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Problem Formulation

We consider the series: ∑
λ∈σ

P

Q
sinλx,

P ∈ Q[λ], Q ∈ Q[λ], x ∈ [−1, 1].

The index set:

σ = {λ : λ cosλ+ h sinλ = 0, λ > 0},

h > 0 —parameter.
TASK. Find this sum in finite terms.



Kryloff for Sage

What about the Summation ?

These series can be considered as expansions in eigenfunctions of
the Sturm-Liouville problem:

y′′ + λ2y = 0, x ∈ (0, 1)

y(0) = 0, y′(1) + hy(1) = 0.

Eigenfunctions: yλ = sinλx, λ ∈ σ. Square of the Norm of the
Eigenfunction:

∥yλ∥2 =
1

2

h2 + h+ λ2

h2 + λ2
.

The square of the norm must be clearly identified:∑
λ∈σ

aλ
h2 + λ2

h2 + h+ λ2
sinλx, aλ ∈ R(λ).
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Idea

We will proceed by analogy with the work of Malyshev K., Malykh
M.D., Sevastianov L.A., Zorin A.V., "On Summation of Fourier
Series in Finite Form Using Generalized Functions." Mathematics
2025, 13, 538.
In the work [Malyshev et al.], ordinary Fourier series were
considered, corresponding to the case h = ∞, and natural numbers
can be used instead of λ ∈ σ.
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Summation

Required:
Study the case of aλ ∈ Q[λ] — divergent series.
Set up and solve a boundary value problem for the sum of a
convergent series.

We avoid discussing the functional space in which the summation is
performed.
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Remarkable Divergent Series - 0

δ(x) is the Dirac delta function. D is the differentiation symbol.

Theorem
In the sense of the space D′(−1, 1), the equality holds:

∑
λ∈σ

λ2k+1 h2 + λ2

h2 + h+ λ2
sinλx = D2k+1δ(x), k ∈ N ∪ {0} .

We do not know finite expressions for the sums of divergent series
for the case of a Fourier coefficient of the form λ2k.
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Remarkable Divergent Series - 2

∑
λ∈σ

h2 + λ2

h2 + h+ λ2
sinλx = z(x, h)

We only know that

z(x,∞) = C1 · cot
x

2
, z(x, 0) = C2 ·

1

sin x
2

What about other values of h?
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Remarkable Divergent Series - 3

δ(x) is the Dirac delta function. D is the differentiation symbol.

Theorem
Let aλ ∈ R[λ] and the oddness condition aλ = −a−λ hold. Then
there exists a polynomial R ∈ R[D] such that, in the sense of the
space D′(−1, 1), the following equality holds:

∑
λ∈σ

aλ
h2 + λ2

h2 + h+ λ2
sinλx = R(D)δ(x).
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Remarkable Divergent Series - 4

δ(x) is the Dirac delta function, z(x) is a sum of a special form. D
is the differentiation symbol.

Theorem
Let aλ ∈ R[λ]. Then there exist polynomials
R1 ∈ R[D], R2 ∈ R[D] such that, in the sense of the space
D′(−1, 1), the following equality holds:

∑
λ∈σ

aλ
h2 + λ2

h2 + h+ λ2
sinλx = R1δ(x) +R2z(x).
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Step 1. Reducing a fraction to a polynomial.
Denominator annihilation.

Let there be a series

u =
∑
λ∈σ

Pλ

Qλ

h2 + λ2

h2 + h+ λ2
sinλx, λPλ ∈ Q[λ2], Qλ ∈ Q[λ2],

Qλ = qNλ2N + qN−1λ
2(N−1) + ...+ q0.

Then the operator that “annihilates” the denominator has the form:

LQ = (−1)NqND2N+(−1)(N−1)qN−1D
2(N−1)+...+q0 = Qλ|λ=iD.

Denominator annihilation:

LQ

(
Pλ

Qλ

h2 + λ2

h2 + h+ λ2
sinλx

)
= Pλ

h2 + λ2

h2 + h+ λ2
sinλx.
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Step 2. Boundary Value Problem

The expansion coefficient u in the trigonometric series allows us to
find the differential polynomials LQ ∈ Q[D] and R ∈ Q[D]. An
ODE arises for determining the sum:

LQu = Rδ(x), x ∈ (−1, 0) ∪ (0, 1).

Boundary conditions can be stated in various ways, for example:

(D2k+1u−hD2ku)|x=−1 = 0 = (D2k+1u+hD2ku)|x=1, k = 0, d.

The solution to the boundary value problem is expressed in finite
form:

u = c0φ0 + ...+ cdφd + h(x)RK(x),

φj are particular solutions of the homogeneous ODE, K is the
Cauchy function, and h is the Heaviside function. Sufficient
conditions for applicability: λPλ ∈ Q[λ2], Qλ ∈ Q[λ2].
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Implementation in the CAS Sage

u =
∑
λ∈σ

sinλx

λ
, h = 1, x ∈ (−1, 1).
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Реализация метода в CAS Sage.
Многочлены Н.С. Кошлякова.

u2k+1(x, h) =
∑
λ∈σ

1

λ2k+1

h2 + λ2

h2 + h+ λ2
sinλx, x ∈ (0, 1).

u7(x, 2) =
1

15120
x7 − x6h(x)

720
+

1

1440
x6 +

13

6480
x5−

77

14580
x3 +

442

76545
x
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Implementation in the CAS Sage.
N.S. Koshliakov Polynomials.
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Conclusions

Summation of trigonometric series using the annihilation
method has been extended to the case of a series over the
roots of a transcendental equation with parameter h.
Methods for working with series are implemented as functions
in the Sage computer algebra system.
Test examples are considered, and it is possible to calculate
Koshlyakov polynomials of high degrees.
The problem of summing a series with an arbitrary rational
coefficient is reduced to the problem of finding a single sum of
a special type.
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