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Abstract. For an autonomous real Hamilton system with two degrees of free-
dom in a generic case, normal form (NF) and power geometry methods are
applied to study bifurcations of periodic solutions for various groups of dis-
crete linear automorphisms of the phase space. A Hamiltonian NF is con-
structed in the neighborhood of a periodic solution which, with the help of
an additional canonical transformation, is reduced to an autonomous Hamil-
tonian system with one degree of freedom and one small parameter (reduced
NF). The equilibrium positions of the reduced NF correspond to families of
periodic solutions, and the various bifurcation scenarios essentially depend on
the symmetries of the initial system.

1. Introduction
Consider a real Hamiltonian system with 2 degrees of freedom (DOF) with analytic
Hamiltonian γ(ξ1, ξ2, η1, η2) in some domain C. Let the system have a periodic
solution M ⊂ C with period T = T (M) in a sufficiently small vicinity U of the
solution M, U ⊂ C. Then in U there exist such analytic functions ξ, η, r, ψ that

1. the trajectory M is defined by the equalities ξ = 0, η = 0, r = 0;
2. the function ψ is cyclic (angular) modulo 2π;
3. the neighborhood U is a skew product of a 3-dimensional ball and the cycle
ψ ∈ [0, 2π];

4. the coordinates ξ, η and ψ, r are canonically conjugate.
The Hamiltonian γ in the neighborhood U is 2π-periodic in ψ and expands into a
convergent Taylor series

γ =
∑

γpqℓ(ψ) ξ
pηqrℓ,

where p, q, ℓ ∈ N0, and γ in the neighborhood U defines a system

ξ̇ =
∂γ

∂η
, η̇ = −∂γ

∂ξ
, ṙ =

∂γ

∂ψ
, ψ̇ = −∂γ

∂r
. (1)
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Applying standard complex and nonlinear transformations [1] the Hamilton-
ian γ is reduced to a complex NF

h(ũ, ṽ, r̃, φ̃) = h̃20 + h̃01 +
∑

h̃pqℓmũ
pṽq r̃ℓeimφ̃, (2)

where on the main diagonal of the matrix JG stand its eigenvalues ν, −ν and
ν = exp(2πλ). The Hamiltonian (2) is called a complex normal form if:

1. its quadratic form h̃20 + h̃01 is the normal form;
2. in the expansion (2), only resonant terms are presented for which

(p− q)λ+ im = 0. (3)

Theorem 1 ([2]). The canonical transformation

ũ = u exp(−i Imλφ), ṽ = v exp(i Imλφ), r̃ = ρ− i Imλuv, φ̃ = φ,

reduces the normal form of the Hamiltonian (2) to a constant power series

h(u, v, ρ) =
∑

hpqℓmu
pvqρℓ, (p− q)Reλ = 0, (p− q) Imλ = −m, (4)

where p, q, ℓ,m are integers, p, q, ℓ ⩾ 0. Here hpqℓm = h̃pqℓm if p + q ⩾ 3, the

quadratic terms have the form h20+h01 =
2π

T

(
1

2
⟨w, Gw⟩ − ρ

)
, where the matrix

JG = JG − i ImΛ with the diagonal matrix Λ = diag(ν,−ν) and there are no
linear terms in w = (u, v).

Thus, we obtain an autonomous Hamiltonian system u̇ = hv, v̇ = −hu
with 1 degrees of freedom, an additional equation φ̇ = −hρ and an additional
small parameter ρ = const. We call (4) the reduced normal form (RNF). It allows
us to study the bifurcations of families of periodic solutions of the system (1) in
a neighborhood of the resonant periodic solution, because each periodic solution
M to system (1) corresponds to a stationary point (SP) of the RNF Hamilton
system.

