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Abstract. Let k be an algebrically closed �leld of characteristic ch(k) ̸= 2.
Then embedding problem of algebraic varieties over k are algorithmically
unsolvable.

Let us start from positive evidence. We have to remind some notions and
theorems.

An algebra A is called an algebra of bounded height h = HtY (A) over a set
of words Y = {u1, u2, . . .} if h is the minimal integer such that any word x from
A can be represented in the form
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where {ri} don't exceed h. The set Y is called a Shirshov basis for A. If no mis-
understanding can occur, we use h instead of HtY (A).

An algebra A has essential height h = HEss(A) over a �nite set Y called an
s-basis for A if there exists a �nite set D ⊂ A such that A is spanned by elements
of the form t1 · . . . · tl, where l ≤ 2h + 1, ∀i(ti∈D ∨ ti = yki

i ; yi ∈ Y ) and the set
of i such that ti ̸∈ D contains not more than h elements. The essential height of a
set of words is de�ned similarly.

Theorem. A monomial algebra A is representable, only when A has a bounded
essential height and power vectors satisfy the following conditions.

1. For each essential type a �nite system of exponential Diophantine equations
on power values of essential components is de�ned. Moreover
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if and only if all these equations hold

Pα,t(k1, . . . , ks) = 0

(by t the essential type (D0, vi1 , . . . , vis , Ds) is denoted).
2. If Pα is the system of equations for a subtype, then to it corresponds the

system of equations for the type.
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Corollary. The isomorphism problem of two representable monomial algebra
over a �eld of zero characteristic presented by matrices of generators is algorith-
mically unsolvable.

Although Diophantine problems arise more often in this case, their solution
is simpler. The set of solutions of an EDE admits e�ective description in terms of
p-adic decomposition of indeterminates n1, . . . , nt. Since values of Pij(n1, . . . , nt)
are periodical with period p in each ni, it su�ces to investigate equations of the
form

s∑
i=1

cn1
1 · · · cnt

t = 0.

Consider some solution of an EDE: ⟨n1, . . . , nt⟩. To each its component ni

attach its p-adic decomposition nk
i . . . n

0
i . Thus to each solution we attach the

sequence of tuples of �gures ⟨nk
1 , . . . , n

k
t ⟩,. . . , ⟨n0

1, . . . , n
0
t ⟩. Interprete these tuples

as letters, and our sequences as words over the alphabet consisting of tuples. The
set of all words corresponding to solutions of EDE forms a language over a �nite
alphabet.

Theorem. The set of words corresponding to a system of EDE is a regular
language. In other words, there exists an oriented graph with arrows marked by
letters corresponding to �nite tuples of �gures (the number of letters is pt). Some
vertex is declared initial, and some other vertices are declared �nal. There exists
1-1 correspondence between solutions of our system and words which may be read
along a path consisting of arrows and going from the initial vertex to a �nal one.
These paths are allowed to have arbitrary length, and each vertex (including initial
and �nal ones) may be passed arbitrarily many times.

There exists an e�ective algorithm for constructing such a graph.

This theorem implies following fact

Corollary. The isomorphism problem of two representable monomial alge-
bra over a �eld of positive characteristic presented by matrices of generators is
algorithmically solvable.

Let us remind the following

Cristo� Theorem. Let p be a prime number, K a �eld of characteristic p >
0 and f =

∑
n∈Zd

≥0
a(n)tn1

1 · · · tnd

d ∈ K[[t1, . . . td]] a power series over K in d

variables which is algebraic over the rational function �eld K(t1, . . . , td). Then
the set Z(f) = {n ∈ Zd

≥0 : a(n) = 0} is p-automatic. Moreover, Z(f) can be

determined e�ectively, that is, the automaton recognizing Z(f) can be determined
e�ectively.

However, situation in positive characteristics is not so sweet.

Theorem. Let k be an algebrically closed �eld of characteristic ch(k) ̸= 2.
Then embedding problem of algebraic varieties over k are algorithmically unsolv-
able. Moreover, a�ne space embedding problem is algorithmically unsolvable.
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