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Abstract

We consider a perturbed statically unstable mechanical system of two coupled Lagrange tops. Earlier,
the set of stability X in linear approximation for the simplified system was described by the first author.
Here, we show that, in the case of the full problem, the set of stability can be considered as a regular
perturbation of the limit problem by investigating singular points of the boundary 9X.
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Introduction

Statically unstable gyroscope system

We consider a mechanical system in the gravita-
tional field that consists of a massive thin disk
rigidly connected to the vertically positioned ro-
tor of an engine by two elastic rods. These rods
are pivotally connected to each other and with
the uniformly rotating rotor by a Cardan-Hooke
joints. Each Cardan-Hooke joint provides 3 de-
grees of freedom. The system is vertically un-
stable.
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Introduction

Statically unstable gyroscope system

We consider a mechanical system in the gravita-
tional field that consists of a massive thin disk
rigidly connected to the vertically positioned ro-
tor of an engine by two elastic rods. These rods
are pivotally connected to each other and with
the uniformly rotating rotor by a Cardan-Hooke
joints. Each Cardan-Hooke joint provides 3 de-
grees of freedom. The system is vertically un-
stable.

Compute in the parameter space the domain of
stability 35 in linear approximation statically un-
stable vertical equilibrium point
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Introduction

Review of the problem

@ Initially, the problem was considered in [Maiinsibaes, CelipansH, 2009] by Mailybaev, Seiranyan
under the assumption that the rods and joints have no mass, the elastic coefficients for bend-
ing and torsion in the joints are different, and the linear dimensions are fixed: I; = 21, Io =1,

d = 41. Two singular points on the border 9% were studied numerically
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Introduction

Review of the problem

@ Initially, the problem was considered in [Maiinsibaes, CelipansH, 2009] by Mailybaev, Seiranyan
under the assumption that the rods and joints have no mass, the elastic coefficients for bend-
ing and torsion in the joints are different, and the linear dimensions are fixed: I; = 21, Io =1,
d = 41. Two singular points on the border 9% were studied numerically

@ The complete analytical description of ¥ was provided by B., Bruno, Varin in [Batkhin (et
al.), 2012
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Introduction

Review of the problem

@ Initially, the problem was considered in [Maiinsibaes, CelipansH, 2009] by Mailybaev, Seiranyan
under the assumption that the rods and joints have no mass, the elastic coefficients for bend-
ing and torsion in the joints are different, and the linear dimensions are fixed: I; = 21, Io =1,

d = 41. Two singular points on the border 9% were studied numerically

@ The complete analytical description of ¥ was provided by B., Bruno, Varin in [Batkhin (et
al.), 2012

@ In [Batkhin, 2014] for arbitrary sizes of the tops B. showed that applying a linear transfor-
mation border 9% can be reduced to the most simple form
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Introduction

Two variants of the problem (1)

Limit problem:

Consider a mechanical system in a uniform gravity field consisting of axisymmetric bodies (La-
grange tops) coupled by universal Cardan—Hooke joints. The centers of each joint lie on the
symmetry axes of the corresponding bodies. The lower body is a massless rod of length [ = 2/
attached to the rotor axis of a vertically oriented engine, while the upper rod of length Iy = £ is
rigidly attached, perpendicular to its plane, to the center of a flat disk of mass M and diameter
d = 4¢. The engine rotor rotates at a constant angular velocity 2. During rotation, elastic
bending and torsional deformations occur in the joints.

Full problem:

Consider that the rods are cylinders with radius r and the disk is a cylinder of height . The
densities of material are equal and therefore m; = 2my = cM/8, where ¢ = r /L.
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Introduction

Two variants of the problem (2)

The aim of the study:

Take into account the influence of additional geometric and mechanical parameters on the
structure of the Lagrangian L of the limit problem, on the corresponding linear Hamilton
system, and on their effect on the boundary of the stability domain X in the linear
approximation for the full problem.
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Set of stability of the limit problem

2. Set of stability of the limit problem
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Set of stability of the limit problem

Deriving equations of motion

All computations were provided in Maplesoft Maple using the following packages:

PDEtools: with procedures declare, D Dx, ToJet, FromJet
Groebner: for polynomial ideal manipulations

LinearAlgebra: for computations with vectors and matrices
algcurves: for getting rational parametrization of algebraic curves

PGlib written by B. package with implementation of Power Geometry algorithms
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Set of stability of the limit problem

Linearized problem

Generalized coordinates are Krylov angles a2, 812, 71,2. The Lagrangian of the system up to
terms of second order is

