
− 𝜒2

2

(︀
(𝛼2 − 𝛼1)

2 + (𝛽1 − 𝛽2)
2
)︀
− 𝜒′

1

2
𝛾2
1 − 𝜒′

2

2
(𝛾2 − 𝛾1)

2,

Y = (𝛼1, 𝛽1, 𝛾1, 𝛼2, 𝛽2, 𝛾2),

where 𝐴 = 𝑚𝑑2/4 and 𝐶 = 𝑚𝑑2/2 are principal momenta of inertia of disc, 𝜒1,2 and 𝜁1,2 are
bending and torsion stiffness coefficients in Cardan-Hooke joints
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Set of stability of the limit problem

Hamiltonian form of equations

The following steps lead to linear equations of Hamilton:
introduce the dimensionless time 𝜏 = Ω𝑡 and Lagrange equations are written in the form of
linear gyroscopic system

𝑀Y′′ +𝐺Y′ +𝑅Y = 0, Y = 𝑑Y/𝑑𝜏,

where 𝑀 – symmetric positive definite matrix of masses, 𝑅 – symmetric matrix of potential
forces, 𝐺 – skew-symmetric matrix of gyroscopic forces.
Legendre transformation gives Hamiltonian function and linear system of canonic equations

𝐻(Z) =
1

2
ZT𝐴Z, Z′ = 𝐽𝐴Z, 𝐴 =

(︂
𝑅−𝐺𝑀−1𝐺/4 𝐺𝑀−1/2
−𝑀−1𝐺/2 𝑀−1

)︂
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Set of stability of the limit problem

Equations of motion

Equations splitting
The equations of motion are separated into two subsystems. One subsystem with 2DOF 𝛾1,2,
and the other subsystem may be transformed into a system of gyroscope motion with 4 DOF.

ℒ𝛾 = −𝑃 +𝑄

4
𝛾21 −

𝑄

4
𝛾22 +

(︀
𝜀3 + 1

)︀
2

(𝛾2)
2
𝑡 + 𝜀3 (𝛾1)

2
𝑡 +

𝑄

2
𝛾1𝛾2

Stationary solution 𝛾1 = 𝛾2 = 0 is Lyapunov stable for 𝑃,𝑄 > 0, where 𝜁1 = ℓ2𝑀𝑃 , 𝜁2 = ℓ2𝑀𝑄
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Set of stability of the limit problem

New parameters

The first group of mechanical parameters is

𝑐1 = 𝜒1/(𝑚𝑔ℓ), 𝑐2 = 𝜒2/(𝑚𝑔ℓ),

and the second group of geometrical parameters is 𝑘,𝐾. The following transformation of me-
chanical parameters

𝑝 = 𝑐1
⧸︀
Ω2 , 𝑞 = 𝑐2

⧸︀
Ω2 , 𝑠 = 𝑔

⧸︀(︀
ℓΩ2

)︀
,

allows to write the elements of matrix 𝐽𝐴 as linear functions of 𝑝, 𝑞, 𝑠.

Finally, we make shifting to the SP of free term of characteristic polynomial:

𝑝 = 𝑥+ 2, 𝑞 = 𝑦 − 2, 𝑠 = 𝑧 − 2
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Set of stability of the limit problem

Hamiltonian form of motion equations

Hamiltonian form of equations of motion are 𝑑𝑋/𝑑𝑡 = 𝐽𝐴(𝑄)𝑋, where 𝐽 is simplectic unit
matrix, 𝑄 = (𝑥, 𝑦, 𝑧) is the vector of parameters and 𝐴 is symmetric constant matrix of the
form ⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

𝑎11 0 𝑎13 0 0 −1 0 0

0 𝑎11 0 𝑎13 1 0 0 0

𝑎13 0 𝑎33 0 0 −1/2 0 0

0 𝑎13 0 𝑎33 1/2 0 0 0

0 1 0 1/2 1/2 0 −1/2 0

−1 0 −1/2 0 0 1/2 0 −1/2

0 0 0 0 −1/2 0 1 0

0 0 0 0 0 −1/2 0 1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
where 𝑎11 = 𝑥+ 𝑦 − 2𝑧 + 4, 𝑎33 = 𝑦 − 𝑧 + 1, 𝑎13 = 2− 𝑦.
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Set of stability of the limit problem

