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P set of m pair-wise distinct points, L set of n distinct lines in
R2.

An incidence is a pair (p, ℓ), where p ∈ P, ℓ ∈ L,p ∈ ℓ.

I(P,L) number of incidences. Trivial upper bound on I(P,L) is
mn.

Theorem (Szemerédi-Trotter, 1983)

I(P,L) = Θ(m2/3n2/3 + m + n).

Lower bound in the theorem: Erdős.
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Steps for upper bound.
First step:
Represent P,L as a bipartite graph G:

Lemma
If bipartite graph does not contain Kr ,s, then the number of
edges is Or ,s(mn1−1/r + n).

G does not contain K2,2, hence I(P,L) = O(mn1/2 + n) (a weak
bound).
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Second step:
Partition R2 into suitable cells and apply the weak bound in
each cell. In O(mn1/2 + n) each point in P contributes to the
bound

√
|L|. Applying weak bound in each cell, every point

contributes only √ of the number of lines crossing the relevant
cell.

It makes sense to construct a partition so that each cell
contains approximately equal number of points in P.
For 1 < r ≤ m we say that P ∈ R[X1, . . . ,Xd ] is an r -partitioning
polynomial for an m-point P ⊂ Rd if every connected
component of Rd \ Z (P) contains ≤ m/r points of P.

Theorem (Polynomial partitioning, Guth-Katz)
For every 1 < r ≤ m there exists an r-partitioning polynomial P
with deg(P) = Od(r1/d).
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Exercise
Prove upper bound in Szemerédi-Trotter in case m = n using

Polynomial partitioning in the plane with n2/3-partitioning
polynomial P,
the known fact that the number of connected components
of R2 \ Z (P) for polynomial of deg(P) = k is O((2k)2) (in
our case k = n1/3),
the above weak bound I(P,L) = O(nn1/2 + n).
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Reformulate Guth-Katz theorem in new notations.

Theorem (Polynomial partitioning, Guth-Katz, 2015)

If Γ ⊂ Rn is finite, integer D ≥ 1, then there exists
P ∈ R[X1, . . . ,Xn],P ̸≡ 0, degP ≤ D such that each connected
component of Rn \ Z (P) contains at most On(D−n|Γ|) points of
Γ.

This implies Szemerédi-Trotter in Rn and many other new
results in the “incidence geometry”.
Then Guth generalised it:

Theorem (Guth, 2015)

If Γ is a finite family of k-dimensional algebraic sets in Rn each
defined by at most m polynomial equations of degrees at most
d, then for any integer D ≥ 1 there exists
P ∈ R[X1, . . . ,Xn],P ̸≡ 0, degP ≤ D such that each connected
component of Rn \ Z (P) has non-empty intersection with at
most Od ,m,n(Dk−n|Γ|) sets in Γ.
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Key lemma for the Guth theorem:

Lemma
Let γ ⊂ Rn be an algebraic set with dim γ = k defined by m
polynomial equations of degrees ≤ d,
P ∈ R[X1, . . . ,Xn],P ̸≡ 0, degP ≤ D. Then γ has non-empty
intersections with Od ,m,n(Dk ) different connected components
of Rn \ Z (P).

Bound On(Dn) (the number of all components) is classical.
Replacing n by k is non-trivial: Barone-Basu, Solymosi-Tao.
Easy cases: k = 0, k = n.

Interpretation: For each P ∈ R[X1, . . . ,Xn],P ̸≡ 0, degP ≤ D
the set Rn \ Z (P) consists of ∼ Dn components. Suppose that
each component has non-empty intersection with the same
number of γ ∈ Γ. Lemma implies that there are at most |Γ|Dk

intersections of some γ with some component, hence P
satisfies the bound Od ,m,n(Dk−n|Γ|) in the Guth theorem.
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Another key idea in the proof of Guth-Katz and Guth is
application of “Ham sandwich theorem” (in the version of
Stone-Tukey, 1942), whose proof, in turn, is based on
Borsuk-Ulam theorem (1930’s), and is non-constructive.
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We generalize the Guth theorem from algebraic sets to sets
defined by Pfaffian functions (after Khovanskii).

Definition
A Pfaffian chain of order r ≥ 0 and degree α ≥ 1 in an open
domain G ⊂ Rn is a sequence of analytic functions f1, . . . , fr in
G satisfying partial differential equations

∂fj
∂xi

(x) = gi,j(x , f1(x), . . . , fj(x)), 1 ≤ j ≤ r ,

where gi,j(x , y1, . . . , yj) are polynomials in
x = (x1, . . . xn), y1, . . . yj of degrees ≤ α.
A function f (x) = P(x , f1(x), . . . , fr (x)), where
P ∈ R[x , y1, . . . , yr ], degP ≤ β is called Pfaffian function of
order r and degree (α, β).
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Examples:
1. Polynomial of degree m (order 0 degree (1,m)).
2. eax (order 1, degree (1,1)), also towers of exponentials.
3. 1/x in domain {x ̸= 0} (order 1, degree (2,1)).
4. Polynomial xm in domain {x ̸= 0} (order 2, degree (2,1) due
to equations f ′ = mfg,g′ = −g2,g = 1/x .
5. ln(|x |), tan(x), sin(x) in appropriate domains, etc.

