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Motivation

• Quadratic (non-)residue mod p: a such that x2 ≡ a (mod p) has a solution (no
solution).

• Primitive root mod p: g such that {gk mod p : 1 ≤ k ≤ p− 1} = {1, 2, . . . , p− 1}.
• Quadratic non-residues and primitive roots are both computable and well-studied.
One of possible developments is to study QNRNPs – quadratic non-residues that are
not primitive roots.

• For a prime p, there are (p−1)
2 − ϕ(p− 1) QNRNPs total. In other words, a randomly

selected nonzero residue has a probability of 1
2 −

ϕ(p−1)
(p−1) . to be QNRNP, where ϕ

denotes the Euler totient function.

• It is interesting to investigate the distribution of QNRNPs based on that probability.
For example, give a criteria whether two consecutive QNRNPs exist.

• This problem has been studied in several papers, with the most relevant progress
achieved in 2008 (theoretical framework) and 2018 (computational refinement).
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2008 analytic result (F. Luca, I. Shparlinski and R. Thangadurai)

• In 2008, F. Luca, I. Shparlinski and R. Thangadurai proved that the distribution of
QNRNPs is connected with some certain functions of p.

• For s ≥ 2, there is an explicit function gs such that if p > gs(p), there exist s
consecutive QNRNPs modulo p. Using this observation, they derived the following:
let s ≥ 2, ε > 0 and p be a prime. If

ϕ(p − 1)

p − 1
≤ 1

2
− ε, p > h(s, ε),

there exist s consecutive QNRNPs modulo p. However, the values of h(s, ε) are
astronomical. Because of that, we will work with gs directly.

• It is possible to refine this result for particular values of s. One might aim to prove
the existence of s consecutive QNRNPs given

ϕ(p − 1)

p − 1
< Cs .
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2018 computational refinement (T. Jarso and T. Trudgian)

• In 2018, T. Jarso and T. Trudgian studied the case of s = 2.
• Their goal was to approximate the optimal constant C2 in:

ϕ(p − 1)

p − 1
< C2 =⇒ two consecutive QNRNPs modulo p.

• Their research was primarily focused on values of ω(p − 1), the number of distinct
prime factors of p − 1. They aimed to find sequences {ln}, {un} such that if
ω(p − 1) = n, then

p > ln, un > gs(p), ln > un for sufficiently large n.

It allowed them to reduce the problem to direct computation over [ln, un] for small
values of n. However, they had to relax the condition on ε to allow feasible time of
computation.
• They obtained the partial bound:

ϕ(p − 1)

p − 1
≤ 1

4
=⇒ two consecutive QNRNPs modulo p.
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2025 refinement (A.)

• Practical evidence suggested that C2 =
1
3 . In other words,

ϕ(p − 1)

p − 1
<

1

3
=⇒ two consecutive QNRNPs modulo p.

• Since Jarso’s and Trudgian’s analytical margins covering large values of n were
sufficient, their approach was easily adapted.

• Unfortunately, the analytic inequalities used to control un were not strong enough to
make the full computation feasible for proving that C2 =

1
3 . We created a series of

algorithms that close this gap.

• This paper proves that C2 =
1
3 .
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Main theorem

Theorem (A.)

ϕ(p − 1)

p − 1
<

1

3
=⇒ there exist two consecutive QNRNPs modulo p.

• The constant 1
3 is optimal.

• Equality cannot be included:
p = 7, 13, 19, 37

satisfy
ϕ(p − 1)

p − 1
=

1

3
,

but contain no two consecutive QNRNPs.
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Different values of ω(p − 1)

The verification is done in three parts depending of how many distinct prime factors does
p − 1 have

1. Analytic part, ω(p − 1) ≥ 15

2. Computational part: ω(p − 1) ≤ 14
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Case n ≥ 15

• For a prime p, we have to prove that p > gs(p). We aim to find sequences {ln}, {un}
such that if ω(p − 1) = n, then

p > ln, un > gs(p), ln > un for sufficiently large n.

• p grows much faster than gs and thus is usually larger. The main goal was to reduce
the number of outlier cases as much as possible.

• The method in its general form is used for n ≥ 90 and is slightly adapted for
15 ≤ n ≤ 89.
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Computational part: ω(p − 1) ≤ 14

• However, it is impossible to make these techniques work for smaller n. Luckily, the
values {un} are well within computation range.

• It is crucial to bound un as strictly as possible. This was achieved by a direct
computation instead of crude estimates.

