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Abstract. We study the hull dimension of linear codes over finite fields. De-
pending on the chosen inner product, we show that any code can be trans-
formed via monomial equivalence into a code whose hull dimension is reduced
to zero. We also explore pure LCD codes and extend our results to relative
hulls.

Introduction

A linear code C over a finite field Fq is defined as a subspace of Fn
q . The hull of

a linear code C is defined as the intersection Hull(C) = C ∩ C⊥, where C⊥ is
the dual of C with its dual with respect to a given inner product, such as the
Euclidean one.
The study of hulls is crucial in coding theory, particularly for LCD (Linear Com-
plementary Dual) codes , which are codes where the hull dimension is equal to
zero. These codes have applications in secure communication and quantum error
correction.
In this work, we focus on the Euclidean inner product and explore how monomial
equivalence can be used to reduce the hull dimension of a code. Moreover, we study
the case of pure LCD codes (codes where all equivalent codes are also LCD). In
this case, increasing the hull dimension becomes impossible.

Finally, we generalize our findings to relative Hulls, which are defined for two
different codes C1 and C2 as HullC2

(C1) = C1 ∩ C⊥
2 .
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1. Monomial equivalence
Let x = (x0, x1, . . . , xn−1) and y = (y0, y1, . . . , yn−1) be two vectors in Fn

q . The
Euclidean inner product of x and y is defined by:

⟨x, y⟩ =
n−1∑
i=0

xiyi

Using this inner product, the Euclidean hull of a linear code C is defined as:

Hull(C) = C ∩ C⊥

where C⊥ is the Euclidean dual of C. Let a = (a1, a2, . . . , an) ∈ (F∗
q)

n and let
σ be a permutation of {1, 2, . . . , n}. We define the following transformations of a
code C ⊆ Fn

q :
• Ca = {(a1c1, a2c2, . . . , ancn) | (c1, . . . , cn) ∈ C}
• σ(C) = {(cσ(1), cσ(2), . . . , cσ(n)) | (c1, . . . , cn) ∈ C}

Two codes C and C ′ over Fq are said to be monomially equivalent if there exists
a vector a ∈ (F∗

q)
n and a permutation σ such that:

C ′ = σ(Ca)

Since monomial equivalence preserves weight distributions, equivalent codes have
the same basic parameters: length, dimension, and minimum distance.

2. Hull dimension reduction
[1] Let C be a linear code of length n and dimension k over Fq, with q > 3. Then
C is monomially equivalent to a Euclidean LCD code. That is, there exists a code
C ′ such that :

C ′ ∼ C and Hull(C ′) = {0}.
[2] Let C be a linear code over Fq, and let G be a generator matrix of C, i.e.,

C = {xG | x ∈ Fk
q}.

Then C is LCD if and only if

det(GGT ) ̸= 0.

[3] Let q > 3 and let C be a linear code over Fq such that dim(Hull(C)) = h.
Then, there exists a = (a1, a2, . . . , ak, 1, 1, . . . , 1) ∈ (F∗

q)
n such that dim(Hull(Ca)) =

h− 1,
[3] Let C be an [n, k, d]q linear code over Fq with q > 3 and dim(Hull(C)) = h.

Then, for every integer 0 ≤ j ≤ h, there exists a linear code Cj , monomially
equivalent to C, such that

dim(Hull(Cj)) = j.

We prove this theorem by induction on j.
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A linear LCD code C is called pure LCD if and only if all its monomially
equivalent codes are also LCD codes. That is,

dim(Hull(Ca)) = 0 for all a ∈ (F∗
q)

n.

Pure LCD codes over Fq, with q > 3, do exist. A monomial matrix is an invertible
matrix in which each row and each column contains exactly one non-zero element.

3. Relative hulls
The following proposition allows us to modify only one of the two codes, C1 or C2,
in order to adjust the dimension of the relative hull.

[4] Let C1 and C2be two linear codes over Fq, and M1,M2 ∈ Mn,n(Fq) be
two monomial matrices. Define, M = M2M

T
1 , Then:

dimHullC2M2(C1M1) = dimHullC2M (C1) = dimHullC2(C1M
T ).

The following theorem provides lower bound for the dimension of the relative hull.
[4] Let C1 and C2 be two linear codes of dimensions k1 and k2 over Fq with

q > 2. For any integer l such that

max{0, k1 − k2} ≤ l ≤ dimHullC2
(C1),

there exists a code C2L ∼ C2 such that:

dimHullC2,l
(C1) = l.

Conclusion
Reducing the hull dimension helps simplify codes and obtain LCD codes, which
are essential in areas like data storage, and secure communication.

Moreover, these results play a fundamental role in quantum error-correcting
codes, where the structure of the dual is essential for the construction of stabilizer
codes. Beyond the reduction process, future work may focus on increasing the hull
dimension, characterizing when and how such transformations are possible.
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