Domain G is assumed to be “simple”, e.g., Rn or (−1,1)n or
{x1 > 0, . . . , xn > 0} or {∥x∥2 < 1}, etc.
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Definition
X ⊂ G ⊂ Rn is called semi-Pfaffian in a domain G if it consists
of points in G satisfying a Boolean combination of f = 0,g > 0,
where f ,g are Pfaffian functions defined in G.

Semi-Pfaffian structure does not admit quantifier elimination,
but there is an analogy of Bezout’s theorem.

Theorem (Khovanskii, 1979)
Consider f1 = · · · = fn = 0, where fi are Pfaffian functions in
G ⊂ Rn having common Pfaffian chain of order r and degrees
(α, βi). The number of non-degenerate solutions of this system
does not exceed

2r(r−1)β1 · · ·βn(min{n, r}α+ β1 + · · ·+ βn − n + 1)r .
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Main results:

Theorem (Part 1)

Let Γ be a finite family of k-dimensional semi-Pfaffian sets in Rn

each defined by ≤ m Pfaffian functions having common Pfaffian
chain of order r , degrees bounded by (α, β).
For any integer D ≥ 1, there exists
P ∈ R[X1, . . . ,Xn],P ̸≡ 0, degP ≤ D and a constant
C = C(n,m, α, β, r) such that each connected component of
Rn \ Z (P) has non-empty intersection with at most CΛ
elements of Γ, where

Λ =

{
|Γ|Dk+r−n, if k>0
|Γ|D−n, if k=0
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Theorem (Part 2)
Let, additionally, Pfaffian chain be algebraically independent.
For any integer D ≥ 1, there exists Pfaffian function Q ̸≡ 0 with
the same chain, of degree D and a constant
C = C(n,m, α, β, r) such that each connected component of
Rn \ Z (Q) has non-empty intersection with at most C∆
elements of Γ, where

∆ =

{
|Γ|Dk−n, if k>0
|Γ|D−n−r , if k=0
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Key lemma:

Lemma
Let γ ⊂ Rn be a semi-Pfaffian set with dim γ = k defined by m
equations of order r degrees (α, β), P be ̸≡ 0 Pfaffian function
with the same Pfaffian chain and degree D. Then γ has
non-empty intersections with Om,n,α,β,r (Dk+r ) different
connected components of Rn \ Z (P).

Generalisation of Solymosi-Tao-Barone-Basu in which r = 0.
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W.l.o.g. assume that γ ⊂ (−µ, µ)n for some integer µ > 0.
Assume γ is smooth and, moreover, is either an open set or a
graph of a smooth Pfaffian map f = (f1, . . . , fn−k ) defined on an
open subset of one of the k -faces F of (−µ, µ)n.
Let α1, . . . , αt be all connected components of
γ ∩ ((−µ, µ)n \ Z (P)). It’s sufficient to estimate t . Fix 1 ≤ j ≤ t .
P|αj is a smooth function and is either everywhere > 0 of < 0,
assume > 0. For ε > 0 smaller than the smallest critical point of
P|αj the level set P|αj = ε is smooth and projection of level set
on k -face F of (−µ, µ)n is smooth. Rotating generically the
projection we can assume that one of coordinate functions, say
x1, is a Morse function. We conclude that the system of Pfaffian
equations

graph of f,P − ε = ∂P/∂x2 = · · · ∂P/∂xk = 0

has finite set of solutions having non-empty intersection with αj .
Now the upper bound Om,n,α,β,r (Dk+r ) follows from Khovanskii.
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Set γ need not be a graph of smooth map.
Any semi-Pfaffian set admits (weak) smooth stratification, i.e.,
can be partitioned into finite number of smooth manifolds with
controlled complexity. Herewith, each manifold is basic
semi-Pfaffian and is “effectively non-singular” [Gabrielov-V.,
1995].
We have to strengthen this result a bit: each stratum can be
made to be the graph of a smooth Pfaffian map. Now we carry
out the above argument about γ for each graph separately,
noting that the number of strata does not depend on D.
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Applications.

A1. Szemerédi-Trotter type theorem.
Bound of the type

I(P, Γ) = C1|P|•|Γ|• + C2(|P|+ |Γ|),

where P is a finite set of points in Rn, Γ is a finite set of
irreducible Pfaffian curves in Rn and I(P, Γ) is the number of
incidences.

Requires an upper bound on the number of irreducible
components of a Pfaffian curve. We give a bound based on the
number of connected components of smooth strata of the
curve.
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A2. Pfaffian joints (also Guth-Katz, etc.).

Definition
Let m,n ≥ 2. For 1 ≤ i ≤ m let Γi be a finite family of
ki -dimensional semi-Pfaffian sets in Rn such that

∑m
i=1 ki = n.

A point x ∈ Rn is a joint if
1 for every 1 ≤ i ≤ m there exists γi ∈ Γi such that x is a

smooth point of γi ;
2 the tangent spaces of γi at x for all i span Rn.
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Theorem
Let there be n ≥ 3 families Γi of irreducible Pfaffian curves in Rn

defined by at most m Pfaffian functions of order r and degrees
(α, β). Then for any ε > 0, there exist a constant
C = C(ε,n,m, α, β, r) such that the number of joints is at most

C min
1≤j≤n

{|Γj |ε} ·
n∏

i=1

|Γi |max{(n+r)/n(n−1),2/(n+1)}.
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