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Abstract. In this paper we consider the Darboux integrability problem for
Darboux autonomous ordinary differential systems with simple matrix struc-
ture. The spectral method of building autonomous first integrals for these
Darboux differential systems is elaborated.

Introduction

One of the most important problems of the general theory of differential systems
is the problem of finding first integrals. In 1878 the French mathematician Jean-
Gaston Darboux for the first-order ordinary differential equations [1]

dy

dx
=

Y (x, y) + yZ(x, y)

X(x, y) + xZ(x, y)

provided a link between the existence of general first integrals and invariant alge-
braic curves (Darboux polynomials). His investigation gave the classical Darboux
theory of integrability about building of first integrals for polynomial autonomous
differential systems by known Darboux polynomials. This theory is related to the
Poincaré problem [2], which asks to find the upper bound of invariant algebraic
curves of planar polynomial differential systems. The Darboux theory is also in-
volved in the study of Hilbert’s 16-th problem (see, for example, [3]).

For the current state of the Darboux theory of integrability see the mono-
graphs [4, 5, 6, 7, 8] and the references therein.

In this paper we study the Darboux problem of building autonomous integral
basis for a Darboux system of ordinary differential equations [9, 10]

dx

dt
= Ax+D(x)x, x ∈ Rn, t ∈ R, (1)

where A =
∥∥aij∥∥ is a real n×n matrix, the continuously differentiable on a domain
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V ⊂ Rn function D : V → R is homogeneous of degree m. Using the method of
partial integrals for polynomial differential systems [6, 7], we obtain the spectral
method of building autonomous first integrals for the Darboux system (1).

Integral Basis
The Darboux differential system (1) has n−1 functionally independent autonomous
first integrals on a domain Ω from the phase space Rn (see, for example, [6]). If
the matrix A of the Darboux differential system (1) has a simple structure (all
eigenvalues have simple elementary divisors), then for building autonomous first
integrals in case of real eigenvalues we can use the following statement.

Theorem. Let νi = (νi1, . . . , ν
i
n) be real eigenvectors of the matrix B = AT cor-

responding to the eigenvalues λi, i = 1, . . . , n, and λ1 ̸= λ2. Then an autonomous
integral basis on a domain Ω ⊂ Rn for the Darboux system (1) is the functions

F12,l+2 : x →
(
ν1x
)h1
(
ν2x
)h2
(
νl+2x

)hl+2 , l = 1, . . . , n− 2,

Fn−1 : x →

((
ν2x
)λ1

(ν1x)
λ2

) m
λ2−λ1

+ m ·
∫

D
(
TK−1

)
τ

dτ,

where hi, i = 1, . . . , n, are real non-trivial solution to the linear system

h1 + h2 + hl+2 = 0, l = 1, . . . , n− 2, λ1h1 + λ2h2 + λl+2hl+2 = 0,

the vector T =
(
τλ1 , τλ2 , C3τ

λ3 , . . . , Cnτ
λn
)
, the matrix K−1 the inverse matrix

to the matrix K =
∥∥ν1 . . . νn∥∥, the variable τ =

(
ν2x

ν1x

) 1
λ2−λ1

, and

Cl+2 =
(
ν1x
)λl+2−λ2

λ2−λ1

(
ν2x
)λ1−λl+2

λ2−λ1

(
νl+2x

)
, l = 1, . . . , n− 2.

For example, consider the Darboux differential system

dx1

dt
= x1 + x1D(x),

dx2

dt
= 2x1 + 3x2 + x2D(x), (2)

dx3

dt
= 2x1 − x2 + 2x3 − 2x4 + x3D(x),

dx4

dt
= −2x1 + x2 + 4x4 + x4D(x),

where the homogeneous function D : x → x1 (x1 + x2 + x3 + x4) for all x ∈ R4.

The matrix B =

∥∥∥∥∥∥∥∥
1 2 2 − 2
0 3 − 1 1
0 0 2 0
0 0 − 2 4

∥∥∥∥∥∥∥∥ has the eigenvectors ν1 = (1, 0, 0, 0),

ν2 = (0, 0, 1, 1), ν3 = (1, 1, 0, 0), and ν4 = (0, 1, 0, 1) corresponding to the eigenval-
ues λ1 = 1, λ2 = 2, λ3 = 3, and λ4 = 4, respectively. By Theorem, the functions
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F123 : x → x1(x1 + x2)

(x3 + x4)
2
, F124 : x → x2

1(x2 + x4)

(x3 + x4)
3

,

F3 : x → (x3 + x4)
2

x4
1

(6 + x1 (3x1 + 3x2 + 4x3 + 4x4)) for all x ∈ Ω,

where the domain Ω ⊂ {x :x1(x3 + x4) ̸= 0} ⊂ R4, are autonomous first integrals
of the Darboux differential system (2). The set of functionally independent first
integrals F123, F124, and F3 is an integral basis of the Darboux system (2).
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