Characteristic polynomial

Coefficients
The coefficients of the characteristic polynomial take the form

𝑓00 =
1

2
𝑧2 − 1

4
𝑧𝑥− 3

4
𝑧𝑦 +

1

4
𝑥𝑦, 𝑓0 = 𝑓2

00, 𝑓1 = (𝑓3 − 4) 𝑓0 + 𝑓2
5 ,

𝑓2 = 5𝑧2 − 5

2
𝑧𝑥− 23

2
𝑧𝑦 +

1

4
𝑥2 + 3𝑥𝑦 +

25

4
𝑦2 − 12𝑧 + 2𝑥+ 18𝑦,

𝑓3 = −4𝑧 + 𝑥+ 5𝑦 + 4, 𝑓5 = 3𝑧 − 1

2
𝑥− 9

2
𝑦.

Discriminant

The discriminant of the characteristic polynomial takes the form 𝐷(𝑓) = 𝑙4(𝑄) · 𝑔(𝑄)/256,
where 𝑙(𝑄) = 2𝑧 − 𝑥− 3𝑦, and 𝑔(𝑄) is a polynomial of degree 6 with the lower degree 3.
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Set of stability of the limit problem

𝒢 :

𝑔(𝑄) =512𝑧6 − 4352𝑧5𝑦 − 768𝑧5𝑥+ 14848𝑧4𝑦2 + 5376𝑧4𝑦𝑥+ 512𝑧4𝑥2 − 25408𝑧3𝑦3−

− 14656𝑧3𝑦2𝑥− 2752𝑧3𝑦𝑥2 − 192𝑧3𝑥3 + 21800𝑧2𝑦4 + 19168𝑧2𝑦3𝑥

+ 5360𝑧2𝑦2𝑥2 + 736𝑧2𝑦𝑥3 + 40𝑧2𝑥4 − 7500𝑧𝑦5 − 11700𝑧𝑦4𝑥− 4376𝑧𝑦3𝑥2

− 904𝑧𝑦2𝑥3 − 92𝑧𝑦𝑥4 − 4𝑧𝑥5 + 2500𝑦5𝑥+ 1200𝑦4𝑥2

+ 344𝑦3𝑥3 + 48𝑦2𝑥4 + 4𝑦𝑥5 − 256𝑧5+

+ 2880𝑧4𝑦 + 1344𝑧4𝑥− 14976𝑧3𝑦2 − 6720𝑧3𝑦𝑥− 1344𝑧3𝑥2+

+ 37928𝑧2𝑦3 + 13816𝑧2𝑦2𝑥+ 5144𝑧2𝑦𝑥2 + 456𝑧2𝑥3−

− 45120𝑧𝑦4 − 14464𝑧𝑦3𝑥− 6784𝑧𝑦2𝑥2 − 1152𝑧𝑦𝑥3 − 64𝑧𝑥4+

+ 20250𝑦5 + 6490𝑦4𝑥+ 3156𝑦3𝑥2 + 740𝑦2𝑥3 + 82𝑦𝑥4 + 2𝑥5+

+ 1872𝑧4 + 2016𝑧3𝑦 − 5088𝑧3𝑥− 35496𝑧2𝑦2 + 15888𝑧2𝑦𝑥+

+ 2200𝑧2𝑥2 + 67608𝑧𝑦3 − 12936𝑧𝑦2𝑥− 5176𝑧𝑦𝑥2 − 344𝑧𝑥3 − 37827𝑦4+

+ 828𝑦3𝑥+ 2782𝑦2𝑥2 + 412𝑦𝑥3 + 13𝑥4 − 13824𝑧3 + 62208𝑧2𝑦+

+ 6912𝑧2𝑥− 93312𝑧𝑦2 − 20736𝑧𝑦𝑥− 1152𝑧𝑥2 + 46656𝑦3 + 15552𝑦2𝑥+ 1728𝑦𝑥2 + 64𝑥3.
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Set of stability of the limit problem

Singular points of order 2

Singular points of order 2
There are 4 singular points of order 2 in the set 𝒢:

𝑄0 = 0, 𝑄1 = (−2,2,2), 𝑄2 =

(︂
7

2
,
7

2
,6

)︂
, 𝑄3 =

(︂
−5

2
,
3

2
,2

)︂
.

