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Abstract. We study median and reconstruction problems for RNA secondary
structures represented as sets of non-crossing complementary pairs. We con-
sider weighted variants of the simple distance between pairs and the configu-
ration distance between maximal nested components, in which different costs
are assigned to gains and losses of pairs or configurations. For the weighted
simple median problem, we present a dynamic programming algorithm with
a running time of O(nl + n®), where n is the sequence length and [ is the
number of input structures. For the configuration median problem, we obtain
algorithms with running times O(n?l) in the restricted case and O(n?l 4+ n®)
in the general case. For the reconstruction problem under the weighted sim-
ple distance, we obtain polynomial-time algorithms and prove exactness in
several cases, as well as an explicit multiplicative error bound in the general
case.

Preliminaries and problem statement

Let P be an RNA sequence of length n over the nucleotide alphabet {A, C,G,U}.
Let C be the set of admissible complementary pairs (4, j), where 1 <i < j <mn. A
pair (4,7) is identified with the interval [i, j]. A secondary structure on P is S C C
such that for any two distinct intervals [z, ] and [p,q] from S, either they are
disjoint, or one is strictly contained in the other and they do not have a common
endpoint. Pairs violating this condition are called incident.

For an interval [i, j] € S, its configuration is the set of all intervals from S
that are contained in [i, j] and are maximal by inclusion. Thus, a configuration
describes the maximal nested components inside a complementary interval. Equiv-
alently, a secondary structure can be represented by an ordered rooted tree: the
root, corresponds to the whole sequence, internal vertices correspond to comple-
mentary intervals, and the children of a vertex are the maximal subintervals in its
configuration, together with the uncovered sequence positions.



2 Konstantin Yu. Gorbunov and Gleb Grinkevich

We use two weighted evolutionary distances. The weighted simple distance
compares the sets of complementary pairs. Let ¢; > 0 and ¢y > 0 be the costs
assigned to gaining and losing a pair, respectively. For two structures S; and S5,
define

ds(S1,52) = c2|S1 \ Sa| + 152\ Si.

The weighted configuration distance is defined analogously, but the compared
objects are configurations rather than individual pairs. Namely, a configuration
present in the first structure and absent in the second contributes co, while a
configuration absent in the first and present in the second contributes ¢;. The cor-
responding unweighted median and small parsimony problems for RNA secondary
structures, including the simple and configuration distances, were studied in [1];
here we consider their weighted variants.

1. The median problem

Assume first that the input tree is a star with [ leaves labeled by secondary struc-
tures Si, ..., S; on the same sequence P. The median problem is to find a secondary

structure
l

S* € arg min ; d(s, Sy,
where the minimum is taken over all secondary structures on P.

First, let us consider the problem with the weighted simple distance. For each
pair (i,j) appearing in at least one of the given structures, we compute the cost
change caused by including this pair in the median. Suppose that (i,j) occurs
in m(i,7) of the structures Sy,...,S; and is absent in the remaining [ — m(i, j)
structures. Then its relative contribution is

U)(Lj) = CQ(Z - m(l7j)) - Clm(imj)'

Let F[i,j] be the minimum relative cost of a valid structure on [i,j]. The
values are computed by increasing interval length, with F[i,i] = 0 and

bl = mm in (F[i,k — 1] + F[k, j]).
min (Fi, k — 1] + Flk, j])
The correctness follows by induction on the interval length. For a fixed interval
[i, 7], any feasible secondary structure either contains the outer pair (i, ), if this
pair is admissible, or can be split into two consecutive feasible structures on smaller
intervals. Therefore, the dynamic programming recurrence considers all possible
optimal cases. The preprocessing over all pairs requires O(nl) time, and the dy-
namic programming step considers O(n?) intervals and O(n) splits per interval.
Hence, the total running time is

O(nl + n®).
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Now, we move to the weighted configuration distance. Here, dynamic pro-
gramming is similar in spirit but operates with configurations. We distinguish two
variants. In the restricted case, the median may use only configurations occurring
in the given structures. After computing their relative contributions, the algorithm
processes the corresponding intervals by increasing length and chooses, for each
interval, the best observed configuration. Since there are O(nl) observed configu-
rations and comparing configurations takes O(n) time, the running time is

O(n?l).

In the general version, configurations not observed in the given structures
are also allowed. For each interval, the algorithm additionally considers the outer
complementary pair and all possible splits into two consecutive subintervals. The
observed configurations contribute O(n?l) time, while the split alternatives con-
tribute O(n3) time. Hence, the running time is

O(n?l +n®).

2. The reconstruction problem

Let T be a rooted tree whose leaves are labeled by secondary structures on the
same sequence P. The goal is to assign a secondary structure to every internal
vertex of 7" and minimize the total edge cost.

The reconstruction algorithm follows the general scheme used for genomic
structure reconstruction in [2], adapted here to RNA secondary structures.

For the weighted simple distance, the first stage of the algorithm processes
each non-trivial complementary pair, i.e. each pair that is present in at least one
leaf structure, independently: it reconstructs the set of tree vertices at which this
pair is present. This produces, at each vertex, a pseudo-structure, i.e. an arbitrary
set of pairs that may contain incident pairs. The second stage resolves conflicts
between selected pairs. At each vertex, whenever a pair is incident to another
selected pair, this pair and all pairs incident to it are removed. The remaining
pairs form a valid secondary structure at every vertex.

The modified algorithm improves this construction by adding two stages.
First, it inserts compatible non-trivial pairs greedily, choosing at each step a pair
that decreases the total cost. Second, it performs a local descent: for each internal
vertex, the adjacent vertices are treated as leaves of a star, and the median problem
is solved locally.

The resulting algorithms have a multiplicative error bounded by

max(cq, ¢2)
min(cl, CQ) '
In particular, they are exact in the symmetric case ¢; = co. If ¢o > ¢1, the recon-

struction algorithm is exact as well. Let N = |V (T")], let L be the time required to
solve the corresponding linear programming problem of size linear in N, and let C
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be the minimum reconstruction cost. Then the simple algorithm runs in O(nNL)
time. For the modified algorithm, the first additional stage runs in

O(CnN(L+ N)+ (nN)>L +nN?),
and the local descent stage runs in
O(n*(N +logn)NC).
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