L(Y.¥) =2 (62— 98) + (o + 202)?) 4

+ % (Q% (1 — a3 — B3) + Q(d2f2 — azf) +43) —
m

+ J—

((11(62 —981) +1a(dr = 982))? + (1 (Br + Q1) + (e + Q02))?) +
(l2 (1—a3/2-53/2) + 1 (1 - a?/2 - B7/2)) -

X (024 82) X2 () (B - B)) — A2 Xy, )2
Y = (a1, B, 71, @2, B2,72),

where A = md?/4 and C' = md?/2 are principal momenta of inertia of disc, X1,2 and (j 2 are
bending and torsion stiffness coefficients in Cardan-Hooke joints
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Set of stability of the limit problem

Hamiltonian form of equations

The following steps lead to linear equations of Hamilton:

@ introduce the dimensionless time 7 = Q¢ and Lagrange equations are written in the form of
linear gyroscopic system

MY"+GY'+RY =0, Y =dY/dr,

where M — symmetric positive definite matrix of masses, R — symmetric matrix of potential
forces, G — skew-symmetric matrix of gyroscopic forces.

@ Legendre transformation gives Hamiltonian function and linear system of canonic equations

H(Z) = lzTAz, 7' =JAZ, A= (

R—-GM~1G/4 GM—1/2>
2

-M~1G/2 Mt
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Set of stability of the limit problem

Equations of motion

Equations splitting
The equations of motion are separated into two subsystems. One subsystem with 2DOF ~ o,
and the other subsystem may be transformed into a system of gyroscope motion with 4 DOF.

(24 1)
2

2

Q
(v2)7 + €% ()7 + 5172

P+Q 5 Q ,
-

Ly=——fm—mt

Stationary solution 71 = vo = 0 is Lyapunov stable for P, Q > 0, where (; = (?M P, (3 = (*?MQ
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Set of stability of the limit problem

New parameters

The first group of mechanical parameters is

c1 = x1/(mgl), ca = x2/(mgl),

and the second group of geometrical parameters is k, K. The following transformation of me-
chanical parameters

p:cl/sz q:CQ/Q27 3:9/(692)7

allows to write the elements of matrix JA as linear functions of p, g, s.

Finally, we make shifting to the SP of free term of characteristic polynomial:

p=x+2,q=y—2,s=2—2
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Set of stability of the limit problem

Hamiltonian form of motion equations

Hamiltonian form of equations of motion are dX/dt = JA(Q)X, where J is simplectic unit
matrix, Q = (x,y, z) is the vector of parameters and A is symmetric constant matrix of the
form

ai; 0 a3 0 0 -1 0 0
0 an 0 a3 1 0 0 0
a3z 0 ass 0 0o -1/2 0 0
0 a3 0 azz 1/2 0 0 0
o 1 0 1/2 12 0 -1/2 0
1 0 -1/2 0 0 1/2 0 —1/2
0 0 0 0 -1/2 0 1 0
o 0 0o 0 0 -1/2 0 |

where a1y =z +y—22+4, a33=y—2+1,a13=2—y.
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Set of stability of the limit problem

Characteristic polynomial

Coefficients

The coefficients of the characteristic polynomial take the form

1 1 3 1
Joo = *Z — 72— At fo=15, fi=(fs—4) fo+ [2,
2 1 2
fo =522 —§zx7Ezy+fz2+3zy+—5y2—122+2z+18y,
2 2 4 4
1 9
f3=—4z+x+ 5y +4, f5:3zf§xf§y.
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Set of stability of the limit problem

Characteristic polynomial

Coefficients

The coefficients of the characteristic polynomial take the form

1 1 3 1
foo = 522 — 7%~ ZZZJﬂL 1% fo= 1o, fi=(fs—4) fo+ fz,

5 23 1 25
fo=0522— 32T = 5 %Y + ZxZ + 3zy + Zyz — 122 4 2z + 18y,
9

1
—4z +x + 5y + 4, f5:3zf§xf§y.