• Some of the results of these optimizations are shown below. Numbers shown are
estimates of un using new and old methods.

• We also note that cases of ω(p − 1) = 1, 2 are trivial.
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New and old estimates of un

n New methods Old methods

10 1.56 · 1014 1.24 · 1015
11 7.51 · 1014 8.2 · 1015
12 3.21 · 1015 4.79 · 1016
13 1.24 · 1016 2.59 · 1017
14 4.38 · 1016 2.59 · 1018
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Subcase: 3 ≤ n ≤ 10

• We can efficiently iterate over primes using the C++ library primesieve, which
supports multi-threading.

• However, there are too much prime numbers to test each of them directly. A possible
solution is to check whether ω(p − 1) = n first.

• The algorithm is required to reject unsuitable numbers faster than direct
factorization.

Goal: Efficiently determine whether p − 1 has exactly n distinct prime factors.
Bottleneck:

• Direct factorization of p − 1 is too slow.

• There are too many primes to store them for any further computation.

• It should be possible to split the workload to practically acceptable 8-hour frames.
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Solution: constrained trial division

• A number of the magnitude 1013 has 3.4 distinct prime factors on average, which is
much less than required.

• p − 1’s with unusually large number of distinct prime factors have smaller divisors.
We note that if ω(m) = n, then m should have a prime factor not greater than m1/n.

• Another insight is that if there are two prime factors left, the algorithm performs
simple trial division. To avoid this, we precompute factorizations for all m ≤ 108.

Idea: Try to factor p − 1 partially, then finish via precomputed array.
Benefits:

• Early rejection of most numbers.

• Computation time is further reduced, since the small remainder numbers are factored
only once.

• The algorithm works over an input interval, allowing efficient splitting.
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Implementation outline

Algorithm 1 Check whether ω(p − 1) = n

1: m← p − 1, k ← n, thr ← m1/k

2: for each prime q ≤ thr do
3: if q | m then
4: k ← k − 1
5: while q | m do
6: m← m/q
7: end while
8: thr ← m1/k

9: end if
10: end for
11: if m ≤ 108 then
12: return (ω[m] = k) ▷ lookup precomputed table
13: end if
14: return false
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Subcase: 11 ≤ n ≤ 14

• We consider primes p such that ω(p − 1) = n for 11 ≤ n ≤ 14.

• The interval [ln, un] becomes significantly larger than in the case 3 ≤ n ≤ 10.

Goal: Efficiently determine whether p − 1 has exactly n distinct prime factors.

Bottleneck: Direct iteration is no longer feasible.

Key observations:

• p − 1 must contain even more small prime factors and thus a large structured divisor.

• We can iterate over possible divisors instead, temporarily dropping primality
condition.
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Solution: iteration over divisors

• We try to guess what divisors can p − 1 have among the first m primes.

• Most of the combinations contradict initial conditions. If we assert that
ω(p − 1) = 13 and 3, 5 ∤ p − 1, then the two ”missing” prime factors are at least 43
and 47 respectively, multiplying the bound more than 100 times and pushing it
beyond un.

• This approach can be further generalized. If no primes among the first m divide
p − 1, the resulting multiplier is even higher.
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Benefits and drawback

Idea:

Make a list of numbers Dn so that if p − 1 ∈ [ln, un] and ω(p − 1) = n, then p − 1 has a
divisor in that list.

In fact, we can consider Dn = Dn,m and adjust m to reduce total computational time.
Benefits:

• Computation time is linear in ∑
d∈Dn,m

1

d
,

which decrease with respect to m.

• The workload can be split either by splitting Dn,m or the interval.

Drawback: numbers obtained contain composites and duplicates, which should be
removed by sorting and Miller-Rabin test.
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Implementation: divisor-based generation (11 ≤ n ≤ 14)

Algorithm 2 Candidate generation using a list of divisors Dn,m

1: for each divisor D ∈ Dn,m do
2: Initialize j ← D ·

⌈
ln
D

⌉
3: while j ≤ un do
4: if ω(j) = n then
5: output p = j + 1
6: end if
7: j ← j + D
8: end while
9: end for
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Final check

• We clear the lists obtained from duplicates and composite numbers first.

• After that, we get 12 lists of primes for 3 ≤ ω(p − 1) ≤ 14.

• For the final check, 2,243,968,624 prime candidates were split into parts containing
80,000,000 each. Verification of one part took 2-3 hours.

• As expected, no counterexamples to the theorem were found.
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Thank you for your
attention to this matter!
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