There are no singular points of order 3 in the set 𝒢.
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Set of stability of the limit problem

Singular points of order 1

Singular points of order 1
The set 𝒢 has 3 one-parameter families 𝒫1, 𝒫2 and ℱ of singular points of order 1. Points 𝑄𝑖,
𝑖 = 0,1,2,3 are points of the mutual intersections of these families:

𝒫1 ∩ ℱ = {𝑄0, 𝑄1}, 𝒫2 ∩ ℱ = {𝑄2, 𝑄3}.
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Set of stability of the limit problem

Parametrization of singular families (1)

Family 𝒫1

𝒫1 is defined by equations

𝑥+ 3𝑦 − 2𝑧 = 0, (𝑧 − 2𝑦)2 + 4𝑧 − 6𝑦 = 0,

and it is a parabola, which is parameterized by

𝑥 = −2𝑡2, 𝑦 = −2𝑡2 − 4𝑡, 𝑧 = −4𝑡2 − 6𝑡, 𝑡 ∈ R

with vertex 𝑄4 = (−1/2,3/2,2). The singular points 𝑄0 and 𝑄1 divide 𝒫1 into three parts: 𝒫−
1 ,

𝒫0
1 , 𝒫+

1 .
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Set of stability of the limit problem

Parametrization of singular families (2)

Family 𝒫2

𝒫2 is defined by equations

2𝑦 − 𝑧 = 1, (𝑥− 𝑦)2 + 8𝑥− 16𝑦 + 28 = 0,

and it is a parabola, which is parameterized by

𝑥 = 3𝑣 +
1

2
𝑣2, 𝑦 = 2 + 𝑣 +

1

2
𝑣2, 𝑧 = 3 + 2𝑣 + 𝑣2, 𝑣 ∈ R

with vertex 𝑄5 = (0,2,3). The singular points 𝑄2 and 𝑄3 divide 𝒫2 into three parts: 𝒫−
2 , 𝒫0

2 ,
𝒫+
2 .
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Set of stability of the limit problem

Non-degenerate transformation (1)

Using SP 𝑄𝑖, 𝑖 = 1, . . . ,5, we found a linear transformation that drastically reduces the border
𝒢 and polynomial 𝑔(Q) takes form

𝑔(Q) = 64𝑈6 + 192𝑈4𝑉 2 − 4𝑈4𝑊 2 + 192𝑈2𝑉 4 − 8𝑈2𝑉 2𝑊 2+

+ 64𝑉 6 − 4𝑉 4𝑊 2 + 72𝑈4𝑊 − 4𝑈2𝑊 3 − 72𝑉 4𝑊 + 4𝑉 2𝑊 3+

+ 60𝑈4 − 312𝑈2𝑉 2 + 20𝑈2𝑊 2 + 60𝑉 4 + 20𝑉 2𝑊 2 −𝑊 4+

+ 36𝑈2𝑊 − 36𝑉 2𝑊 + 12𝑈2 + 12𝑉 2 + 2𝑊 2 − 1.

The variety 𝒢 = {Q : 𝑔(Q) = 0} consists of two-dimensional component ̃︀𝒢 and four one-
dimensional components. Component ̃︀𝒢 divides the space of parameters into 4 parts 𝒮𝑖,
𝑖 = 1, . . . ,4.
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Set of stability of the limit problem

Non-degenerate transformation (2)

Two-dimensional component ̃︀𝒢 is a ruled surface with parametrization

𝑈 = 𝑢 sin𝜙, 𝑉 = (𝑢+ 1) cos𝜙, 𝑊 = 4𝑢+ 2 cos2 𝜙+ 1,

which is self-crossing along two parabolic segments

𝒫1 :[𝑉 = 0, 𝑊 = −2𝑈2 − 1],

𝒫2 :[𝑈 = 0, 𝑊 = 2𝑉 2 + 1].

and it has envelope curve

ℱ : 𝑈 = − sin3 𝜙, 𝑉 = cos3 𝜙, 𝑊 = 3 cos 2𝜙.
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Set of stability of the limit problem

Figure 1: Border 𝜕Σ of stability domain with its singularities
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Full problem as a perturbation

Full problem as a perturbation

We repeated step by step deriving the equations of motion in the full case. They can be considered
as regular perturbation of the limit problem equations

Up to the 1st order of the small parameter 𝜀 the key features of the limit problem are preserved:

the second order Lagrangian is decomposed into two independent functions with 4 and 2
DOF correspondingly;
2DOF system has Lyapunov stable stationary point
the discriminant variety 𝒟 is the union of two varieties;
all second-order SPs of the variety 𝒢 can be computed as series of small parameter 𝜀.

All these facts make it possible to transfer the results obtained earlier to the analysis of the
complete problem without substantial computational effort.
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