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Circle bundles over an oriented surface, and the Euler class

1 A circle bundle is a locally trivial (topological) oriented circle bundle
over a closed oriented surface Sg .

2 Its Euler class: E(E π−→ Sg ) ∈ Z.
3 Existence of a continuous section ⇔ E = 0.
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Quasisection vs sections

Def.

A quasisection of E
π−→ Sg is a closed smooth surface Q and a smooth

map q : Q → E such that π ◦ q(Q) = Sg .

Singularities of quasisection are singularities of π ◦ q and q.
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The projection of a quasisection:
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How to retrieve E?Computation of E , a reminder.

A way to compute the Euler number:

1 Start with a continuous partial section is defined everywhere except
for a finite set of points x1, ..., xm ∈ Sg .

2 For each of xi define an index:
take a neighborhood Ui bounded by a small circle Cxi . The restriction
of the section s defines a map

s|Cxi
: Cxi → S1.

The source and the target are two oriented circles, so the degree of
the map is well-defined. Set

inds(xi ) := deg s|Cxi
.

3 Then
E(E → Sg ) =

∑
i

inds(xi ).
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How to retrieve E? M. Kazarian’s averaging principle

Assume we have a random section s defined outside some fixed finite set
{xi} ⊂ B. Then one can take the expectation:

E(E → B) = E
(∑

i

inds(xi )
)
=

∑
i

E(inds(xi )).

We will show that a quasisection yields a random section with a finite
probability space. In other words, a quasisection gives a finite collection of
partial sections, and taking E amounts to averaging.
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Weights of the singular vertices

Definition
1 For an essential vertex x of type I , set

Wff (x) = Wff (n, k) =
4(n − k)

(n + k)(n + k + 2)(n + k + 4)
.

2 For an essential vertex x of type II set

Wp(x) = Wp,R(r) =
2

(r + 1)(r + 3)
.

3 For an essential vertex x of type III , set

Wfs(x) = Wfs(r ,R) =
2

(r + 1)(r + 3)
.
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Local formula for the Euler class

Definition
1 For an essential vertex x of type I , set

Wff (x) = Wff (n, k) =
4(n−k)

(n+k)(n+k+2)(n+k+4) .

2 For an essential vertex x of type II set
Wp(x) = Wp,R(r) =

2
(r+1)(r+3) .

3 For an essential vertex x of type III , set
Wfs(x) = Wfs(r ,R) =

2
(r+1)(r+3) .

Theorem

The Euler number of a circle bundle with a generic quasisection Q is equal
to the sum of weights of essential singular vertices:

E =
∑
I

Wff (xi ) +
∑
II

Wp(xi ) +
∑
III

Wfs(xi ).
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...And beyond

Theorem

Let Mn be a closed oriented smooth manifold whose fundamental group is
amenable and let Sn−1 → E → Mn be an oriented sphere bundle. If E
admits a smooth transverse affine foliation, then the Euler number of the
bundle vanishes.

Proof.

Use:

1 A big flat quasisection,

2 M. Kazarian’s averaging principle,

3 D. Sullivan’s trick.
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