2. Scheme of computations
In the vicinity U of the periodic solution M denoted by the condition u = v = ρ = 0
we get the RNF (4):

h(u, v, ρ) =
∑

hpqℓmu
pvqρℓ, (5)

where p, q satisfy conditions (4) and hpqℓm = const.
Each term of the series (5) is associated with its vector exponent Q =

(p, q, ℓ) ∈ Z3, and subsequently one can compute the support S = S(h), its
Newton polyhedron (convex hull) Γ(h) with generalized faces Γ

(d)
j of dimensions

d : 0 ⩽ d ⩽ 2 containing boundary subset S
(d)
j = S ∩ Γ

(d)
j . Each generalized face

Γ
(d)
j corresponds to its normal cone U

(d)
j and truncated sum

ĥ
(d)
j =

∑
hpqℓu

pvqρℓ over Q = (p, q, ℓ) ∈ S
(d)
j . (6)
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Each truncated sum (6) is the first approximation to the sum (5) when
(log |u| , log |v| , log |ρ|) → ∞ along its normal cone U

(d)
j (for details, see [3, Ch. 2]).

A monodromy matrix N of the periodic solution M has a characteristic
polynomial χ(ν) = (ν − 1)2

(
ν2 − 2Sν + 1

)
with a stability index S.The periodic

solution is stable in the linear approximation if |S| ⩽ 1 and S = Re exp(2πλ).
In this case, the non-trivial multiplicators ν3,4 are mutually complex conjugated
numbers ν3,4 = exp(±2πλ). If the argument of ν3,4 is commensurable with π,
then according to Poincaré [4, Ch. XXX] it means that in the vicinity of the
given periodic solution called generating (periodic solution of the first genre) there
should exist some other periodic solutions called generated (periodic solutions of
the second genre) whose period T ′ is multiple to the period T of the initial periodic
solution. Now, the resonant equation (3) takes the form

(p− q)r+ sm = 0, where λ = r/s, |r| < s, r ∈ Z, s ∈ N. (7)

So, the RNF h (4) can be rewritten as the double sum of polynomials

h(u, v, ρ) =

∞∑
ℓ=0

ρℓ
∞∑
k=1

F
(s)
k (u, v), (8)

where F (s)
k (u, v) denotes a homogeneous resonant form of degree k from canon-

ical variables (u, v): F (s)
k (u, v) =

∑k
j=0 apqu

pvq,apq = const, p + q = k, and p, q

satisfy (7).
According to (4) the support S of the RNF h belongs to the lattice Z3 in the

non-negative orthant. In the following, we consider the structure of the RNF for
the denominator s = 1, 2, 3, . . . and the Hamiltonian h of RNF has different types
of symmetries.

For each selected value of s = 1, 2, 3, 4, . . . we provide the following steps.

• Fix one class of discrete symmetry Σ and compose RNF h(s)(u, v) (8) from
homogeneous forms F (s)

k invariant under any transformation F (s)
k ◦A = F

(s)
k

for ℓ = 0, 1, where A is any non-trivial generator of the subgroup of symmetry.
• Compute the corresponding Hamiltonian system and obtain a polynomial

system defining the condition on the existence of SP:

S
(
h(s)

)
:
{
h(s)v = 0, h(s)u = 0

}
;

• By means of Minkowski sum Γ̃
def
= Γ

(
h
(s)
v

)
⊕ Γ2

(
h
(s)
u

)
all non-trivial trun-

cated systems Ŝj

(
h(s)

)
with negative normal cones are selected.

• From all non trivial solutions to Ŝj

(
h(s)

)
in the form u = u(ρ), v = v(ρ) we

select only those that correspond to real solutions to the system (1).
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3. Results

Here we give some results of computations for a generic case RNF with trivial
group of discrete symplectomorphisms. They are divided into 3 groups: 1) matrix
JG has a Jordan block, 2) s = 3, and 3) s ⩾ 4.

