
Introduction
The least odd absolute remainder gcd algorithm

The Sorenson gcd algorithm and LSNGCD algorithm

On two algorithms for computing GCD of natural
numbers

Dmitry Dolgov,

Kazan Federal University

29.05.2026

Dmitry Dolgov,Kazan Federal University On two algorithms for computing GCD of natural numbers



Introduction
The least odd absolute remainder gcd algorithm

The Sorenson gcd algorithm and LSNGCD algorithm

The Euclidean gcd algorithm

Let a > b > 1 are 2 natural numbers. The Euclidean algorithm is

the most well-known algorithm for calculating greatest common

divisor (gcd) of two natural numbers. At each step of this

algorithm, remainder of dividing the largest input number by the

smallest is calculated:

gcd(a, b) =

{
gcd(b, a mod b), if a mod b ̸= 0,

b, else.

Are there other ways to calculate gcd of 2 natural numbers?
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The least absolute remainder (LAR) gcd algorithm

It`s work like the classic Euclidean gcd, but instead of calculating

the usual remainder, the smallest absolute remainder is calculated.

Let r(a, b) = min(a mod b, b − (a mod b)). Then

gcd(a, b) =

{
gcd(b, r(a, b)), if r(a, b) ̸= 0,

b, else.
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Number of steps in the worst case

Theorem (Kan, 2024)

Let ϕ = (1 +
√
5)/2. The maximum number of steps in the classic

Euclidean gcd algorithm does not exceed

n =
⌊
(t + lg(

√
5/ϕ))/(lg ϕ)

⌋
,

where t = ⌊log10(b)⌋+ 1.

Theorem (D., 2025)

The maximum number of steps in the LAR algorithm does not

exceed

n =
⌊
(t + lg(2

√
2))/(lg(1 +

√
2))
⌋
− 1.
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Binary gcd algorithm

Stein introduced the binary gcd algorithm. He changed the main

operation from module reduction to binary reduction:

gcd(a, b) =



gcd(a/2, b), if a is even

gcd(a, b/2), if b is even

gcd(b, a), if b>a

gcd(b, |a− b|/2s), if |a− b| ̸= 0

b, if a− b = 0.

We use gcd(b, |a− b|/2s) way, if other branches are not performed

in this way. The s variable is the maximum possible power of 2,

while |a− b| is even. The number of steps in the worst case is open

problem.
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The least odd absolute remainder gcd algorithm

Now we introduce the new Euclidean gcd algorithm. We call

this �The least odd absolute remainder gcd algorithm�. It`s work like

the least absolute remainder Euclidean gcd, but at each step we use

v2 operator, which divide input integer by 2, until it becomes odd.

If the input numbers are even at the beginning of the algorithm,

then their common even divisor must be found and stored. After

that, the operator v2 must be applied to both numbers. At each

step we calculate remainder by the following formula:

r(a, b) = min(v2(a mod b), v2(b − (a mod b))).

The algorithm runs recursively based on the following rule

gcd(a, b) =

{
gcd(b, r(a, b)), if r(a, b) ̸= 0,

b, else.
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Auxiliary results

Lemma

The value of remainder ri can be estimated as ri ⩽ ri−1/3.

Let's de�ne the sequence

c0 = 0, c1 = 1, c2 = 3, ci = 3ci−1 + 2ci−2 ∀i ⩾ 3.

There is an analogue of Binet's formula:

cn =
1√
17

((
3 +

√
17

2

)n

−

(
3−

√
17

2

)n)
.
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Auxiliary results

Lemma

The numbers a = cn + 2cn−1, b = cn are the smallest pair of input

numbers for which the number of steps of the algorithm is

maximum.

Lemma

For all m, n ⩾ 1 the next formula is satis�ed:

cm+n = cmcn+1 + 2cm−1cn.
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Auxiliary results

Lemma

Let fn = cn (mod 5), n ⩾ 1. Then the sequence {fn} is periodic

with a period of 24, and the values of one period are equal to

1, 3, 1, 4, 4, 0, 3, 4, 3, 2, 2, 0, 4, 2, 4, 1, 1, 0, 2, 1, 2, 3, 3, 0.

Corollary

If 5 | cn, then 99 | cn. This means that cn ̸= 10s , s ∈ N.

Lemma

For all integer i ∈ [1, n] is performed the next formula

ri ⩾ cn−i+1.
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Auxiliary results

Lemma

Each of the two inequalities

cn < 10t ⩽
(3 +

√
17)n√

17 · 2n
,

(3 +
√
17)n√

17 · 2n
< 10t ⩽ cn

has no solutions in integers n and t.
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Main results

Theorem

First, the number of steps does not exceed

n =

⌊
t + lg(

√
17)

lg((3 +
√
17)/2)

⌋
,

and for any t, there exists a pair of numbers such that equality

holds.