3

Discriminant

The discriminant of the characteristic polynomial takes the form D(f) = I4(Q) - g(Q)/256,
where [(Q) = 2z — z — 3y, and g(Q) is a polynomial of degree 6 with the lower degree 3.
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Set of stability of the limit problem

9(Q) =5122° — 43522y — 7682 + 148482"y* + 53762 yx + 5122z — 254082°y° —
— 146562°y%x — 275223 ya? — 1922°2° + 218002%y* + 1916822y
+ 536027y 2 + 7362°yz® + 402°z* — 75002y° — 117002y z — 43762y° 2>
— 904zy?2® — 92zyz* — 422° + 2500y + 1200y 2
+ 344y 2® 4 48y x* + 4ya® — 2562°+
+ 288021y + 13442z — 149762%y* — 67202°yx — 13442° 2%+
+ 3792827y + 1381622 %z + 51442 yz? + 4562°z° —
— 451202y* — 14464zy°x — 67842y 2® — 1152zyx” — 6422+
+20250y° + 6490y  z + 3156y°z” + 740y° 2> + 82yax* + 22°+
+1872z" + 20162%y — 50882z — 354962y + 158882 yr+
+ 22002%2% 4 676082y> — 129362y°x — 51762zyx> — 34422 — 37827y  +
+ 828y x + 2782y 2? + 412y2> + 13z — 138242° + 622082 y+
+69122°z — 933122y — 207362y — 115222 4 46656y> + 15552y 4+ 1728yz” + 642>
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Set of stability of the limit problem

Singular points of order 2

Singular points of order 2

There are 4 singular points of order 2 in the set G:

QO = 07 Ql = (_27272)7 QQ = <;7 ;76> ) Q3 = <

There are no singular points of order 3 in the set G.
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Set of stability of the limit problem

Singular points of order 1

Singular points of order 1

The set G has 3 one-parameter families P1, P, and F of singular points of order 1. Points @,
1 =0,1,2,3 are points of the mutual intersections of these families:

P1 mf:{QO?Ql}v 7320.7::{622,@3}-
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Set of stability of the limit problem

Parametrization of singular families (1)
Family P,
Py is defined by equations
r+3y—22=0, (z —2y)° + 42— 6y =0,
and it is a parabola, which is parameterized by
=22 y=—2>—4t, z=—4t> —6t, t € R

with vertex Q4 = (—1/2,3/2,2). The singular points Qg and @ divide P; into three parts: P;,
PO, P
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Set of stability of the limit problem

Parametrization of singular families (2)

Family P,
Py is defined by equations
2y —z=1, (x—y)>+ 8z — 16y + 28 = 0,

and it is a parabola, which is parameterized by

1 1
x:3v+§v2, y:2+v+§v2, z=34+20+0% veR

with vertex Q5 = (0,2,3). The singular points Q2 and Q3 divide Py into three parts: P, , PY,
Py
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Set of stability of the limit problem

Non-degenerate transformation (1)

Using SP Q;, i = 1,...,5, we found a linear transformation that drastically reduces the border
G and polynomial ¢(Q) takes form
g(Q) = 64U +192U*V? —4U*W? +192U%V* — 8 UV W2+
+ 64V —4VAW? 4+ T2UW — AUPW3 — 72VAW +4 V234
+60U* —312U°V2 +20U°W? + 60 V* + 20 V2W? — W+
+36U*W — 36 VEW + 1202 + 12V +2W? — 1.

The variety G = {Q:g(Q) =0} consists of two-dimensional component G and four one-
dimensional components. Component G divides the space of parameters into 4 parts S;,
i=1,... 4.

A.Batkhin, A.Azimzoda (KIAM, SamSU) Regular Perturbation of Algebraic Singularities



Set of stability of the limit problem

Non-degenerate transformation (2)

Two-dimensional component G is a ruled surface with parametrization

U=using, V= (u+1)cosp, W =4du+2cos’p+1,

which is self-crossing along two parabolic segments

PV =0 W=-20%?-1],
Py:[U=0, W=2V2+1].

and it has envelope curve

F:U=—sindg, V=cos®p, W =3cos2p.
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Wy =0.06346700000000




Set of stability of the limit problem

w

Figure 1: Border 9% of stability domain with its singularities
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Full problem as a perturbation

3. Full problem as a perturbation
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Full problem as a perturbation

Full problem as a perturbation

We repeated step by step deriving the equations of motion in the full case. They can be considered
as regular perturbation of the limit problem equations

Up to the 1st order of the small parameter ¢ the key features of the limit problem are preserved:

@ the second order Lagrangian is decomposed into two independent functions with 4 and 2
DOF correspondingly;

@ 2DOF system has Lyapunov stable stationary point
@ the discriminant variety D is the union of two varieties;

@ all second-order SPs of the variety G can be computed as series of small parameter ¢.

All these facts make it possible to transfer the results obtained earlier to the analysis of the
complete problem without substantial computational effort.
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