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Abstract. We consider trigonometric series based on the roots of a transcen-
dental equation. These roots cannot be reduced to the natural numbers used
in conventional Fourier series as harmonic numbers. This report presents a
method that enables obtainig such series sums in finite form. Its implemen-
tation in the CAS “Sage” is also provided.

Introduction
Trigonometric series of the following type are considered:

y =

∞∑
n=1

P (λn)

Q(λn)
sinλnx, x ∈ [−1, 1]. (1)

Here λn is the n-th positive root of transcendental equation with parameter h > 0:

λ cosλ+ h sinλ = 0.

P (λ) ∈ R[λ], Q(λ) ∈ R[λ]. Our task is to find for the sum (1) the final expression
in terms of piecevice elementary or special functions.

There are many works (for ex. [1], [2], [3]) devoted to the summation of series
similar to (1). However, as noted in [2], “in the handbooks and scientific literature,
to the best of our knowledge, such series and their summation formulas” are not
described in sufficient detail. We present an attempt to sum these series using the
method of the work [4] (cf. the work [5]), which pertains to ordinary trigonomet-
ric series with natural numbers. The case of natural numbers corresponds to the
transition h → ∞.

1. Basic divergent series
For summation using the work [4], we consider series (1) as a series in eigenfunc-
tions of the Sturm-Liouville problem. This problem with the Dirichlet boundary
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condition at x = 0 and the Robin boundary condition at x = 1, cf. [6]. Further, it is
not difficult to prove the formula for divergent series defining the Dirac δ-function
and its derivatives Dqδ(x). In the space of distributions D′(−1, 1) the equality
holds:

∞∑
n=1

λ2k+1
n

h2 + λ2
n

h2 + h+ λ2
n

sinλnx = D2k+1δ(x), k ∈ N ∪ {0} .

We do not know closed expressions for similar series of the form

z =

∞∑
n=1

h2 + λ2
n

h2 + h+ λ2
n

sinλnx, (2)

therefore, the possibilities of the method from [4] are still limited.

2. The summation scheme
Using the polynomials P ∈ R[λ], Q ∈ R[λ] it is not diificult to compose polynomials
L ∈ R[D2], R1 ∈ R[D], R2 ∈ R[D] such that in the space D′(−1, 1) the equality
holds:

Ly = R1δ(x) +R2z. (3)

The equation (3) should be supplemented with boundary conditions of the
third kind:

(Dy − hy) |x=−1 = (Dy + hy) |x=1 = 0,(
D2(Dy − hy)

)
|x=−1 =

(
D2(Dy + hy)

)
|x=1 = 0, ...,(

(Dq−2(Dy − hy))
)
|x=−1 =

(
Dq−2(Dy + hy)

)
|x=1 = 0, q = deg(L).

For the sum (1) we have a boudary value problem with the dictribution in the
right handside (3). If the operator L does not have a zero eigenvalue under these
boudary conditions and also if the polynomial R2 = 0, the series (1) sums in finite
terms of piecewice elementary functions.

The described steps are implemented in the form of functions for the CAS
“Sage”[7].

Concluding remarks
It has been shown that the series under consideration can be summed to a finite
value using the method described in previous works. However, the class of series
that can currently be summed is significantly narrower, as we do not know a closed
expression for the one special sum (2). We note that there are some difficulties
in extending the method for justifying this scheme from simple series to series
in the roots of transcendental equations. However, the proposed method is also
suitable for summing other series, with other transcendental equations, such as
those considered in [2]. We will return to these questions later.
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