Second, for any ρ ∈ (0, 1) and for any positive number ϵ, there are

in�nitely many t such that for numbers t and n = n(t):∣∣∣∣∣n −

(
t + lg(

√
17)

lg((3 +
√
17)/2)

− ρ

)∣∣∣∣∣ < ϵ.
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Main results

Theorem

Let α be (3 +
√
17)/2, then

n(a, b) ⩽ min(S ,T ),

where

S = S(a, b) =
⌊
logα(

√
17 b + 1)

⌋
,

T = T (a, b) =

⌊
logα

( √
17

7 +
√
17

(a+ b) +
33− 7

√
17

16

)⌋
+ 2.
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Main results

Bit complexity is O(n2), where n is a bit length of the a input

number.

Arithmetic complexity is

O(logλ a1), λ =
3 +

√
17

2
.
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Additional results

Lemma

The in�nite continued fraction x = [(1, 2), (3, 2), (3, 2), (3, 2), . . . ]
converges to the number (

√
17− 1)/2.
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The right-shift k-ary gcd algorithm

Sorenson generalized Stein's algorithm by replacing module of the

value of di�erence between the numbers a and b with the

calculation of their linear combination, which must be divisible by

some pre-�xed and unchangeable natural parameter k . He called

this algorithm the right-shift k-ary gcd.

First, we check for gcd(a, k) = 1 and gcd(b, k) = 1. If it's
gcd(a, k) ̸= 1 or gcd(b, k) ̸= 1, we divide by the corresponding gcd.
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The right-shift k-ary gcd algorithm

So, we have next formula:

gcd(a, b) =

{
gcd(b, |ax + by |/k), if ax + by ̸= 0,

b, else.

The numbers x, y are chosen in such a way that a next linear

comparison module k is performed:

ax + by ≡ 0 (mod k)
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LSNGCD algorithm, D. 2025

We use the Sorenson schema and combine it with one least

remainder gcd step. If module in lesser than division the linear

combination by k , than we use one step of least remainder gcd

algorithm, else we use one k-ary step, where we calculate 2 pairs of

(x1, y1), (x2, y2) coe�cients.
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Main loop of the LSNGCD algorithm

Algorithm LSNGCD
while a · b ̸= 0 do

if a is even then

a = v2(a)
end if

if b is even then

b = v2(b)
end if

if a<b then

swap(a, b)
end if

if b==1 then

return 1
end if

c = min(v2(a mod b), v2(⌊a/b⌋+ 1) · b − a)
x = b mod k, y = a mod k
g = gcd(x , y), x = x/g , y = y/g
s = v2(|x · a− y · b|/k)
part2(a, b, x , y , k, s)

end while

return a+ b
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Part2 of the main loop of the new k-ary gcd algorithm

if c<=s then

a = b
b = c

else

x2, y2 = getnewxy(a, b, x , y , k, s)
s2 = v2(|x2 ∗ a− y2 ∗ b|/k)
e = max(s, s2)
f = min(s, s2)
if f>c or (e==0 and f==0) then

a = b
b = c

else

a = e
b = f

end if

end if
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GetNewXY algorithm

The GetNewXY algorithm uses a transition from the given

coe�cients x, y to Farey fractions. After �nding the corresponding

fraction, it is necessary to �nd the adjacent fraction from the series

Fk . Adjacent fractions
p
q ,

r
s have the property p · s − q · r = 1.

Thanks to this property, we need to select a fraction from the Farey

series that is adjacent to ours. After that, we initiate the reverse

transition from Farey fractions to the coe�cients of a linear

combination.
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GetNewXY algorithm

1: q = a/b mod k ,
2: t = (y − qx)/k , signt = get_sign(t)
3: num = |t|, den = x
4: if num/den > 1/k then

5: fraction = get previous Farey fraction

6: else

7: fraction = get next Farey fraction

8: end if

9: c = numerator of the fraction

10: d = denominator of the fraction

11: g = gcd(c, d), c = c ÷ g , d = d ÷ g
12: x2 = d
13: y2 = qd + ck · signt
14: return (x2, y2)
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GetNewXY algorithm

Using the presented algorithm, the properties of Farey fractions,

and Sedjelmaci's lemma, we have proven the validity of

Theorem (D., 2025)

During the calculations of the LSNGCD algorithm, no spurious

factors are accumulated.
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Conjectures

Conjecture

The sequence cn is the best approximation of the best worst case of

the algorithm.

Conjecture

Number of steps in the LSNGCD does not exceed⌊
t + lg(

√
17)

lg((3 +
√
17)/2)

⌋
− f (t, k), (1)

where function f : N× N → N ∪ {0}.
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Conjectures

Conjecture

Arithmetic complexity is

O(logλ a1), λ =
3 +

√
17

2
.
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Thank you for your attention!
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