For s = 1 two cases are considered: for JG with elementary divisor (ν − 1)2

(Jordan block) and for JG in diagonal form. In the Jordan block case, there
are two truncated systems, but non-trivial is the first only with external normal
N1 = −(1, 2, 2):

Ŝ1 :
{
a210u

2 + σv + a011ρ = 0, −3a300u
2 − a101ρ = 0

}
. (9)

So, the family of SP solutions takes the form u = ±
√
β1ρ, v = β2ρ with coefficients

based on coefficients apq of the truncated system (9). Here we have a saddle-node
bifurcation. In the case of diagonal form, the only suitable truncated system exists
with normal N1 = −(1, 1, 2), which provides the SP solution as u ≃ ρ, v ≃ ρ.
Conclusion: in the generic case the only possible bifurcation for a family of asym-
metric periodic solutions is saddle-node bifurcation.

For s = 2 two cases are considered: for JG with elementary divisor (ν + 1)2

(Jordan block) and for JG in diagonal form. In the Jordan block case, there
are two truncated systems, but non-trivial is the first only with external normal
N1 = −(1, 3, 2):

Ŝ1 :
{
a310u

3 + σv + a111uρ = 0, −4a400u
3 − 2ρa200u = 0

}
. (10)

Eliminating ρ it can be split into a trivial subsystem with solution u0 = v0 = 0
and a non-trivial one with solution u1,2 = ±

√
β1ρ, v1,2 = σβ2u

3
1,2, with coefficients

based on coefficients apq of the truncated system (10). Here we have a pitch-fork
bifurcation. The similar result obtained in diagonal form case but with normal
N = −(1, 1, 2) and SP solutions as u ≃ ρ, v ≃ ρ.

For s = 3 we get the only non-trivial truncated system with external normal
N1 = −(1, 1, 1)

Ŝ1

(
h(3)

)
=

{
a111uρ+ 3a030v

2 = 0, −a111vρ− 3a300u
2 = 0

}
with the following non-trivial solutions u = −3β2

1a111a030ρ, v = β1a111ρ, β1 =

−
(
a300a

2
030

)1/3
exp

(
2πki
3

)
/3, k = −1, 0, 1. This solution shows that for small val-

ues of ρ in the vicinity of the initial periodic solution defined by the condition
u = v = 0 there exist three SPs. They can be interpreted as a new periodic
solution with a triple period of the initial one. As soon as u, v ≃ ρ this means
that before and after the critical value ρ = 0 we have only one periodic solu-
tion with triple period. Using the normal vector N1 we get the truncated RNF
ĥ(3) = ρa111uv + a300u

3 + a030v
3 and finally obtain ĥ(3) ≃ ρ3. Now applying the

well-known Poincaré–Hopf theorem about the index of a vector field, we can state
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that the stability index S along the family does not change by crossing the critical
value ρ = 0.

Cases s = 4, 5, 6, . . . Due to the degeneration of all the truncated systems, we
compute a new system S̃ = {g1 = 0, g2 = 0}, where g1 = vh

(s)
v − uh

(s)
u , g2 =

vh
(s)
v + uh

(s)
u . Here we have only one truncated system
ˆ̃
S1 = {(2a220uv + a111ρ)uv = 0, −as00us + a0s0v

s = 0} (11)

with external normal N1 = −(1, 1, 2). This system has two sets of solutions: the
first is u = v = 0, which is the initial periodic solution. The second set of solutions
can be obtained by exponentiating the identity 2a220uv = −a111ρ in degree s and
applying substitution from the second equation of system (11):

2sas00a
s
220u

2s = −as111a0s0ρs, 2sa0s0a
s
220v

2s = −as111as00ρs.
It is obvious that in the vicinity of the initial periodic solution u = v = ρ = 0
we have exactly 2s new SP, which asymptotic form is u, v ≃ ρ1/2. These points
are divided into two groups and each of the groups represents a new periodic
solution with multiplicity s. Using the normal vector N1 we get the truncated
RNF ĥ(s) = a220u

2v2 + ρa111uv and after substitution of the asymptotic form we
obtain ĥ(s) ≃ ρ2. The same conclusions lead us to the statement that one new
periodic solution should be stable and the other one should be unstable.
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